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Ringeeduaeity ( classical form)

A fd . quasi - hereditary algebra
T tilting generator

A
'
= EndAlt )

{ quasi
- hereditary

algebras win / { quasi
- hereditary}algebras will

1 poset A
poset hop

A ← A '

Today:



• show : only a shadow of a more

general picture ( including infinite

dimensional ( co) algebras )
Motivated by some Tonnokion construction

• Incorporating Cline - Parshall - Scott

•

algebraic versus categorical
• common framework for different
types of stratified categories /

algebras

M0hypjo1e . Diagram algebras

e.g .

QÉD] basis : permutation diagrams
WCM =2

e? ¥ diagrammatical comp .
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loops 0
- Diagrammatical multiplication m replace by SEK

- They all naturally appear es centralise

oYebras_

Beto : consider the corresponding categories

A = ① TSd)
azo ,

Br (8)
,
TUM

, uBr(81
,

. -

finite0-bieb.IN
o ( resp . sequences from SAYS for uBr)

morphisms : m → n

918 ) - linear combinations of tee some types

of diagrams but from m to n points
e.g w

ate
'

i'
5

composition concatenation and replacing 0 by or



RI Con uieo A es en algebra A

but only Loris ,loiellyfimkdimi.ie
. A = ① eiAej-T-lomn.li, j)

ii. c-OBLATE
fimz dimensional !

"
A - modules

"

means locally fd A-modules

A-modegd , resp . functors from A to Ved
.

-

A locally unital locally fd algebra
might have more finiteness conditions

✓
finite dimensional

\

essentially fd . dim Aei < •

dim eiA
<



• Semisimple fd algebras A have

decompositions A- = ① Ae ; ⑦CIA
i

End (4) = V⑦V*

k[Sd] decomposition in RS - correspondence .

• Diagram algebras come-uteaniceb-a.is

Observation : cen combine His :

e.g. TL has basis
- Yo ×

Yy
Cup diagram ⑨

f- number of trough strands ⑤
n n o

cop diagram ④

Natural ordering on idempotent ei IEI :=④•
N

poset A. = No vile actually opposite
natural ordering ( upper finite)
-_



finite IN <a
e.g.

interval ) finite 2- 144µW-d)KN
A poser#Upper finite 1¥ 1hrs1 redskin

"" sine y , , .

r

Ded :( Based quasi
- hereditary algebra )
BqhA

A

finik.essenh.cl/yfimTe,-upperfnikresp.BqhAis a

finite dim .

, essentially fd , ,
locally fd

locally unital algebra A = ④ eiltej
i,jEI

oik



⑥ Ht ) A subset A c- I indexing special

idempotent

⑨ H2) partial ordering on A which makes

A finite
, interval finite

,
iepper finite , resp .

⑨ 1-131 Sets Yli , d) c- ei A ex

✗ IX. j ) e ed Aei ltd c- A
sled Hot i ,jEI
=

oik Yld ) :-. V71 i. d)
,

✗ (d) =

u ✗ Id
, 's )c-I

JGI
(QH 4) He yx will (y,× ) c- U 41×1×11111

i
is a basis of A

(0-1-15) Yin , d) =/¢ or ✗ (dpi) # 0 ⇒ tied

(0-1-16) Ya ,
d) = fed 's = ✗ Hd )



triangular basis
Passage to categories

theorem A finite / upper finite / essentially
←

finite BghA
a

⇒ A -modfd / A-modefd / A
-modfd

is a fim-klessenh.at/yfim#pperfinik

highestweightcokgory image of ed in AIA

wire DciÉ :-. Asi et

tu :=(eI Asif

Asi : = A/
(er|µ&N

Warning : DIN
,

Tan) might have infinite length !



Erl : Examples 07 - 4) give rise to upper

finite hw
. Categories

R abelian category

stratification set

I
• labeling of irreducible, L :B → OBIR)

St
. Kb ) be B full system of representable

for isoclasses of irreducible
±
Poset

• stratifiiotionfunchon p :B → A
such Hot p

- '(d) = :B, is finite Hd

(→ Loser -Webster)

dell m Bi Bsa B- d

s §
Corresponding Serre Rex Rai
subcategories of R



Have recollement :

strata
iii.

Ae⑦eA_e÷

:Ra ¥, -%R±y=:B,-

✓Ri_ii. ii

Def : ☐ Ib ) : -- ji Pib) Pcb ) :=j¥Idlb)
A- (b) :=jY4lb ) Itb) :=jI4 (b)

( proper) ¢01 standard objects

special case : • All strata are lsemi) simple

them ☐ =D
I

• All strata are basic
,
local

☐ = II

maybe even weakly Frobenius I



⑤☐ ) V-bEB F Pb projective wite A-flog

such Hot

K ↳ Pb → D(b)
us

has ☐ - flag wite

Ald 's plc)Ifplb)

(PA ) YBEB Plb) has b- fly and

i> 0

K → P( b) → Dlb)
~ Extili>F)

