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Plan:
1. Gradient variational problems.
2. New examples
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(Darboux?)
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Here �(s, t) =
p
1 + s2 + t2 is the “surface tension”.
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Minimize area:
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Weierstrass-Enneper parameterization of minimal surfaces

...
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Let f, g be (arbitrary) analytic functions, then
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parameterizes a minimal surface in R3.
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h : R2 ! R
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This is a gradient variational problem or gradient model since � depends only
on rh.
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“uniform lozenge tilings” also satisfy a variational principle
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A typical surface lies close
to a certain nonrandom surface
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Thm[Cohn,K,Propp (2000)] The function h : R ! R describing the limit
shape is the unique minimizer of the surface tension integral

Lozenge tiling limit shape

min
h

ZZ

R
�(hx, hy) dx dy
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The surface tension �(s, t)

.
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s =density of green
t =density of blue

for each slope (s, t) there is an associated growth rate (entropy) ��(s, t):
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(Number of tilings) = e�Area·�(s,t)(1+o(1))
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1� s� t =density of red
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�(s, t) is the Legendre dual of the free energy F (X,Y ), where tile weights are
{1, eX , eY }.
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0 1

z

⇡s ⇡t

D(z) = arg(1� z) log |z|+ Im(Li2(z))

In terms of z,

�(s, t) = D(z),

the Bloch-Wigner dilogarithm:



How to solve the variational problem?

or, in terms of X,Y

sy = tx

Xx + Yy = 0.
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<latexit sha1_base64="AFCmpxinLrrJa83fuNt29AyXROY=">AAAB8XicbVA9SwNBEJ3zM8avqKXNahAE4biz0UYJpLGMYD40OY69zV6yZG/v2N1Tj5DC2lYLC0Vs/Td2/hs3H4UmPhh4vDfDzLwg4Uxpx/m25uYXFpeWcyv51bX1jc3C1nZNxakktEpiHstGgBXlTNCqZprTRiIpjgJO60GvPPTrt1QqFosrnSXUi3BHsJARrI100/Dvj6797Myx/ULRsZ0R0CxxJ6RY2rvjj+Xnh4pf+Gq1Y5JGVGjCsVJN10m018dSM8LpIN9KFU0w6eEObRoqcESV1x9dPEAHRmmjMJamhEYj9fdEH0dKZVFgOiOsu2raG4r/ec1Uh6den4kk1VSQ8aIw5UjHaPg+ajNJieaZIZhIZm5FpIslJtqElDchuNMvz5Lase06tntp0jiHMXKwC/twCC6cQAkuoAJVICDgCV7hzVLWi/VufYxb56zJzA78gfX5A42UkyQ=</latexit><latexit sha1_base64="7oSFhbBKaz650v4kOeH3bq+2YAE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSIIQth40YtS8OKxgv3QNoTNdtMu3WzC7kYsof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMC1PBtcH421laXlldWy9tlDe3tnd2K3v7TZ1kirIGTUSi2iHRTHDJGoYbwdqpYiQOBWuFw+uJ33pkSvNE3plRyvyY9CWPOCXGSg/t4On0PhhdYjeoVLGLp0CLxCtIFQrUg8pXt5fQLGbSUEG07ng4NX5OlOFUsHG5m2mWEjokfdaxVJKYaT+fXjxGx1bpoShRtqRBU/X3RE5irUdxaDtjYgZ63puI/3mdzEQXfs5lmhkm6WxRlAlkEjR5H/W4YtSIkSWEKm5vRXRAFKHGhlS2IXjzLy+S5pnrYde7xdXaVRFHCQ7hCE7Ag3OowQ3UoQEUJDzDK7w52nlx3p2PWeuSU8wcwB84nz9Py4/8</latexit>

