
THE STRUCTURE OF THE MODULI STACK OF ELLIPTIC CURVES

CHARMAINE SIA

ABSTRACT. We study the multiplication-by-p map on an elliptic curve, which gives a stratification of the moduli stack of
elliptic curves into ordinary and supersingular loci, and discuss how this enables one to study the height one and two
strata of the moduli stack of formal groups.

Last week, Saul Glasman introduced the notion of a stack and defined the moduli stack of elliptic curvesMell.
In the present talk, we study the multiplication-by-p map on an elliptic curve E, which gives a stratification of
Mell into ordinary and supersingular loci, and discuss how this enables us to study the height one and two strata
of the moduli stack of formal groups.

1. ORDINARY AND SUPERSINGULAR ELLIPTIC CURVES

Let E be an elliptic curve over a field k and let p be a prime number. The multiplication-by-p map on E is a
special case of the multiplication-by-n map on an abelian variety A over a field k:

[n] : A→ A

x 7→ x + · · ·+ x
︸ ︷︷ ︸

n

Let A[n] denote the scheme-theoretic kernel of [n] and A(k̄)[n] its geometric points.

Theorem 1. The multiplication-by-n map on an abelian variety A of dimension g has degree deg[n] = n2g ; this is
equal to the scheme-theoretic order of the finite group scheme A[n]. Moreover,

A(k̄)[n]∼=

¨

(Z/nZ)2g if char k - n,

(Z/pmZ)i if n= pm, where char k = p,

where 0≤ i ≤ g and i is independent of m.

Since an elliptic curve is an abelian variety of dimension one, the multiplication-by-p map [p] : E → E has
degree p2 and E[p] has scheme-theoretic order p2 (although its number of geometric points can vary). Since
E[p] is a group scheme, it has either 1, p or p2 connected components. From Theorem 1, we see that the last
case occurs if and only if char k 6= p, while the first two cases occur in characteristic p.

Definition 2. Let k be a field of characteristic p and let E be an elliptic curve defined over k. The elliptic curve
E is called ordinary if E[p] has p connected components and supersingular if E[p] is connected.

More generally, if E is an elliptic curve defined over an arbitrary base scheme S, there is a natural stratification
of S into three strata by the number of connected components of the fibers of the map E[p]→ S:

• the stratum over which the fibers of the map E[p]→ S have cardinality p2 (the Zariski open set {p 6= 0}),
• the stratum over which the fibers of the map E[p]→ S have cardinality p, called the ordinary locus,
• the stratum over which the fibers of the map E[p] → S consists of a single think point, called the

supersingular locus.
(See Figure 1.)

Over a field over characteristic p, the derivative of the map [p] : E → E is identically zero. The prototypical
example of a map whose derivative vanishes identically over a field of characteristic p is the Frobenius morphism.

Definition 3. Let X be a scheme of characteristic p. The absolute Frobenius morphism FrobX : X → X is given by
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shop on Topological Modular Forms, available online at http://math.mit.edu/conferences/talbot/2007/tmfproc/Chapter04/
henriques.pdf.)
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We have shown that CWeier[p]→ Spec(Z[ai][∆−1]) is proper, flat, and of relative dimension zero.
It is therefore a finite map. Being flat and finitely generated, the Z[ai][∆−1] module Γ(CWeier[p];O)
is therefore projective of finite rank. The rank of a projective module is stable under pullbacks. It
is therefore equal to the complex dimension of Γ(Cϕ[p];O), namely p2.

Now let C be an arbitrary elliptic curve, defined over a field F. By the following pullback square

C[p] //

��

CWeier[p]

��
Spec(F) // Spec(Z[ai][∆−1])

we see that the dimension of Γ(C[p];O) is equal to the rank of Γ(CWeier[p];O), which is p2. �

The scheme theoretic cardinality of C[p] is always p2. Since C[p] is a group, the number of
connected components of C[p] is therefore either p2, p, or 1. All those cases can occur. The first
one happens iff C[p] is reduced, namely iff the base field is of characteristic different from p. The
two other cases happen in characteristic p.

