
TALBOT 2018: THE MODEL INDEPENDENT THEORY OF ∞-CATEGORIES

EMILY RIEHL AND DOMINIC VERITY

Goals

The aim of the 2018 Talbot workshop is to develop the theory of ∞-categories from first princi-
ples in a “model-independent” fashion, that is, using a common axiomatic framework that is satis-
fied by a variety of models. By the end of the week, we will also demonstrate that even “analytic”
theorems about ∞-categories—which, in contrast to the “synthetic” proofs that may be interpreted
simultaneously in many models, are proven using the combinatorics of a particular model — trans-
fer across specified “change of model” functors to establish the same results for other equivalent
models.

In more detail, the “synthetic” theory is developed in any ∞-cosmos, which axiomatizes the uni-
verse in which ∞-categories live as objects. Here the term “∞-category” is used very broadly to
mean any structure to which category theory generalizes in a homotopy coherent manner. Several
models of (∞, 1)-categories are ∞-categories in this sense, but our ∞-categories also include cer-
tain models of (∞, 𝑛)-categories as well as sliced versions of all of the above. This usage is meant
to interpolate between the classical one, which refers to any variety of weak infinite-dimensional
category, and the common one, which is often taken to mean quasi-categories or complete Segal
spaces.

Much of the development of the theory of ∞-categories takes place not in the full ∞-cosmos but
in a quotient that we call the homotopy 2-category. The homotopy 2-category is a strict 2-category
— like the 2-category of categories, functors, and natural transformations — and in this way the
foundational proofs in the theory of ∞-categories closely resemble the classical foundations of
ordinary category theory except that the universal properties that characterize, e.g. when a functor
between ∞-categories defines a cartesian fibration, are slightly weaker than in the familiar case.

Over the course of the workshop, we will define and develop the notions of equivalence and
adjunction between ∞-categories, limits and colimits in ∞-categories, homotopy coherent adjunc-
tions and monads borne by ∞-categories as a mechanism for universal algebra, cartesian and co-
cartesian fibrations and their groupoidal variants, the calculus of modules between ∞-categories,
Kan extensions, representable functors, the Yoneda lemma, and the Yoneda embedding.

Prerequisites

In advance of the workshop, we hope that each participant will take some time to familiarize
themselves with the following topics.

• the combinatorics of simplicial sets;
• the calculus of pasting diagrams to define composite 2-cells in a 2-category, such as the
2-category of categories, functors, and natural transformations;
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• the construction and 2-categorical universal property of the comma category 𝑓 ↓𝑔 associated
to a pair of functors 𝑓 ∶ 𝐵 → 𝐴 and 𝑔 ∶ 𝐶 → 𝐴; and

• the construction of the “pushout-product” or “pullback-hom”maps and the lifting properties
satisfied in a cartesian monoidal model category by certain instances of this construction
by virtue of the “SM7 axiom.”1

A prerequisite problem set intending to guide one’s reading related to these topics is available
here:

www.math.jhu.edu/∼eriehl/616/616preq.pdf

Talks

1. Preview of coming attractions. The mentors will give an overview of the week to come.

2. ∞-Cosmoi and their homotopy 2-categories. An∞-cosmos axiomatizes the universe in which
∞-categories live as objects. We use the term “∞-category” very broadly to mean any struc-
ture to which category theory generalises in a homotopy coherent manner. Several models of
(∞, 1)-categories are ∞-categories in this sense, but our ∞-categories also include certain models
of (∞, 𝑛)-categories as well as sliced versions of all of the above. This usage is meant to interpolate
between the classical one, which refers to any variety of weak infinite-dimensional category, and
the common one, which is often taken to mean quasi-categories or complete Segal spaces.

This talk starts by reviewing the basic homotopy theory of quasi-categories and then intro-
duces ∞-cosmoi, deduces some elementary consequences of their axioms, and constructs a ho-
motopy 2-category associated with each one. We relate some common homotopical structures in
the ∞-cosmos, such as homotopy equivalences and isofibrations, to their 2-categorical counterparts
in its homotopy 2-category.