The Euler-Lagrange equation for a gradient model is
<latexit sha1_base64="H8d21X/DPExwCQnKdW0DO4uekG0=">AAACHHicbVC7SgNBFJ31GeMramkzGAQbw25SaCWCCBYWEfIQ4hLuzt5NBmd31plZISx+iI2/YmOhiI2F4N842aTwdarDOffOnHuCVHBtXPfTmZmdm19YLC2Vl1dW19YrG5sdLTPFsM2kkOoyAI2CJ9g23Ai8TBVCHAjsBtcnY797i0pzmbTMKEU/hkHCI87AWKlfabSGSE8zgWr/HAYKkgFSvMkKl0ZSUaBWDTkmhsYyREG57l eqbs0tQP8Sb0qqZIpmv/J+FUqWxfYRJkDrnuemxs9BGc4E3pWvMo0psGsYYM/SBGLUfl4cd0d3rRIWUSJpQxTq940cYq1HcWAnYzBD/dsbi/95vcxEh37OkzQzmLDJR1EmqJF03BQNuUJmxMgSYIrbrJQNQQEzts+yLcH7ffJf0qnXvEatflGvHh9N6yiRbbJD9ohHDsgxOSNN0iaM3JNH8kxenAfnyXl13iajM850Z4v8gPPxBeLZoTw=</latexit>

hxy = hyx, or
<latexit sha1_base64="PdB0G71UcsPeko6BeP7B92Mz/wA=">AAAB/XicbVC7TsMwFHXKq4RXeGwsFi0SA6qSMsACqsTCWCT6kNooclynterEke2ghijiV1gYQIiV/2Djb3DbDFA40tU9Oude+fr4MaNS2faXUVpaXlldK6+bG5tb2zvW7l5b8kRg0sKccdH1kSSMRqSlqGKkGwuCQp+Rjj++nvqdeyIk5dGdSmPihmgY0YBipLTkWQdmdeRlkzS/1C2d5NVTyIVnVeyaPQP8S5yCVECBpmd99gccJyGJFGZIyp5jx8rNkFAUM5Kb/USSGOExGpKephEKiXSz2fU5PNbKAAZc6IoUnKk/NzIUSpmGvp4MkRrJRW8q/uf1EhVcuBmN4kSRCM8fChIGFYfTKOCACoIVSzVBWFB9K8QjJBBWOjBTh+AsfvkvaddrzlmtfluvNK6KOMrgEByBE+CAc9AAN6AJWgCDB/AEXsCr8Wg8G2/G+3y0ZBQ7++AXjI9vb7yUjQ==</latexit>

div (r �(r h)) =
<latexit sha1_base64="2ZURZSxe6e2TgCKa+GbF6vqVW1U=">AAACDnicbVA9SwNBEN3z2/gVtRTkMARiE+5ioY0i2FgqGA3kQpjb20sW9/aO3blgOJI/YGOr/8LGQhFbazv/jZtEQRMfDLx9b4adeX4iuEbH+bSmpmdm5+YXFnNLyyura/n1jUsdp4qyKo1FrGo+aCa4ZFXkKFgtUQwiX7Ar//pk4F91mNI8lhfYTVgjgpbkIaeARmrmix6yG8wC3un1S54EX0Df07wVwc+rvbt72MwXnLIzhD1J3G9SON6+H+DhrJn/8IKYphGTSAVoXXedBBsZKORUsF7OSzVLgF5Di9UNlRAx3ciG5/TsolECO4yVKYn2UP09kUGkdTfyTWcE2Nbj3kD8z6unGB40Mi6TFJmko4/CVNgY24Ns7IArRlF0DQGquNnVpm1QQNEkmDMhuOMnT5LLStndK1fOTRpHZIQFskV2SIm4ZJ8ck1NyRqqEklvySJ7Ji3VnPVmv1tuodcr6ntkkf2C9fwHWO6BM</latexit> x,y