Definition 2.2. Let F be a field of characteristic p, and C an elliptic curve defined over F. Then
C is called ordinary if C[p] has p connected components, and supersingular if C[p] is connected.

If C is an elliptic curve defined over an arbitrary base scheme S, then there is a natural strati-
fication of S: the stratum over which the fibers of the map C[p] → S have cardinality p2, the one
over which they have cardinality p, and the one over which they consist of a single thick point. The
first of the above three strata is the Zariski open set {p 6= 0}. The other two strata are called the
ordinary locus and the supersingular locus.

C[p]

S

↓

p 6= 0
p 6= 0

p = 0

supersingular locus

ordinary locus

ordinary locus

3. The relative Frobenius

In characteristic zero, the derivative of a non-constant map f : C1 → C2 can only vanish at a
finite number of points. But in characteristic p, the derivative of f can vanish identically without f
being constant. For example, this is the case for the map [p] :C → C, where C is an elliptic curve.
The prototypical example of a map whose derivative vanishes identically is the relative Frobenius.

4

FIGURE 1. Stratification of the base scheme S into the Zariski open set {p 6= 0}, the ordinary
locus and the supersingular locus.

• FrobX is the identity on the underlying topological space |X |,
• Frob]X : OX →OX is given on sections by f 7→ f p.

Unfortunately, for an S-scheme π : X → S, the absolute Frobenius is in general not a morphism of S-schemes
(unless, for instance, S = SpecFp). To remedy this, we define the relative Frobenius, which will be a morphism
of S-schemes.

Definition 4. Let X (p) = X ×FrobS ,S S be the pullback in the following diagram. The relative Frobenius morphism
φ : X → X (p) is the unique morphism given by the universal property of the pullback.

X

∃!φ
B

B

!!BB
FrobX

((QQQQQQQQQQQQQQQQ

π

��1
11111111111111

X (p) //

��

_� X

π

��
S

FrobS

// S

Concretely, X (p) has the same underlying topological space as X but instead has structure sheaf OX (p)(U) =
{ f p | f ∈ OX (U)}. The map φ : X → X (p) is given by the identity on the underlying topological space and by the
inclusion OX (p) ,→OX on the level of structure sheaves.

Proposition 5. Let C and C ′ be curves defined over a field of characteristic p, and let f : C → C ′ be a map whose
derivative vanishes identically. Then the map f can be factored through the relative Frobenius of C:

C
f //

φ   BBBBBBBB C ′

C (p)
f̄

==||||||||

Corollary 6. Let E be an elliptic curve defined over a field of characteristic p. Then the map [p] : E → E factors
through φ : E→ E(p).
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Define C (p
m+1) := (C (p

m))(p) inductively. Given a non-constant map f : C → C ′, there is a maximal number n of
times f can be factored through relative Frobenii:

C
f //

φ   AAAAAAAA C ′

C (p)

22ffffffffffffffffffffffffffffffffff
φ
// C (p

2)

44hhhhhhhhhhhhhhhhhhhhhhhh
φ
// · · ·

φ
// C (p

n)

f̄

=={{{{{{{{

Since degφ = p, we have that deg f = pn deg f̄ .

Fact 7. The relative Frobenius φ : C → C (p) is purely inseparable. The multiplication-by-p morphism [p] : E→ E
is purely inseparable if and only if E(k̄)[p] = 0.

Taking C and C ′ to be the elliptic curve E and f to be [p] and using the multiplicativity of inseparable degrees,
we see that two cases can occur, depending on the cardinality of E(k̄)[p]:

• E is ordinary. Then n= 1 and [p] : E(p)→ E is separable of degree p.
• E is supersingular. Then n= 2 and [p] : E(p

2)→ E is an isomorphism.

The second case yields the following corollary.

Corollary 8. If E is a supersingular elliptic curve defined over a field k of characteristic p, then its j-invariant is an
element of k ∩ Fp2 . In particular, there are at most p2 isomorphism classes of supersingular elliptic curves.