References: [RV4, §2.1], [RVx, §1], [RV, chapter 1].

3. A menagerie of ∞-cosmological beasts. An ∞-cosmos is not intended to axiomatise all of
the ∞-category notions to be found in the literature; this talk will, however, establish that it does
encompass very many of them. In particular we shall see that quasi-categories, complete Segal
spaces, Segal categories, and naturally marked quasi-categories all define ∞-cosmoi. The objects
in these models all deserve to be regarded as (∞, 1)-categories.

This talk starts by reviewing the basic homotopy theory of quasi-categories. We shall also see
that complete Segal objects in any well behaved Quillen model category provide a further example,
and by iterating that observation we extend our observations to various models of (∞, 𝑛)-categories.
Other higher examples discussed here include Θ𝑛-spaces and (weak) complicial sets.

In search of various fibred ∞-categorical notions, we introduce a slice construction for∞-cosmoi
and prove that every such slice is again an∞-cosmos. Finallywe relate the animals in our∞-cosmos
zoo by introducing a theory of ∞-cosmological functors and biequivalences.

References: [RV4, §2], [JT], [Re1], [V2], [B].

1We refer to the “pushout-product” associated to a “tensor” bifunctor valued in a category with pushouts as the
Leibniz tensor. The general categorical properties of this construction are reviewed in [RV0, §4-5].
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4. Adjunctions, limits, and colimits in homotopy 2-categories. We have already seen that some
2-categorical notions may be imported into the world of ∞-cosmoi directly from their associated
homotopy 2-categories. In this talk we continue on that journey, applying this insight to develop a
theory of adjunctions between ∞-categories in an ∞-cosmos.

We start by reviewing the theory of (equationally defined) adjunctions and mates in 2-categories
and discussing their generalisation to a theory of absolute lifting diagrams. We apply these no-
tions in the homotopy 2-category of an ∞-cosmos, and derive some elementary consequences.
These observations lead us to a discussion of the internal limits and colimits that can live within
an ∞-category, and we give elementary proofs of familiar results such as the preservation of limits
by right adjoints.

References: [RV1, §4-5], [KS], [RV, chapter 2].

5. Arrow and comma ∞-categories. In classical category theory, the equational account of ad-
junctions provides only one promontory from which to survey the world of universal constructions.
For many purposes, notions of representability play an equally important role, and in abstract cat-
egory theory these are often expressed in the language of modules (sometimes called profunctors
or correspondences) between categories.

One well worn route to a theory of modules in traditional (internal) category theory is to study the
abstract properties of comma categories. In 2-category theory these generalise to 2-dimensional
limit structures called comma objects, and we review their theory with a view to re-interpreting
such notions within the theory of ∞-cosmoi. We show that any ∞-cosmos admits the construction
of the comma ∞-category associated to any cospan that possesses a homotopically well-behaved
and simplicially enriched variant of the 2-universal property enjoyed by comma objects.

Our hope is to simplify some computations involving comma objects by executing them within
the homotopy 2-category associated with our ∞-cosmos, and this leads us to investigating their uni-
versal properties in there. In doing so we discover that they only satisfy a certain weak 2-universal
property, which we establish and apply.

References: [RV1, §3], [RV4, §3], [RV, chapter 3].

6. The universal properties of adjunctions, limits, and colimits. In this talk, we present a variety
of results that describe the universal properties of adjunctions, limits, and colimits. A general
theme is that such universal properties can be described by fibered equivalences between comma
∞-categories. For example, a functor 𝑢 ∶ 𝐴 → 𝐵 in an ∞-cosmos 𝒦 has a left adjoint if and only
if the associated comma 𝐵 ↓ 𝑢 is represented by some 𝑓 ∶ 𝐵 → 𝐴, in the sense that 𝐵 ↓ 𝑢 ≃ 𝑓 ↓ 𝐴 in
the sliced ∞-cosmos 𝒦/𝐴×𝐵. This fibered equivalence pulls back to define an equivalences between
the internal mapping spaces of 𝐴 and 𝐵.