=°

has ☐ - flag will
Eµ(Ii

#
"°

Ald 's plc) Zplb)

lemima : (B) ⇐ > (B) ⇐ > ⇐ F) ⇐ >⇐ E) ④
(DD ) ⇒ ( ps ) ⇐ i #D) E) IID) -0

( Might think of D 's es thick Uermas

UH

)Queysf÷I and I 's as Vermes)



finite upper finite essentially fink

D= A-mod
D= A-modfdd
p

R= A-modepd A= ⑦ Aei
fd A- = ① eiltej

i Td
i,jEI also eiA

A finite A upper finite A essentially
finite

blocks of diagram Cet
. Replay , / n)

classical 6 Glgelmlni )
Gleffimkec -

GRT- modules
rational Cheredniko Moody )

positive level G' ( affine Kee )Sohw algebras Moody

restricted le9É#d

lemma : (B) ⇐ (B) ⇐ > ⇐ F) ⇐ >⇐ E) ④
(DD ) ⇒ ( Ps ) # (IP ) # IID) -0

L :B → OBIR) P :B → A



R fink
, upper finite , essentially finite

-

t - stratified if ④ holds

- - stratified if -0 holds

fully - stratified if boy hold (stratified algebras)

fibered
. highest weight if took end

( properly stratified
p bijection Dleb

,
Rigel, Konig ,highest weight if pig bijection Kleshdeu)

④ & -0 holds
+

and strata ere Smpte

(⇐ > p bij . and D= I , 17=51

E-stratified . . . .

r

Backtoex-mp.es A -
- TL is monoidal ☐ ☐

Have monoidal functor : yxv.is, 2- iimhtrsp
C-

, -7 :
V⑦V→k

V ,⑦V2 1-3 I
t : A → ( Vectpdl

"

now ,
,→ Y -9-1

• 1-7 V

n ( viiovjtlvi,vj) ) V1 ⑦ V , 1-7 O

V2⑦Vz
TD

u
¥ µ→vz⑦v , -9404 )

0 =
-q - g-

' =D
. Y

.
=L +911 ✗ = 4+511



⇒
Tensor algebra F- TCU )

c- mode,
-A

T④= Tht) c- A- modes

Tonnokion reconstruction

C-- Coend,+lT④ ) :=T⑦AT⑧= Tlv)#V7

commutative Hopf algebra
to tensor product of algebras
,

generate cos
algebra

• Vid ) basis of Tlv)d (d)
C (d) (d)

Utdl@ua11besgof-wydci.j
: = Vi ⑦ Uj

Aidid
,

! )= -2 ¥r⑦%j
r

syldij ) = orij
g

RI " To get a full set of relations between

generators it's enough to take

V ✗ ①u=V⑦Xu If ✗ monoidal generator
corresp.NET

,
u c- 1-

☒ homos



In our example : enough Cris : = Vr ⑦ Us

(jovi v) ⑦ I =
Vi ⑦ Vj ⑦ U

(7) ⑦ Uisuj
= I ncei ⑦ Uj )

Calculation

-1 generators Cil
, 92

,

[
21 £22

relations :

Cizcii = Qeii Cia , Czjcij __ G.Gjczj
CKCZI = (2192

, Czz C, , = C , , Czz
-( q

- 9- 1) 92<21

Cll Czz - Clzcz , = I

⇒ C ± hg[Sh] quantum coordinate

ring

and comodfd - C E rational representations

of quantum 8k



In case 9=1
or 9 generic irred

.

rational reps are labelled by D= At

(dominant integral weight) which is a lover

finite poset will usual ordering

lover finite

stratification Ind- completion

A- comod - C

01

lover finite

comodfd - CR locally finite

locally finite
IEGNO)

RE comodfoi-C

( Ass )
.

: Lcbl has proj . cover end injective
$

hull in Repeal
⇒ earlier defo make sense if he truncate



DIE : edaehighest weight as before¥*¥ if that properties hold

for Rd ER
,
tee Serre

subset
.

'

to an arbitrary

lover set ✗* a- A

→ Cline - Parshall -Scott

( Marko -Zubkov )

Prep : ( Homological characterisation /

Assume It will (Ass)

If Ext ' ( Itb)
,
Dlc )) = o = E.tt?(Ilb),tdcH--o

me

end Ext ' ( Dlb)
,
D-(c)1=0 = Ext ( Alb)

, 15141=0
then R is lover finite fully stratified
If additionally Hom ( Ald ), Did ) ) is 1-dim .

then D is highest weight
(→ Riche - Williamson

,
Coulembier . . )



Ex :
• Rep (a) a reductive algebraic group

• blocks of 01 Affine Keo - Moody )

for negative levee

are lower finite hu
. categories

• Q quiver
- if KQ locally fd teen

Rep ( Q) pd = Comodoro, - hQ°P is

lower fink hw
.
for any lower

finite ordering on vertices

- General case of arbitrary quiver

Rep ( Q)
nie - finite tangle
I comod - hoop

not covered
,
but it is if we fix a

nilpotence degree .



Tilhryobiecb
Assume ② for E=t or E= -

Ae:= {
☐ if { = +

Ñ if e= -
Dc : = {

Ñ if c- +

D if E= -

¥:*Tilt
,
(R) :-. De IR ) n Del R )

objects oik both De and R - flag

Lem_ma Titta (R ) is Koroubian

1¥
Prep

1) In finite , essentially finite case have
EIN

{ Indec .