<latexit sha1_base64="/iMZqK/fzfO+I+NVJzQ1FhJtZOE=">AAAB7HicdVDLSsNAFJ3UR2t9VV26GRXFhYQkLW3dFdy4rGDaQhvKZDpph04mYWYiltBvcONCEbf+i1t3foPgNzhpFVT0wIXDOfdy7z1+zKhUlvVq5BYWl5bzhZXi6tr6xmZpa7slo0Rg4uKIRaLjI0kY5cRVVDHSiQVBoc9I2x+fZX77ighJI36pJjHxQjTkNKAYKS251ye9vUm/dGCZp/WqU6lCy7Ssmu3YGXFqlXIF2lrJcNDIv7/FR7nnZr/00htEOAkJV5ghKbu2FSsvRUJRzMi02EskiREeoyHpaspRSKSXzo6dwkOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XyKOoSvT+H/pOWYdtl0LnQaJpijAHbBPjgGNqiBBjgHTeACDCi4AXfg3uDGrfFgPM5bc8bnzA74AePpA0XakfU=</latexit>

x,y
<latexit sha1_base64="/iMZqK/fzfO+I+NVJzQ1FhJtZOE=">AAAB7HicdVDLSsNAFJ3UR2t9VV26GRXFhYQkLW3dFdy4rGDaQhvKZDpph04mYWYiltBvcONCEbf+i1t3foPgNzhpFVT0wIXDOfdy7z1+zKhUlvVq5BYWl5bzhZXi6tr6xmZpa7slo0Rg4uKIRaLjI0kY5cRVVDHSiQVBoc9I2x+fZX77ighJI36pJjHxQjTkNKAYKS251ye9vUm/dGCZp/WqU6lCy7Ssmu3YGXFqlXIF2lrJcNDIv7/FR7nnZr/00htEOAkJV5ghKbu2FSsvRUJRzMi02EskiREeoyHpaspRSKSXzo6dwkOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XyKOoSvT+H/pOWYdtl0LnQaJpijAHbBPjgGNqiBBjgHTeACDCi4AXfg3uDGrfFgPM5bc8bnzA74AePpA0XakfU=</latexit>

s,t
<latexit sha1_base64="haLIHOl//n0nvdhVPZxB8QOPsQU=">AAAB7HicdVDLSsNAFJ3UR2t9VV26GS2KCwlJWtq6K7hxWcG0hTaUyXTSDp1MwsxEKKHf4MaFIm79F7fu/AbBb3DSKqjogQuHc+7l3nv8mFGpLOvVyC0tr6zmC2vF9Y3Nre3Szm5bRonAxMURi0TXR5IwyomrqGKkGwuCQp+Rjj85z/zONRGSRvxKTWPihWjEaUAxUlpy5Wn/QA1KZcs8a9Scag1apmXVbcfOiFOvVqrQ1kqGcjP//hYf555bg9JLfxjhJCRcYYak7NlWrLwUCUUxI7NiP5EkRniCRqSnKUchkV46P3YGj7QyhEEkdHEF5+r3iRSFUk5DX3eGSI3lby8T//J6iQoaXkp5nCjC8WJRkDCoIph9DodUEKzYVBOEBdW3QjxGAmGl8ynqEL4+hf+TtmPaFdO51GmYYIEC2AeH4ATYoA6a4AK0gAswoOAG3IF7gxu3xoPxuGjNGZ8ze+AHjKcPNp6R6w==</latexit>

(recall X = �s, Y = �t)
<latexit sha1_base64="+o1TrkaN+oy4cE9hUsrDSFo+0RA=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2grVJAyUxe6UQpuXFawF2mHIZNm2tAkMyQZoQx168ZXceNCEbc+gTvfxvQiaOsPgY//nMPJ+YOYUaUd58vKLCwuLa9kV3Nr6xubW/b2Tl1FicSkhiMWyWaAFGFUkJqmmpFmLAniASONoH85qjfuiFQ0Ejd6EBOPo66gIcVIG8u394uSYMQYLDTP24p2OfLV8f3tD+vCkW/nnZIzFpwHdwp5MFXVtz/bnQgnnAiNGVKq5Tqx9lIkNcWMDHPtRJEY4T7qkpZBgThRXjo+ZQgPjdOBYSTNExqO3d8TKeJKDXhgOjnSPTVbG5n/1VqJDs+8lIo40UTgyaIwYVBHcJQL7FAThGYDAwhLav4KcQ9JhLVJL2dCcGdPnod6ueSelMrX5XzlYhpHFuyBA1AELjgFFXAFqqAGMHgAT+AFvFqP1rP1Zr1PWjPWdGYX/JH18Q1w5Zlz</latexit>