Comma ∞-categories can also be used to define the ∞-category of cones above or below a
fixed or varying diagram. A limit of a diagram 𝑑 is then an element that represents this comma
∞-category of cones over 𝑑 and the limit defines a terminal element in this ∞-category of cones.
For diagrams indexed by a simplicial set 𝐽, the limit cone can also be understood as the right Kan
extension to a diagram indexed by the simplicial set 𝐽 ◁ which has a cone point adjoined above the
diagram. Specializing this result and its dual to the case of pullbacks and pushouts allows us to
define the loops ⊢ suspension adjunction in any pointed ∞-category.

References: [RV1, §4-5], [RV, §3.4-5, chapter 4].

7. Homotopy coherent adjunctions andmonads. In this talk, we discover how the 2-categorically
defined adjunctions discussed in the last two talks extend, in a homotopically unique way, to give
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homotopy coherent adjunctions. These structures encapsulate all of the higher coherence data that
one would hope for from a fully homotopical adjunction and they are realised as simplicial functors
Adj → 𝒦 mapping a certain combinatorially defined simplicial category Adj into our ∞-cosmos
𝒦. It comes as somewhat of a surprise to discover that this simplicial category Adj is actually
no-more-nor-less than the 2-category long dubbed the generic adjunction by 2-category theorists.
The proofs of these results will take us deep into the homotopy theoretic weeds of simplicial com-
putads, local horn extension arguments, and the rather quaint theory of squiggles used to describe
the simplices in the hom-spaces of Adj.

Any self-respecting adjunction of ∞-categories should give rise to a monad, those in turn should
admit the construction of monadic adjunctions. While the 2-categorical notion of an adjunction
encodes a defining universal property that allows us to extend them to fully homotopy coherent
structures, it would be naïve of us to hope that monads of ∞-categories might be captured simply
as 2-categorical monads in homotopy 2-categories. Since monads are purely equational beasts that
possess no corresponding universal property from which to derive higher coherence data, all of this
must be given explicitly.

We round out this discussion by defining homotopy coherent monads, or simply just ∞-monads,
to be simplicial functors Mnd → 𝒦, where Mnd is the simplicial full subcategory of Adj spanning
one of its objects. Now we see that our adjunctions extend to homotopy coherent structures, param-
eterised by Adj, which themselves restrict to give homotopy coherent monads, parameterised by
Mnd, just as we had hoped. Concretely the simplicial categoryMnd has the nerve of the algebraist’s
ordinal category 𝚫+ as its unique endo-hom-space and ordinal sum as its composition.

References: [RV2], [SS], [RV, chapter 8].

8. Homotopy coherent monadicity and descent. Continuing the narrative of the last talk, we
show how to derive an ∞-cosmological Eilenberg-Moore object, constructing the ∞-category of
algebras associated to each ∞-monad. We prove a variant of the Beck monadicity theorem and
examine a few applications to homotopy coherent algebra, ∞-category theory, and higher descent
theory.

This talk commences with a review of the rubric of weighted limits and colimits in enriched cate-
gory theory. Proceeding by analogy with classical 2-categorical accounts, we define the Eilenberg-
Moore object of an ∞-monad to be a certain flexibly weighted simplicial limit. We briefly examine
some of the properties of these flexible limits, including the key fact that the flexible limit of a dia-
gram of ∞-categories that admit (and whose connecting maps preserve) a class of (co)limits again
admits such (co)limits.

We derive an adjunction between the Eilenberg-Moore object of an ∞-monad and its underlying
object, showing that the ∞-monad associated with this adjunction is simply just the ∞-monad we
started with. This is the monadic adjunction characterized by Beck’s theorem.