E- tilting } A µ
's Ilk 's

BIN

2) In upper fink some statement if

asc descwe define Tilt
,
(R) : = De IR ) n Pcl R )

•
-



Standardexomple ,
lid for Uqlsk)

or Ghz

is tilting

T is tiltirygenerokr if

such feet each Telb)1- = ⑦ Ti
A i

in is isomorphic to a

Ind /R ) Tilter summand of T

for lover finite appearing cite finite

multiplicity

lnessenh.at/yfinikcoseassumeelsothmohrixtCm(TcldiItb) )a,beB
in ead roo

,
column

tilting bounded

(⇐ Ya F finitely many b ( Tlb) :P let) -1-0⇒÷÷i÷÷÷÷÷÷÷÷"



Fix tilting generator T

theorem (semiinfinite Ringel dualityI)

{ lower finite
C- stratified cot § ⇐ { Upper finite

C-e) -stratified cot}
v1

R- D
'
= A - mdod if

will F= ① Hom ITI
,

-1 for 1-= ④Ti
i R

i

tilting generator A = Homgzlti ,Tj) )
"

D
'

→ D
"

comodpd - C

C = Coendgzft) = 1-
⑦
⑦AT



Restricbto :

{ lower finite
hu - categories § ¥ { Upper

finite

hu
. categories }

RI. Restricts further to classical Ringel duality .

In tee fink dim case can pass

between modules and Comodates

A-modfd I modpd - C
c=A*

Tiltirg-b.o-oundednessalsooppeorsn-oheral.ly#

{Tidd} ← { cerHnbou
,

hw
. categories ]

lover finite hw
. upper finite

1
categories µ pop



then, (semiinfinite Ringel - duality-11-1

{ essentially finitely {
essentially finite

tilting bounded tilting bounded }\ E-stratified cot C-c) -stratifiedcat

Worrying : In tee lower finite case tilting -

boundedness is not automatic

e-9. • Rep (a) i, riot tilting - bounded

except if it is semisimple .

Lustig 's divided power quantum grp•

principal q primitive odd root of lenity
Uqlgtmod

(order > Coxeter number)
Soergd 's
⇒ tilting boundedness is a question about
Conjlthm affine KL -Po



generic patterns
Pd
, petal¥¥¥

""""

•

Bz :



Beautiful pictures in type Gz





Along the walls

A2

r

⇒ tilting bounded

Bz :



The growing snakes
. . .

⇒ not tilting bounded



G First the usual picture . along one wall

ek
.

Growing snakes again along ke obv wall :

But this time

the snake is

tamed





- . . .
.

⇒ tilting
bounded



Back to the beginning !

theorem A finite / upper finite / essentially

finite Bgh A
⇒ A - modgd / A-modepd / A

-modfd

is a fim-klupperfin.ie/ess-enhayfimte

highestweightcokgory_

Ringel duality gives converse ! Here is tee idea ,

Given :

upper finite hu .
Category

R E A-mod- Ifd ⑨P

( Ringel duality )
*=/⑦ Homlti ,TjD

i ,j

v

Cover finite hu
. Category R

'

Hoo to find basis E. More general basis

of Hampi ( M ,
N ) ME DEIR

'

)
,

NEWRY



Answer is He following picture

( for fixed inclusions ib
, projections Ib

Fb )

Do (b)

fib
"

D

J

M - - - -
?
- -→ Tb . -
i
- - -⇒ N

r

Tb

onesTlclb)

TAndersen - Tubbenhauer -5
.

Cellular structures using tilting modules,



theorem ( Basis theorem )

Pice V- BED

Yb I Homjy ( M ,Tb ) sit . Tb 0% basis

oftwmjdlM.tk/bDXb-HomjylTbiN)s.t.Yboibbasis

of Horn /Ddb)
,
N)

Then { xoy / ly,×) c- U Ybxxb }
BED

is basis for Homjy 1M , N)



Generalised to stratified algebras , eg
Assume

fullystratified-tiltingrigidfi.e.li/t+--Tilt-)oikweeK#k E
strata

☐ (a)
☐ (b)

fie ^^

or / Ñb
yM - - - - - - -→ Ta - -

!
- → Tb -- -

F-
→ N

A 7

§É Jib
I (a) Ñlb)



theorem ( Basis theorem II

Pice V- be B

Ya c- Homgz ( M ,Ta ) s.t.IT oYa basis

of Homjz IN,I lol)
✗be Homgz ( Tb ,N) 5.7. Yboib basis

of them /541
,
N)

Hla
,b) E Hong Ita , Tb ) g.t.IT, oho ia basis

of Horn ( Ala)
,
Dlbl)

Then hxohoylly.hn/)c-UYaxHlqbHXb }
beB

is basis for Homgz 1M , N)



→ generalisation of based quasi
-

hereditary algebras to algebras

will triangular decomposition
a

⇒ ZOO of algebras with based

triangular decomposition