We can (magically) combine this with the “mixed partials” equation
<latexit sha1_base64="15obHGph9fYXTzdpwddffNREDN0=">AAACLXicbVBNSwMxEM367fpV9eglWIR6Kbv1oCcp6MGjgm2FWtpsOm1Dk+yazKql+Ie8+FdE8KCIV/+GabsHtQ4EHu/NvMm8KJHCYhC8eTOzc/MLi0vL/srq2vpGbnOrauPUcKjwWMbmKmIWpNBQQYESrhIDTEUSalH/ZKTXbsFYEetLHCTQUKyrRUdwho5q5k5rQDnTtOB4R0o52Kc8VpGzo9gTlt4J7DkE1G+1lLiHNk2YQc Gk3aVwk2Y2+aAYjItOgzADeZLVeTP3ct2OeapAI5fM2noYJNgYjoy5hAf/OrWQMN5nXag7qJkC2xiOr32ge45p005s3NNIx+zPiSFT1g5U5DoVw579q43I/7R6ip2jxlDoJEXQfLKok0qKMR1FR9vCAEc5cIBxI9xfKe8xwzi6gH0XQvj35GlQLRXDg2LpopQvH2dxLJEdsksKJCSHpEzOyDmpEE4eyTN5I+/ek/fqfXifk9YZL5vZJr/K+/oGjSWnvg==</latexit>

0
<latexit sha1_base64="Vvbgxmezx9qmlAfMMjkn0cDUTxg=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZydlkzOzsMjMrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd56xGV5rG8N+ME/YgOJA85o8ZadbdXKLolNxNZBW8BxZvPSqZar/DV7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB2Lkkao/Uk26JScW6dPwljZJw3J3N8dExppPY4CWxlRM9TL2cz8L+ukJrzyJ1wmqUHJ5h+FqSAmJrOtSZ8rZEaMLVCmuJ2VsCFVlBl7m7w9gre88io0yyWvUirX3WL1GubKwSmcwQV4cAlVuIMaNIABwhO8wKvz4Dw7b877vHTNWfScwB85Hz9wrI7k</latexit>

as follows:
<latexit sha1_base64="4aBEFYUYm3Bcn1lqifD3uGMA6nw=">AAAB8nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioVhIwMYygvmA5Ah7m71kyd7tsTunhCM/w8ZCEVt/jZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DIq1Yw3mZJKdwJquBQxb6JAyTuJ5jQKJG8H49uZ337k2ggVP+Ak4X5Eh7EIBaNopS41JFRSqidz3S9X3Ko7B1klXk4qkKPRL3/1BoqlEY+RSWpM13 MT9DOqUTDJp6VeanhC2ZgOedfSmEbc+Nn85Ck5s8rA7ta2YiRz9fdERiNjJlFgOyOKI7PszcT/vG6K4ZWfiThJkcdssShMJUFFZv+TgdCcoZxYQpkW9lbCRlRThjalkg3BW355lbRqVe+iWruvVeo3eRxFOIFTOAcPLqEOd9CAJjBQ8Ayv8Oag8+K8Ox+L1oKTzxzDHzifPxUQkRo=</latexit>



Associated to � is a Riemannian metric on N determined by its Hessian
<latexit sha1_base64="kgtmIOgNNWlArLAYeLYXRXcoIgA="></latexit>