Now we consider an arbitrary adjunction and construct a comparison between its domain and the
Eilenberg-Moore object of its associated ∞-monad. After a brief discussion of (split) simplicial
objects in ∞-categories and their realisations, we examine some consequences of properties of that
comparison and prove an ∞-categorical re-imagining of Beck’s monadicity and descent theorems.
Our primary goal here shall be to illustrate the way in which the proofs of these results proceed as
direct analogues of their traditional 1-categorical counterparts.

References: [RV2, §5-7], [RV3], [Su], [Z], [RV, chapter 9].
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9. Cartesian fibrations and the Yoneda lemma. The theory of cartesian or Grothendieck fibra-
tions play a fundamental role in traditional internal category theory. For example, they arise natu-
rally in the theory of modules to be developed in the subsequent talk, which may be described as
certain spans whose legs are cartesian fibrations and in the theory of fibred (or indexed) categories
over a base.

Joyal and Lurie both introduce a cartesian fibration notion for quasi-categories, described in
terms of certain outer horn lifting properties. We can generalise that notion representably to an
arbitrary ∞-cosmos 𝒦; that is to say we might adopt the definition that a fibration 𝑝 ∶ 𝐸 → 𝐵 in 𝒦
is a cartesian fibration if and only if for all objects 𝑋 ∈ 𝒦 the functor Fun(𝑋, 𝑝) ∶ Fun(𝑋, 𝐸) →
Fun(𝑋, 𝐵) of hom-spaces is itself a cartesian fibration of quasi-categories and if any 𝑌 → 𝑋 ∈ 𝒦
defines a cartesian functor between these cartesian fibrations.

As is our wont, however, we choose to take a more 2-categorical approach to this subject, by
defining cartesian fibrations in terms of adjunctions and comma objects. We establish an equiva-
lence between three characterisations of these structures defined internally to the homotopy 2-cat-
egory. We also discuss groupoidal cartesian fibrations (called right fibrations by Joyal and Lurie),
whose properties and applications mirror those of discrete fibrations in 1-category theory.

Now given a point 𝑏∶ 1 → 𝐵 of an ∞-category, our categorical experience draws us to regarding
the associated projection 𝑝𝐵 ∶ 𝐵 ↓𝑏 → 𝐵 as being the representable cartesian fibration defined by 𝑏.
To validate that intuition, we discuss how the (external) Yoneda lemma may be formulated in this
context and we prove that result.2 This proof takes place entirely within the homotopy 2-category
of our cosmos, as indeed do most of the proofs referenced in this talk.

References: [RV4, §4-6], [J], [L1, §2], [RV, chapter 5].

10. Two-sided fibrations and modules. Our goal in this talk, and its successor, is to provide a
modular (or profunctorial) foundation for the category theory of ∞-categories in an ∞-cosmos 𝒦.
Specifically, we follow Street by developing a theory of two-sided cartesian fibrations over a pair
of ∞-categories 𝐴, 𝐵 ∈ 𝒦. We might think of these as families of ∞-categories, indexed jointly
by 𝐴 and 𝐵, which possess compatible actions of 𝐴 on the left (a covariant action) and of 𝐵 on
the right (a contravariant action). In Street’s presentation of this notion, two-sided fibrations are
represented as spans 𝑞 ∶ 𝐴 ↞ 𝐶 ↠ 𝐵 ∶ 𝑝 in which

• 𝑝 is a cartesian fibration whose cartesian arrows map to isomorphisms under 𝑞,
• 𝑞 is a cocartesian fibration whose cocartesian arrows map to isomorphisms under 𝑝, and
• (co-)cartesian lifts along 𝑝 and 𝑞 satisfy a Beck-Chevalley condition.

We take a slightly different approach, also originally suggested by Street, which realises two-sided
fibrations as certain cartesian (cocartesian) fibrations in an ∞-cosmos of cocartesian (cartesian)
fibrations.