Proof. By writing the equation for an elliptic curve in terms of Weierstrass coefficients and using the fact that a
power map k→ k is a homomorphism, one sees that j(E(p

2)) = j(E)p
2
. But j(E(p

2)) = j(E) if E is supersingular,
so j(E) ∈ k ∩ Fp2 . �

Thus, at a prime p, the supersingular locusM ss
ell is a closed substack of the moduli stack of elliptic curvesMell,

formed as a disjoint union of stacks
∐

[E]
supersingular

B Aut(E) =
∐

[E]
supersingular

∗/Aut(E),

and the associated coarse moduli space is a disjoint union of points. The ordinary locus M ord
ell is the open

complement of M ss
ell in Mell|SpecFp

. As a coarse moduli space, M ord
ell |SpecFp

is the affine line A1
Fp

with punctures

corresponding to the isomorphism classes of supersingular elliptic curves.
In fact, there are approximately p/12 isomorphism classes of supersingular elliptic curves in characteristic p,

and if one weights the isomorphism classes by the reciprocal of the order of the automorphism group, then one
has the celebrated Eichler-Deuring mass formula:

Theorem 9 (Eichler-Deuring).
∑

[E]:E/Fp
supersingular

1

Aut E
=

p− 1

24
.

2. FORMAL GROUPS

Definition 10. A (one-dimensional, commutative) formal group over a scheme S is a formal scheme G→ S which
is isomorphic to the infinitesimal neighborhood of the zero section of a line bundle, and which is equipped with
an addition law

+ :G×S G→G
that makes it an abelian group object, with the identity element given by the zero section S→G.

Remark 11. For those who prefer to think about formal group laws instead of formal groups, a formal group law
is essentially a formal group together with a choice of coordinate, that is, a formal group law over a commutative
ring R is equivalent to the data of a formal group G over SpecR together with a specified isomorphism G ∼=
Spf R[[x]] (but with different addition laws on the formal schemes; the formal group law relates the addition
laws on G and Spf R[[x]]).
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Given an elliptic curve E over a field k, let Ê be an infinitesimal neighborhood around the identity. Then Ê has
the structure of a formal group.

Given a formal group G, one can consider the multiplication-by-p map [p] :G→G.

Lemma 12. Let G be a formal group over a field k of characteristic p, and suppose that the map [p] : G → G is
nonzero. After choosing an identification of G with Spf(k[[x]]), the map [p] is given by a power series expansion of
the form

[p](x) =
∑

i≥1

ai x
ipn

for some integer n≥ 1 and elements ai ∈ k, a1 6= 0, called the p-series of G.

Proof. The derivative of [p] : G→ G vanishes identically, so we can factor [p] as in Proposition 5. Let n be the
maximal number for which [p] factors as [p] = f̄ ◦φn, then the power series expansion of [p] is

[p](x) = f̄ ′(xn) =
∑

i≥1

ai x
ipn

for some ai ∈ k. One has to show that a1 6= 0.
Since φ is a surjective group homomorphism, f̄ is also a group homomorphism, hence its derivative f̄ ′ is either

identically zero or everywhere nonzero. If f̄ ′ = 0, then by Proposition 5, we can factor f̄ further, contradicting
the maximality of n. Hence a1 = f̄ ′(0) 6= 0. �

Definition 13. Let G be a formal group over a field of k of characteristic p. The height of G is the smallest
number n such that the coefficient of x pn

in the p-series of G is nonzero. If the p-series of G is identically zero,
then we say that G has height∞.

As mentioned by Mark Behrens in the first talk, this is equivalent to G[p] being a finite flat group scheme of
order pn.

From Lemma 12, we see that a formal group has height n if and only if

ap = ap2 = · · ·= apn−1 = 0, apn 6= 0

in its p-series. One customarily writes vn for apn .
From our factorizations of [p] : E→ E through the relative Frobenius, we see that for an elliptic curve E over

a field of characteristic p, Ê can only be of height one or two: Ê is of height one if E is ordinary and of height two
if E is supersingular. To obtain formal groups of height greater than two, it is necessary to consider more general
abelian varieties.