g = �ss ds
2 + 2�st ds dt+ �tt dt

2
<latexit sha1_base64="Hm1nV8yV41eDYZnm7Y8mbX6KBec="></latexit>

Let z = u+ iv be a conformal coordinate for g:
<latexit sha1_base64="DnMpVhx5M6lJzSwI0mlILdVGWX0=">AAACGnicbZA9SwNBEIb3/DZ+RS1tFhNBEMKdFoqgBGwsLCIYFWIIc5u5uLi3e+zOCTH4O2z8KzYWitiJjf/GTUzh11QP7zvDzLxxpqSjMPwIRkbHxicmp6YLM7Nz8wvFxaVTZ3IrsC6MMvY8BodKaqyTJIXnmUVIY4Vn8dVB3z+7Ruuk0SfUzbCZQkfLRAogL7WKUeEIiZdv9vINeV3mMXLgwujE2BSUJ2PbUgMh9wovd8q7vFUshZVwUPwvREMosWHVWsW3i7YReYqahALnGlGYUbMHlqRQeFu4yB1mIK6ggw2PGlJ0zd7gtVu+5pX2YHliNPGB+n2iB6lz3TT2nSnQpfvt9cX/vEZOyU6zJ3WWE2rxtSjJFSfD+znxtrQoSHU9gLDS38rFJVgQ5NMs+BCi3y//hdPNSrRViY43S9X9YRxTbIWtsnUWsW1WZYesxupMsDv2wJ7Yc3AfPAYvwetX60gwnFlmPyp4/wQ/QJ6A</latexit>

g = e�(du2 + dv2).
<latexit sha1_base64="izQgFXCXrHRgu7xEWJJau/ryxE8=">AAACAHicbVDLSsNAFJ3UV42vqAsXggSLUBFCUhe6UQpuXFawD2jTMplM2qGTSZiZFErIxr/QrRsXirj1M9z5N07aLrT1wIXDOfdy7z1eTImQtv2tFZaWV1bXiuv6xubW9o6xu9cQUcIRrqOIRrzlQYEpYbguiaS4FXMMQ4/ipje8yf3mCHNBInYvxzF2Q9hnJCAISiX1jAO9f4W7aScekKzsJ93KmT/qVk6tnlGyLXsCc5E4M1KqHj3meKr1jK+OH6EkxEwiCoVoO3Ys3RRySRDFmd5JBI4hGsI+bivKYIiFm04eyMwTpfhmEHFVTJoT9fdECkMhxqGnOkMoB2Ley8X/vHYig0s3JSxOJGZouihIqCkjM0/D9AnHSNKxIhBxom410QByiKTKTFchOPMvL5JGxXLOLedOpXENpiiCQ3AMysABF6AKbkEN1AECGXgGr+BNe9BetHftY9pa0GYz++APtM8f33qZBA==</latexit>

Thm(Ampère) In terms of z the Euler-Lagrange equation and mixed-partials
equation can be combined into a single equation

<latexit sha1_base64="dZiODSPb594W0bezksiYF2H+SP8="></latexit>

Xzzx + Yzzy = 0.
<latexit sha1_base64="mWpO8rbVQ0lUS+fmkWRrxFJVAzQ=">AAAB/nicbZDLSsNAFIYn9VbjLSqu3IwWQRBCogvdKIVuXFawF2lDmEwn7dDJhZmJmoaCrl37AG5cKOLW53Dn2zhpu9DqDwMf/zmHc+b3YkaFtKwvrTAzOze/UFzUl5ZXVteM9Y26iBKOSQ1HLOJNDwnCaEhqkkpGmjEnKPAYaXj9Sl5vXBMuaBReyjQmToC6IfUpRlJZrrGlN93BwL2FB/AqhxSeQst0jZJlWiPBv2BPoFTeuWEPlcf7qmt8tjsRTgISSsyQEC3biqWTIS4pZmSotxNBYoT7qEtaCkMUEOFko/OHcE85HehHXL1QwpH7cyJDgRBp4KnOAMmemK7l5n+1ViL9EyejYZxIEuLxIj9hUEYwzwJ2KCdYslQBwpyqWyHuIY6wVInpKgR7+st/oX5o2kemfaHSOANjFcE22AX7wAbHoAzOQRXUAAYZeAIv4FW70561N+193FrQJjOb4Je0j2+mkpb2</latexit>

