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Plan. Let f: MGL/(ao,a1,...) = HZ be the map of the previous lectures.
1. MGL<o~ HZ<o ~ (1/n)<o.
2. HQA f is an equivalence.
3. HZ/{ A f is an equivalence.

Assuming these steps, we can run the following argument.

Proof of thm.

F —% 5 MGL/(ap,a1,...) —— HZ

|

QY HZ

We want to show that a ~ 0 and that any section s of § satisfies s ~ 0.
We know (from steps 2 and 3) that HZAF ~ x. Note that MGL/(ag, a1, ...)
and QVCHZ are homotopy MG L-modules.

Lemma. Suppose that HZ N F ~ %, and that X is a homotopy MG L-module.
If X is r-connective for r € Z, then [F, X] = 0.

Proof. By the homotopy t-structure, reduce to [XP°F, k,X] = 0 for all p and
n.

ALY A ¢

! I

YPOF A 2o MGL —— ki, X A koMGL

Now
FANeoMGL ~ FNKkoHZ ~ FNHZ<p ~0,

as desired. ]



Theorem. HZ<o ~ (1/1)<o-

Proof. We want to show that this sequence is exact:
Enflfnfll NN Emnl — En,nHZ — 0.

This follows from the diagram0

7T1’L—1,n—11 1 71-n,nl Kinn(L) —0

o)

Tn,n HZ

Computation. We want to compute HZ/¢** MGL/(ag,ay,...).

1.
L —"" 5 Rlby,by,..]

! !

MGL,, — HR,.MGL

2. L ~Zlag,a,...], and

l-b, n=/0—1
hz<an):{

by, otherwise

modulo decomposables.

Plan. —

I. HZ/l.. as an A,, comodule algebra.

II. See what happens inductively as we kill x;, the a,s with n # ¢ — 1.
III. Kill ¢-typical elements.

HZ/0*BGL ~ HZ/**[cy,ca, . ..], a Hopf algebra with
Alep) = Z ¢ ® ¢
i+j=n

Check that HZ /(.. BGL = HZ/[B1, Ba,...] as Hopf algebras, with /; dual to
2
cf.
By the Thom isomorphism,

HZ/0, . MGL = HZ/C,,[b1,bs,.. ],  |bul = (2n—2,n—1).

In the action of A** on H**P**, the Q; act trivially, and the P? are defined by
the Cartan formula.



Theorem. We describe the coaction:

HZ/t,,MGL

\/

Py @pzs0.. HL/0 MGL

HZ/t..MGL ~ P..[x;] as comodule algebras and L-modules.

Corollary. HZ/l,..( MGL/(x1,22,...)) = P as A.x-comodule algebras.

Theorem. Let I be a set of integers > 0, and v; = ayi_1. There is an isomor-

phism of A**-modules

A )(Qi | i ¢ 1) ~ HZ/¢*(MGL/(x,v; | i € T)),

with 8 the Thom class.

[¢] = ¢(0),

Remark. For I = {1,2,...}, we get H**MGL/(ao,...) =~ A**/Qo.

Proof. Suppose inductively that this is true for I; pick r ¢ I. Let E
MGL/(x,v; |i€I). Then

H*(E/v,) ~ H*E Oy yer H*(MGL/v,).

We now come to the last step.

YMGL % MGL — MGL/v,.

We want to understand the relationship between Q,., v, § = co b, and 6.

fact

up to a unit in Z/¢.
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