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What isahigher category?

Category 2-Category
Objects Objects •

morphismes morphismes •→ • .

2-morphisms.TT
+composition
stricte associative +compositions

•F- •1¥. •
À

.

e-

strictty associative

↳ enrichedinset ↳ enrichedincat

↳ internat toset ↳ internat tocatwith discrete

category of Objects .

→ oftentoostricttoaccomodatemanyexamp.es
that appear in nature



(an) -categories
Objects
morphismes

i

n-morphisme (oon-D -category
(nn) -morphismes} invertine (
i

i
i

+ compositions
associative uptohigher invertine morphismes
↳ enriched in can-D- categories .

↳ internat to can-D-categories with discrete
can-D-category of Objects

→To define Caen) -categories ,weneedmodels .



Models of (oon) -categories (Inthistalk) n-0,2f
1) Category M with a model structure (Ulcan) -Cat
described by its fiBrant Objects (= (D)n) -category)

2) Quitter Equivalence to anadmitted model of
(oon) -categories

3) Embedding ncat↳ (Wham .cat sending n-categories
to (oon) -categories

Ex : n=D : D-groupeids = topologie Spaces
Kan Complex : XC-ssetf-S.net#oP)st Ne→× Hocken,n>2

Air . .--Ë

1) (set) kan [Quillen]

2) QE Top (Set) kan 3) Set- (ssetkon



Models of Coal)-categories
load-categories-enrichedinoo-groupoidskan-enriche.cl

category : ssetenrichedcategoryTest
the Horns Horn

]<CA,B) C-ssetarekoncomplexes HABER

1) (sset-Catron [Bergner]

3) Cat- (sset -Cat) kan

Quasi-category : Xessetst Ne→× Hakan
,
n>a

§ .

-

⇒

✗⇐ {objets};X , - { morphisme} ; composition :

?̂→×

£2 .

-

'

⇒

1) (ssetqcat [Joyal]

2) QE (sset-catko.nl#-(sset)qcatLJoyabLurie]
3) N : Cat→ (ssetqcat
(Ne)n-Cattin],E)



Coo,D-categories = internat ton-groupoids withdiscrete
00 -groupeid of Objects

CompleteSegal Space : simplicial SpaceW://IP-slsse.DKon st

(i) Segal : Win-Wig- xwow , is awe .
in (sset)kan

Wo-Space of Objects ,W ,
-Spaceofmorphismes

composition : W ,✗W,←Wz#W ,

'

Wo

→ underlyinga-grapoidwineqc-wiofinverti.be morphismes
(Ii) Compteterres : Wo→Wine is a we .

in (sset) kan

1) (sset#-) css [Rezk]

2) IT, :#✗ →
, En],te]) /→En] ; 4 : → ✗ , En]↳ (En] , [0])

→ QE (sset
#P) css (ssetqcat [Joyal-Tierney]

3) Nr : Cat→ (sset
"⇒Css

(Nre)n
,
re
- Cat(En]✗I[KI,C)



Limit in a category
F :I→C - functor

Limit ofF : (L,N of an Object LEC and a comeX:IL⇒F

Satisfying one of TFE :

(i) ✗* : ECX,↳⇒ CICAX,F) HXEC
(ii) (↳d) is o terminalObject in the category ofcones IdF

LF→ CIXEEI

t' I
C- CI✗CI
(A){F})

Terminal Object : TEC Satisfyingameof TFE :

(i) CCX,-1)± {*} HXEC

(ii) et⇒C is een isomorphisme of categories
et- et

»

ti d
e-exe
(ide>{T})



Limits in an Coo,D - category
Enriche version

F. I-X e sset-Cat with X kan-enriched

Homotope Iinit ofF : (LA) of LERandX : IL⇒Est

✗* : Homx(X,L)→Hong⇐CAX,F)
is awe

.

in (set)kan

→ Retrieve (i) aboue throughthe inclusion
Cat- (sset-Cat kan



Terminal version

✗- quasi-Cat [Joyal] W-completesegdsp.ERasek.tl
✗c-Xois @ terminal objectif xewqoisa terminal objectif
""""" "

"""""

[
""" """""""

"
"

Xx-✗NED W ,×-WNRE»

s té le¥
_
À w-wxw

(idx,{×}) (idw>{×})

f:K→X esset f :/<→Wessel-
AP

Alimitoffisa terminal Alimitoffisoteminal
Object in Adf Object in Adf

2f-✗
"✗NRI» Adf-WKXNRLI]

té te
✗-✗EX" ¥

- Kirk
(A){ f3) (A) { f1)

→ Retrieve (ii) forcent
through the nerves



Camparison between Models

Recall : Quillen Equivalences

(sset.cat) kanÉTÉ Cssetqcat lsset
"⇒
as

→ ×-quasi -category
3- X-Kan-enriched category & W -Complete Segalspace

Nx-✗← ↳
*w

Theorem : Kesset

(i) Furie, Riehl-Verity]
Limit off : K-HUR

<→ Homotope Limit of
in (ssetqcat f4 : EK→X in (sset -Cat)kan

(ii) [Rasekh, Riehl -Verity]
Limit off : K→↳

*W <→ Limit of f4 : IT,
*K→W

in (set)got in (sset
#Joss



Models of Coo,2) -categories
(an,2) -category = enriched in Coo,2)- categories

qcat -enriched categories : ssetenrichedcategory Kst
the Horns Horn]<CA /B) c-sset are quasi-categories HAIBEK