Just as there is a moduli stack of elliptic curves, there is also a moduli stack of formal groups MFG with
MFG(R) the category whose objects are formal groups over R and whose morphisms are isomorphisms between
them. The assignment E 7→ Ê defines a map Mell → MFG which maps the ordinary locus to formal groups of
height one and the supersingular locus to formal groups of height two. We close this talk with a brief description
ofMFG.

Lazard’s theorem tells us that the structure ofMFG|SpecFp
is extremely simple:

Theorem 14 (Lazard). Let k be an algebraically closed field of characteristic p. Then there is exactly one isomor-
phism class of formal groups of each height 1, 2, 3, . . . ,∞ over k.

More generally, if G is a formal group defined over a scheme of characteristic p, one can consider the heights
of the fibers G|x at the various closed points x ∈ S. This partitions S into strata Sn := {x ∈ S | ht(G|x) = n}. The
closed subsets S>n :=

⋃

m>n Sm form a decreasing subsequence

S = S>0 ⊃ S>1 ⊃ S>2 ⊃ · · ·

where each S>n is of codimension at most one more than S>n−1. Thus the moduli substackM≥1
FG =MFG|SpecFp

of
formal groups of height at least one looks as in Figure 2. Namely, it consists of a countable sequence of stacky
points, with the closure of each point containing all the points of greater height. On the other hand, the moduli
stack of formal groups of height 0 is given byM 0

FG =MFG|SpecQ
∼= BGm = ∗/Gm.

If G is a formal group defined over a scheme not necessarily of characteristic p, then G has many heights, one
for each prime p. By convention, we define the p-height to be zero whenever p 6= 0. Over SpecZ,MFG looks as
in Figure 3.
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Proof. The first derivative of [p] vanishes identically, so we can factor [p] as in (2). Letting n be the
biggest number for which we get a factorization [p] = f̄ ◦φn, the power series expansion for [p] then
looks as in (4). We need to show that a1 6= 0.

Since φ is a surjective group homomorphism, f̄ is also a homomorphism. The first derivative of
f̄ is therefore either everywhere non-zero or identically zero. If f̄ ′ = 0, then by Proposition 3.3, we
get a further factorization by φ, contradicting the maximality of n. So f̄ ′(0) = a1 6= 0. �

The power series (4) is called the p-series of G. By the above lemma, we see that the first
non-zero coefficient of the p-series is always that of some xpn

.

Definition 4.3. Let G be formal group over a field of characteristic p. The height of G is the
smallest number n such that the coefficient of xpn

in the p-series of G is non-zero. If the p-series is
identically zero, then we declare G to have height ∞.

Writing the p-series as [p](x) =
∑

aix
i, we see by Lemma 4.2 that the condition of being of height

greater than n is given by exactly n equations:

ap = 0, ap2 = 0, ap3 = 0, · · · , apn = 0.

It is customary to write vn for the coefficient apn .
If C is an elliptic curve over a field of characteristic p, then by (3), the only possible heights for

Ĉ are 1 and 2. The height is 1 if C is ordinary, and 2 if is C is supersingular.

Theorem 4.4 (Lazard [2]). Let F be an algebraically closed field of characteristic p. Then the
height provides a bijection between the isomorphism classes of formal groups over F, and the set
{1, 2, 3, . . .} ∪ {∞}. �

Given a formal group G defined over a scheme S of characteristic p, one can consider the heights
of the fibers G|x at the various closed points x ∈ S. This yields a partition of S into strata
Sn := {x ∈ S : ht(G|x) = n}. The closed subsets S>n :=

⋃
m>n Sm then form a decreasing sequence

S = S>0 ⊃ S>1 ⊃ S>2 ⊃ · · · ,
where each one is of codimension at most one in the previous one. LetMFG denote the the moduli
space of formal groups. From the above discussion, we see that MFG |Spec(Fp) looks roughly as
follows:
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. . .

ht = 1

ht = 2

ht = ∞

Namely, it consists of a countable sequence of stacky points, each point containing all the next ones
in its closure, and each point being of codimension one in the previous one.