We start by observing that if 𝒦 is an ∞-cosmos then the simplicial category Cart(𝒦)/𝐵 of carte-
sian fibrations and cartesian functors over a fixed base ∞-category 𝐵 ∈ 𝒦 is again an ∞-cosmos.
Indeed, we can go a little further and describe a ∞-cosmos Cart(𝒦) of cartesian fibrations over
arbitrary base ∞-categories and cartesian functors; this is also an ∞-cosmos and which admits a
functor cod ∶Cart(𝒦) → 𝒦 of ∞-cosmoi whose fibres are the Cart(𝒦)/𝐵.

Now we are ready to define our two-sided fibrations between ∞-categories 𝐴, 𝐵 ∈ 𝒦 to be
cocartesian fibrations over the projection 𝐴 × 𝐵 ↠ 𝐵 in the ∞-cosmos Cart(𝒦)/𝐵 of cartesian

2An analogous analytic development of cartesian fibrations and the Yoneda lemma in the complete Segal space
model can be found in [Ra1, Ra2].
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fibrations over 𝐵. We show that this definition unwinds to give a more symmetric one, in the spirit
of Street, and that in the dual this is no-more-nor-less than a cartesian fibration over the projection
𝐴 × 𝐵 ↠ 𝐴 in the ∞-cosmos coCart(𝒦)/𝐴 of cocartesian fibrations over 𝐴. Consequently, by
iterating the ∞-cosmos of (co)cartesian fibrations construction, we obtain an ∞-cosmos of two-
sided fibrations

TwoSided(𝒦)𝐴\ /𝐵 ≔ coCart(Cart(𝒦)/𝐵)/(𝜋𝐵∶ 𝐴×𝐵→𝐵) ≅ Cart(coCart(𝒦)/𝐴)/(𝜋𝐴∶ 𝐴×𝐵→𝐴)

over fixed ∞-categories 𝐴 and 𝐵 in 𝒦. Furthermore, we define the simplicial category Mod(𝒦)𝐴\ /𝐵
of modules from 𝐴 to 𝐵 to be the full simplicial sub-category of groupoidal two-sided fibrations in
TwoSided(𝒦)𝐴\ /𝐵.
The utility of framing our definitions in this way lies in the fact that we may now apply any result

that lifts structures or properties from an ∞-cosmos 𝒦 to the associated ∞-cosmoi of (co)cartesian
fibrations to provide a corresponding lifted entity for the ∞-cosmos TwoSided(𝒦)𝐴\ /𝐵.

References: [RV7, §5], [RV9], [RV5, §3], [RV, chapter 10].

11. The calculus of modules. Having introduced a module notion, our challenge now is to organ-
ise these together into a structure that abstracts their role in formal category theory. To that end, we
shall exploit a formal analogy between the categorical calculii of bimodules between commutative
rings and that of modules 𝑀 ∶ 𝐴 ⇸ 𝐵 (between categories), an intuition often given concrete real-
isation by assembling the categories, functors, and modules of an abstract category theory together
into a structure dubbed a pro-arrow equipment (or simply just an equipment) by Wood.

Naïvely we might hope to assemble the ∞-categories, functors, and modules in an ∞-cosmos
𝒦 into an equipment, but this is not an utopia universally available to us. Specifically, Wood’s
framework assumes that a pair of modules 𝑀 ∶ 𝐴 ⇸ 𝐵 and 𝑁 ∶ 𝐵 ⇸ 𝐶 may be composed to
give a tensor product module 𝑀 ⊗ 𝑁 ∶ 𝐴 ⇸ 𝐶 but our ∞-cosmos axiomatization is too sparse to
construct tensor products in general. Consequently, we are forced to frame the labours of this talk
within the more general theory of virtual equipments as presented by Cruttwell and Shulman.