CSS-enriched categories : sset#? enriched category I St
the Horns Hong (A,B) C-sset

#Pare CompleteSegal Spaces HA ,
BEL

1) (sset-Catqcat ; (set#%Cat) css Furie]
2) Recall : QE (sset

#Jess (Set)qcat
nos QE (sset"ÆcÆËËËÊ (sset.cat) qcat
3) Recall : N :Cat→ (ssetqcat , Nr :Cat→ (sset

#Boss

→ N* : Kat f-Cat -Cat→ (sset -Cat)qcat
(Nr)* : Kat→ (ssetAEC.at)css



Analogue 0f Complete Segal Space
Recall : ACompleteSegal Space isafunctor /#→Set

category Ça,,Cat with Objects

En] = { 0→2→ - - - n-i-n}

→ CategoryQzEfuu2Catwithobiects@z--ASAf_n.mi
,
-→mn]- { oËÏ - - - nÏ→n}
W ie
m, mn

Exemples : [D= { 0} ; Et;D= {0-2} ; [1)2) = {07-2}

[2,11--1071-17-2] [1;D- { 0Ë%}
Es; 1,0,3) = { 0 2-2 3 }



CompleteSegal Espace : E-Space W : ET lsset) kanSt

-Segal : (i) W [non,, . ..mn#WL-a;misxw-,---w*-a;mnisaw-e.in(sSet)kan
(ti) WE;m]→WE;D Eva,à- - ⇐

[a;D is a we .
in (SSetKon

Wa]= sp. of Objects ;WE; ⇒p.ofmorphisms.W-a.p-spof2-morphis.ms
Horizontal comp : WL-zjgxw-agw-z.az#W-Lz;zas→WLI;D (i)

•A-• •F-• ←t.FI#.FF-↳ •F-•

Vertical comp : WE;y XW ça]←W Espy→Wai» (ii)

•F-• •i_→ . ⇐ . • ↳ •1€.

-Complete : Ufo]→WÊÊ & Wa; →WÊ;Ê are we . in (set)kan

1) (sset E)☒çss [Rezk]

2) Zig-zag of QES btw (Sset'E)☒çss and (SSETÆPCatcss
[Bergner-Rezk]

3) N ☒ : 2cal-→ (Sset'F)☒çss
@☒A) qk = Psd (OXI[te] )A)

←set of normal pseudo-funders



Limit in a 2-category
F :I→LA - 2-functor

2-Limit of F : (↳d) Ofan Object LEAanda comeX:D↳Est
✗* :AH,↳⇒ LAI (AX,F)

is an isomorphismes categories *✗Ect

slice 2-category 2-category of cones
At-AE] ALF→ AI✗ED

t' I t' L
LA-AI✗AILA#ÊA✗A CA, {F})

2- terminal Object : Object TEA Satisfying one of TFE :

( i) et(XM)± [07 is an isomorphismes categories
(ii) At⇒A is am isomorphisme of 2-categories

However : 2-Limit of F # 2-terminal Object in ALF

[dingman -M. .]



Need a "shifted " 2-category of cones tomake sucha
characterization

Ar : Cat→Cat
,
etCE]

Ar* : 2cal-→Kat
,
1-→ AHA : same Objects asd- and

(Ar*A)CA ,B)= Ar (AGNBD-ACA ,B)☒

Shifted 2-category of cones

Ar*ALF- (Ar*(AIDER Objects in Ar*Adf

ti d
A*↳¥É⇒Ar*(AI)×Ar*µ⇒

(✗Et DX F)

Theorem Klingman-M .)
A pair (LEA,X : IL⇒F) is a 2-Limit of F <⇒

(L , idx) is 2-terminal in Ar*ALF .



Limit in an (a) -category
Enrictied version

As in the case of Kan-enriched categories :

Can make Serse of a

homotope limit in a qcat- and CSS-enriched category
with Universal property expressed by a
we

.
in (ssetqcat or (sset

#Jess , respectively

And they correspond to each other vice the QE :

(ssetÆP Cates (sset-Catqcat
(E)*

Rem : Gagna-Harpaz -Lamari : Units in o -bicategories



Terminal version

Workin progress with Nina Rasekh &Martino Rovelli .

W-Complete Segal☒a-Space
✗c-WEG

,
o
is a terminal objectifW×→W is awe.

in (Sset'F)☒çss
Need to make Serseof Ar* in the v0,2) -setting :

Ar*:2cal-→Kat has a left adjoint L: 2cal-→Kat

Define : ☒↳ 2cat-2catN-gss.net☒EP

Y /Losset☒EP
,

t
ARÉ

f :I→W E ssetŒ

Limit off : terminal Object in AREAdf-(ARE (WI))
"☒

t' d
AFIN- AEÊWI)✗AFÊLWI)

(ARÊA,{f3)



We ain to show that :

- this gives a way of defining limit in (a2)-categories
in a model- independent way

- it corresponds to the homotope Iinits defined in
enriched models

- add a Weight → tax Iinits

ThanK you for your attention !