When considering formal groups over schemes S that are not necessarily of characteristic p, then
one has many heights: one for each prime p. By convention, we let the p-height be 0 whenever
p 6= 0. Here’s a picture ofMFG over Spec(Z):
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FIGURE 2. Cartoon ofMFG over SpecFp

Proof. The first derivative of [p] vanishes identically, so we can factor [p] as in (2). Letting n be the
biggest number for which we get a factorization [p] = f̄ ◦φn, the power series expansion for [p] then
looks as in (4). We need to show that a1 6= 0.

Since φ is a surjective group homomorphism, f̄ is also a homomorphism. The first derivative of
f̄ is therefore either everywhere non-zero or identically zero. If f̄ ′ = 0, then by Proposition 3.3, we
get a further factorization by φ, contradicting the maximality of n. So f̄ ′(0) = a1 6= 0. �

The power series (4) is called the p-series of G. By the above lemma, we see that the first
non-zero coefficient of the p-series is always that of some xpn

.

Definition 4.3. Let G be formal group over a field of characteristic p. The height of G is the
smallest number n such that the coefficient of xpn

in the p-series of G is non-zero. If the p-series is
identically zero, then we declare G to have height ∞.

Writing the p-series as [p](x) =
∑

aix
i, we see by Lemma 4.2 that the condition of being of height

greater than n is given by exactly n equations:

ap = 0, ap2 = 0, ap3 = 0, · · · , apn = 0.

It is customary to write vn for the coefficient apn .
If C is an elliptic curve over a field of characteristic p, then by (3), the only possible heights for

Ĉ are 1 and 2. The height is 1 if C is ordinary, and 2 if is C is supersingular.

Theorem 4.4 (Lazard [2]). Let F be an algebraically closed field of characteristic p. Then the
height provides a bijection between the isomorphism classes of formal groups over F, and the set
{1, 2, 3, . . .} ∪ {∞}. �

Given a formal group G defined over a scheme S of characteristic p, one can consider the heights
of the fibers G|x at the various closed points x ∈ S. This yields a partition of S into strata
Sn := {x ∈ S : ht(G|x) = n}. The closed subsets S>n :=

⋃
m>n Sm then form a decreasing sequence

S = S>0 ⊃ S>1 ⊃ S>2 ⊃ · · · ,
where each one is of codimension at most one in the previous one. LetMFG denote the the moduli
space of formal groups. From the above discussion, we see that MFG |Spec(Fp) looks roughly as
follows:
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ht = 1

ht = 2

ht = ∞

Namely, it consists of a countable sequence of stacky points, each point containing all the next ones
in its closure, and each point being of codimension one in the previous one.

When considering formal groups over schemes S that are not necessarily of characteristic p, then
one has many heights: one for each prime p. By convention, we let the p-height be 0 whenever
p 6= 0. Here’s a picture ofMFG over Spec(Z):
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FIGURE 3. Cartoon ofMFG over SpecZ

3. SUMMARY

We have given several properties of ordinary and supersingular elliptic curves. With a little more work, one
can show the following equivalent criteria for ordinary and supersingular elliptic curves.

Theorem 15. Let k be a field of characteristic p and let E be an elliptic curve defined over k. For each integer r ≥ 1,
let

φr : E→ E(p
r ) and φ̂r : E(p

r )→ E
be the pr -th power Frobenius map and its dual isogeny, that is, φ̂r ◦φr = [pr].
(a) The following conditions on E are equivalent, and in this situation E is supersingular:

(i) E(k̄)[pr] = 0 for one (all) r ≥ 1.
(ii) φ̂r is (purely) inseparable for one (all) r ≥ 1.

(iii) The map [p] : E→ E is purely inseparable and j(E) ∈ Fp2 .
(iv) The formal group Ê/k associated to E has height two.
(v) Endk̄(E) is an order in a quaternion algebra.

(b) Otherwise, if the equivalent conditions in (a) do not hold, then E is ordinary,

E(k̄)[pr] = Z/prZ for all r ≥ 1

and the formal group Ê/k has height one. Moreover, if j(E) ∈ Fp, then Endk̄(E) is an order in an imaginary
quadratic field.