Virtual equipments encapsulate a calculus whose primary protagonists are objects supporting
two flavours of arrows, called functors andmodules, and structures relating them called cells (which
generalise natural transformations of modules). Cells may be depicted as rectangular tiles, whose
vertical edges are functors and whose horizontal edges are (sequences of) modules, and they admit
an associative vertical composition which acts to combine cells that abut along their horizontal
edges. We shall display these composites as tiled regions called pasting diagrams, and very many
of our arguments will be couched largely in diagrammatic terms.3

To motivate the claim that virtual equipments encapsulate a theory of modules suited to the
expression of abstract category theory and to build some familiarity with this calculus, we re-derive
some useful categorical results entirely within that formalism. We shall find that the functors 𝑓 ∶
𝐴 → 𝐵 of any virtual equipment give rise to pairs of modules𝐵↓𝑓 ∶ 𝐴 ⇸ 𝐵 and 𝑓 ↓𝐵∶ 𝐵 ⇸ 𝐴, that
these are formally adjoint (in a suitable sense), that they admit certain (universally defined) tensor
products with other modules, and that they satisfy various formulations of the Yoneda lemma. We
also recover the module characterization of adjoint functors observed in talk 6.

We conclude this talk with a proof that the totality of ∞-categories, functors and modules in any
∞-cosmos 𝒦 may indeed be collected together into a virtual equipment Mod(𝒦) whose cells are
given as certain transformations of modules.

References: [CS], [RV5, §4], [W], [RV, chapter 11]
3See [M] for a graphical calculus describing such diagrams.
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12. PointwiseKan extensions. The adjoint formulation of (co)limits in∞-categories, as presented
in talk 4, is adequate formany purposes but is foundwantingwhenwe come to consider the theory of
Kan extensions. Any 2-category supports a notion of Kan extension, couched in terms of a universal
property of 2-cell bearing triangles, and this may be imported via the homotopy 2-category into
the theory of ∞-categories in an ∞-cosmos. It is known, however, that even in the 2-category of
categories this does not characterise the class of Kan extensions of primary interest, that is those
that may be regarded as being constructed pointwise from the (co)limits that may exist in the target
category. What is more, our existing theory of (co)limits does not easily provide us with an analogue
of Kan’s formula for constructing these extensions. This talk rectifies these deficiencies.

We start by defining what it means for an ∞-category to admit a family of (co)limits weighted
by a module, and we derive some basic consequences. This then leads to a theory of pointwise
Kan extensions which may be applied in any virtual equipment. At this level of generality, we
also introduce an exact square notion and we examine the sense in which this provides a common
language in which to discuss the theory of functors that are fully faithful, final, or initial.

It is also possible to characterise pointwiseKan extensions in terms expressible entirelywithin the
homotopy 2-category associated with an ∞-cosmos. We discuss this alternative characterisation
and demonstrate that it is equivalent to the equipment based notion. Finally we specialise these
notions to ∞-cosmoi that are cartesian closed, we prove familiar properties of initial and final
functors and a Beck-Chevalley result for pointwise Kan extensions.

Specialising all of this to the∞-cosmos of quasi-categories, we prove the expected Kan extension
existence result for functors that land in suitable (co)complete quasi-categories. Ultimately this
leads us to a proof that any suitably complete and cocomplete quasi-category gives rise to a derivator
in the sense of Heller [He] and Grothendieck [G].

References: [RV5, §5], [RV9, §6], [RV, chapter 12].

13. Proof of model independence. The biequivalences of ∞-cosmoi introduced in talk 3 might
be referred to as “change-of-model” functors, converting complete Segal spaces to Segal categories
or quasi-categories for instance. In this talk we prove that a biequivalence of ∞-cosmoi induces a
biequivalence between the corresponding calculii of modules as expressed by the virtual equipment
of ∞-categories, functors, modules, and module maps. The corollary is that categorical results
proven with any of the biequivalent models of (∞, 1)-categories apply to them all.

