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2.1 INTRODUCTION

Recall that a tangential structure is the RHS below

E 0%y Ya

I !

M —— X —% 5 BO(d) = Grg(R™)

and #-structure on a vector bundle E — M is a bundle map above.
Write Cy(,9)(R™) be the category with objects M9~! C R™ (and a #-structure on TM @ e') and
morphisms cobordisms W (with a 6-structure)

Theorem. There is a weak-homotopy equivalence
BCy = Q"' MTO(d)
BCyp — Q> MTH(d)

The sketch we will follow is a modification of the original theorem [GRW10]. We will define
U49(R™),1a,0(n,1) and show that

Theorem (3.22 of [GRW10]). ¥, ¢(R™) ~ Th(QZ’Yin) where

XR") ———— X

b b

Gra(R") —— BO(d) = Grg(R")

Theorem (3.9 and 3.10). BCyg(R™) = thg9(n,1)

To prove the main result, we need 1q9(n,1) ~ Q" 1¥, »(R") which will be discussed in the
next talk.

2.2 SPACES OF SUBMANIFOLDS

Definition. W, »(R") consists of pairs (M, ¢) where M¢ C R™ is a smooth manifold and ¢ is a
f-structure on M with a certain topology.

Intuitive description: smooth deformations are ok, and we can also ‘push things off to infinity.’
A sequence of manifolds converges to a manifold if on all compact subsets K of R", they converge
to the same germ (i.e. intersection with an open neighborhood of K).

Example. Consider {t} x R C R%. Ast — +oo, {t} x R — @. Why is this true? because it is true
on a neighborhood of any compact K C R2.

Question. Why the funky definition? What we really want is a topological sheaf U4(—).
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2.3 proof of the®enyBA2ES OF NOT-NECESSARILY COMPACT EMBEDDED MANIFOLDS

Smooth maps f: X — U4(R"™) where X a smooth manifold. Form the graph

T(f)= [J{z} x f(z) c X xR"

zeX

f is smooth if T'(f) is smooth, closed as a subspace of R™ and 7 : I'(f) — X is a submersion.

Ezample. (n=1, d=0) f : R — ¥4(R) such that I'(f) looks like one component of the graph of
tan(z). X =R

Non-example. Same thing but with vertical tangency (i.e. near 0, the graph behaves like /x)— not
a submersion near 0.

2.3 PROOF OF THEOREM 3.22

(going to do this without f-structure, and including #-structures is ‘not that hard’)

Consider ¥q(R™)° C Uy9(R™) the subspace of submanifolds which pass through the origin.
We want a deformation retraction W44(R™)° — L% = Gryg(R"™) + f-structure. Dilate/zoom in to
origin so that we are left with the tangent plane at the origin.?

We have a normal bundle v — t4(R™)° where the fiber over M is the normal space to ToM.
We have an embedding

e : {open nbd of the zero section} — ¥,(R")
(M,v) » M +wv

So C' = complement of the image of e contracts to the empty set &. Therefore we have Th(v — ¥4(R™)°) = ¢4(R™).
We have a diagram in which the lower horizontal arrow is a cofibration (because pushouts preserve
cofibrations)

vNne Y (C) —— v

and 14(R")/C ~ 4(R") ~ v/vNe 1(C) ~ Th(C).

2.4 ¢q(n,1) C Uu(R")

Definition. Let 14(n, 1) consist of those M which are contained in R x (—1,1)"~! and still closed
as a subset of R™.
Give ¥4(n, 1) the subspace topology.

Remark. e The condition that M be closed as a subset of R™ means that this is not the same
as ¥q(R™) (via the homeomorphism (—1,1) = R).
e this looks like cobordisms (all vertical slices are compact)
BCd ~ Q/Jd(n, ].)
In order to prove this, we’ll use a go between Dy(R™) is a (poset) category with objects
subsets of R X 94(n,1) = {(¢,M) | tis a regular value for ; : M — R} and morphisms
(to,M) S (tl,M) where to S tl

3¢This is the definition of the derivative, you can tell your calculus students that.’
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2.4 1pg(n,1) C BZ(RSPACES OF NOT-NECESSARILY COMPACT EMBEDDED MANIFOLDS

Claim. BC4(R™) ~ BD4(R™)

Proof. We will define maps f : C4(R™) — D4(R™), g going the other way.

f on objects: (t, M)~ M Nz (t) on morphisms: (tg < t1, M) +— M Ny *([to,1]) shifted left
by tg, then make cylindrical ends (up to homotopy anyways)

g on objects: M +— M x R on morphisms: add cylinders to cobordisms on unbounded intervals

Note that fog=1id

g o f takes a morphism in D, and ‘straightens the ends.” can ‘push topology out to infinity, g
is a functor on nerves’ O

It remains to check that BDg ~ 1)4(—, 1). We have a natural map from LHS to RHS with fibers
B(Regpr, <) ~ % where Regys are regular values of z; on M.
Formally,
oD" ——— D™
b Js
BDd(Rn) — Ql)d(n, 1)
For all a € R, let U, = {z | f(z) has a regular value at a} these are open sets. Sard’s theorem says
that any M € 14(n, 1) has a regular value, so | JU, = D™. Take a finite cover Ule U, =D. Let
A; a partition of unity subordinate to the cover {U;} then g(z) = (3>, Nia;, f(z)) where g : D™ —
BD4(R™) such that gloppm ~ f and uog = f.
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