In more detail, a biequivalence of ∞-cosmoi 𝒦 ∼−−→ ℒ induces a biequivalence between their
homotopy 2-categories— this being a 2-functor that is essentially surjective on objects up to equiv-
alence and defines a local equivalence of functor spaces — that in addition preserves and indeed
reflects and creates the comma ∞-category of any cospan. As a corollary, the biequivalence in-
duces a bijection between equivalence classes of objects, a local bijection between isomorphism
classes of parallel functors, a local bijection between natural transformations, a local bijection be-
tween equivalence classes of modules, and so on. It follows that a functor in 𝒦 admits a right
adjoint if and only if its image does so in ℒ or a diagram valued in an ∞-category in 𝒦 admits
a limit if and only if any diagram in an ∞-category in ℒ that is equivalent to its image admits a
limit there. Since “formal category theory” enables us to rephrase categorical statements in terms
of equivalences between modules, we conclude more generally that the formal category theory of
∞-categories in 𝒦 is equivalent to the formal category theory of ∞-categories in ℒ.

After establishing model independence, we embark upon a guided tour through applications
of the speaker’s choosing, illustrating how a change-of-model functor can be used to transfer an
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“analytically-proven” result about one model of (∞, 1)-categories to another model. Sample ap-
plications of this kind can be found in [RV10] but we encourage the speaker to search for their
own.

References: [RVx], [RV10], [RV, part IV].

14. Comprehension and the Yoneda embedding. Given a cocartesian fibration 𝑝 ∶ 𝐸 ↠ 𝐵 be-
tween ∞-categories and an ∞-category 𝐴, the comprehension construction defines a homotopy
coherent diagram that we call the comprehension functor indexed by the quasi-category Fun(𝐴, 𝐵)
of functors from 𝐴 to 𝐵 and valued in the (∞, 1)-categorical core of the ∞-cosmos coCart(𝒦)/𝐵
of cocartesian fibrations over 𝐵. In the case 𝐴 = 1, the comprehension functor defines a “straight-
ening” of the cocartesian fibration. In the case where the cocartesian fibration is the universal one
over the quasi-category of small ∞-categories, the comprehension functor converts a homotopy
coherent diagram of shape 𝐴 into its “unstraightening,” a cocartesian fibration over 𝐴.

To explain the name, there is an analogy first observed by Street between the comprehension
construction in set theory and Grothendieck’s construction of the category of elements of a functor
𝐹 ∶ 𝐶 → Set as the category formed by pulling back the cocartesian fibration Set∗ → Set. In the
∞-categorical context, the Grothendieck construction is christened “unstraightening” by Lurie. In
this context, its inverse, the “straightening” of a cocartesian fibration into a homotopy coherent di-
agram is particularly important, because such functors are intrinsically tricky to specify, in practice
requiring an infinite hierarchy of homotopy coherent data.

The fact that the comprehension construction can be applied in any ∞-cosmos has an immediate
benefit. The codomain projection functor cod ∶ 𝐴𝟚 → 𝐴 defines a cocartesian fibration in the
slice ∞-cosmos 𝒦/𝐴, in which case the comprehension functor specializes to define the Yoneda
embedding, a map from the underlying quasi-category Fun(1, 𝐴) of 𝐴 into the quasi-category ℘(𝐴)
of groupoidal cartesian fibrations over 𝐴. This homotopy coherent diagram carries an element
𝑎 ∶ 1 → 𝐴 to dom ∶ 𝐴 ↓ 𝑎 → 𝐴, a module from 1 to 𝐴. A direct analysis of this construction proves
that the Yoneda embedding is fully faithful.

References: [RV6], [L1], [KV].

15. On the construction of limits and colimits. To this point we’ve talked in great generality
about the meta-theory of limits and colimits in ∞-categories, but we have not as yet demonstrated
the completeness or cocompleteness of any specific ∞-category. In this talk we rectify this over-
sight by discussing how limits and colimits arise in the homotopy coherent nerves of Kan complex
enriched categories. While most of the (co-)completeness results we discuss in this talk apply
specifically to the ∞-cosmos of quasi-categories, they may be transported along the change of
model functors discussed in talk 13 to provide analogous results in the biequivalent models of
(∞, 1)-categories.

We start by considering the theory of categories enriched in Kan complexes and defining what
it means for these to admit a flexibly weighted homotopy (co-)limit. We observe, in particular, that
the full sub-category of fibrant and cofibrant objects in any simplicially enriched model category,
in the sense of Quillen, admits all (small) flexibly weighted homotopy (co-)limits, thus providing
us with a substantial stock of examples.

Given a simplicial set 𝑋 we consider its homotopy coherent realisation ℭ(𝑋) and diagrams 𝐷 ∶
ℭ(𝑋) → 𝒜 of that shape in a Kan complex enriched category 𝒜. We define an associated flexible
weight 𝑊𝑝 on ℭ(𝑋) and show that homotopy limits in 𝒜 of diagrams 𝐷 ∶ ℭ(𝑋) → 𝒜 and weighted
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by 𝑊𝑝 actually provide a limit for the dual diagram 𝐷̂ ∶ 𝑋 → 𝔑(𝒜) in the homotopy coherent
nerve 𝔑(𝒜), a (typically large) quasi-category.

Applying these results to the Kan complex enriched category Cart𝑔(QCat)/𝐵, of groupoidal fi-
brations over a fixed quasi-category 𝐵, we show that its homotopy coherent nerve ℘(𝐵) is small
complete and cocomplete. Now an entirely formal argument, expressed in the virtual equipment
of modules in QCat, establishes that the Yoneda embedding 𝒴 ∶ 𝐵 → ℘(𝐵), as introduced in
the last talk, preserves any limits that happen to exist in 𝐵. Now the observation that products,
pullbacks of isofibrations, and limits of countable chains of isofibrations are all homotopy limits in
Cart𝑔(QCat)/𝐵 allows us to demonstrate that a quasi-category admits all small limits if it possesses
all pullbacks, products, and limits of countable chains.

If time permits we shall extend these ideas to a study of homotopy colimits in an ∞-cosmos
𝒦, and discuss conditions under which these may be lifted to the ∞-cosmos Cart(𝒦)/𝐵. We also
show that pullback along any functor 𝑓 ∶ 𝐴 → 𝐵 between ∞-categories in 𝒦 gives rise to an
∞-cosmos functor 𝑓 ∗ ∶ Cart(𝒦)/𝐵 → Cart(𝒦)/𝐴 which preserves any homotopy colimits that lift
to those ∞-cosmoi in this manner. This result extends, under suitable conditions, to the ∞-cosmos
TwoSided(𝒦)𝐴\ /𝐵 and we show that in the case 𝒦 = QCat this leads to a construction which

provides us with a reflection from two-sided fibrations to modules.
References: [RV7], [RV9].

16. Other approaches tomodel-independent∞-category theory. The synthetic theory of∞-cat-
egories developed internally to an ∞-cosmos and its homotopy 2-category provides one approach
to developing the “model-independent” theory of ∞-categories. Furthermore, the model indepen-
dence theorem discussed in talk 12 proves that even “analytic” theorems, proven in a particular
model of ∞-categories, can be transferred across any biequivalence of ∞-cosmoi to demonstrate
that result in other equivalent models. In this way, we conclude that the theories of (∞, 1)-categories
presented in the quasi-category, complete Segal space, Segal category, or naturally marked quasi-
category models are all the same.

But this is not the only approach to model independent ∞-category theory. Even in the case of
(∞, 1)-categories, the ∞-cosmos axioms were deliberately chosen to exclude certain models4 out
of a desire to simply the proofs in the development of ∞-category theory within an ∞-cosmos.
In this concluding talk, we invite the speaker to sketch other approaches to model independent
∞-category theory chosen at his or her discretion and the group as a whole to comment on their
relative advantages and disadvantages.

References: [L0], [To], [BS-P], [AFR], [C], …

17 future vistas. The mentors will outline work in progress and survey open problems.
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