This z is the conformal coordinate for the model
<latexit sha1_base64="GaZNim3zWFiaiTur9y9jNUrTLL4=">AAACKXicbVC5TgMxFPRyE64AJY1FQKKKdqGACkWioQQpCUhJFHm9b4mFj5X9Fims8js0/AoNSCCg5UdwlhRc03g08549njiTwmEYvgVT0zOzc/MLi5Wl5ZXVter6RtuZ3HJocSONvYyZAyk0tFCghMvMAlOxhIv4+mTsX9yAdcLoJg4z6Cl2pUUqOEMv9auNSnMgHN253aH+KLrljYWFZIQDoNzo1FjFpGfGJkIzhBH1Eh27yiQg+9VaWA9L0L8kmpAameCsX33qJobnCjRyyZzrRGGGvYJZFFzCqNLNHWSMX7Mr6HiqmQLXK8pcI7rrlaQMkBqNtFS/bxRMOTdUsZ9UDAfutzcW//M6OaZHvULoLEfQ/OuhNJcUDR3XRhNhgaMcesK4FT4r5QNmGUdfbsWXEP3+8l/S3q9HB/XofL/WOJ7UsUC2yDbZIxE5JA1ySs5Ii3ByRx7IM3kJ7oPH4DV4/xqdCiY7m+QHgo9PgD+m0Q==</latexit>

yz̄ =
Yz

Xz
xz̄.

<latexit sha1_base64="Epo2vkFQnt71YbOTYbHvb7zoRp8=">AAACEXicbVDLSgMxFM3UV62vqks3wSJ0NczUhQ9QKm5cSQX7kHYYMmmmDc1khiQjtkP7CW78FTcuFHHrzp2f4F+YPhBtPXAvh3PuJbnHixiVyrI+jdTc/MLiUno5s7K6tr6R3dyqyDAWmJRxyEJR85AkjHJSVlQxUosEQYHHSNXrnA/96i0Rkob8WnUj4gSoxalPMVJacrP5rps0PCRgrw9PYMMXCCc3bq+f1HSDdz+m6WZzlmmNAGeJPSG54tHx4Oxy8FVysx+NZojjgHCFGZKybluRchIkFMWM9DONWJII4Q5qkbqmHAVEOsnooj7c00oT+qHQxRUcqb83EhRI2Q08PRkg1ZbT3lD8z6vHyj90EsqjWBGOxw/5MYMqhMN4YJMKghXraoKwoPqvELeRTkXpEDM6BHv65FlSKZj2vlm40mmcgjHSYAfsgjywwQEoggtQAmWAwT14BM/gxXgwnoxX4208mjImO9vgD4z3b31GoGk=</latexit>

Equivalently, thinking of x = x(z, z̄), y = y(z, z̄),
<latexit sha1_base64="VmrbIWC6NePpNOtdtRmgcJveFIQ="></latexit>

domain of �
<latexit sha1_base64="4RfvaJ3K4K1b7AKybXkpU8KuqbE=">AAAB+3icdVDLSgMxFM34rPVV69JNsBVcDZlpre2u4MZlBWuFtpRMmmlD8xiSjFhKf8WNC0Xc+iPu/BvTh6CiBy4czrmXe++JEs6MRejDW1ldW9/YzGxlt3d29/ZzB/kbo1JNaJMorvRthA3lTNKmZZbT20RTLCJOW9HoYua37qg2TMlrO05oV+CBZDEj2Dqpl8v3lcBMQhXDYsewgcDFXq6A/FoNlYMKRP4ZQmGl5ggqhdVKBQY+mqMAlmj0cu+dviKpoNISjo1pByix3QnWlhFOp9lOamiCyQgPaNtRiQU13cn89ik8cUofxkq7khbO1e8TEyyMGYvIdQpsh+a3NxP/8tqpjavdCZNJaqkki0VxyqFVcBYE7DNNieVjRzDRzN0KyRBrTKyLK+tC+PoU/k9uQj8o+eFVWKiXl3FkwBE4BqcgAOegDi5BAzQBAffgATyBZ2/qPXov3uuidcVbzhyCH/DePgE7cJPh</latexit>



For the dimer model, Yz/Xz is analytic in z, so this equation can be solved by
integrating wrt z̄:

<latexit sha1_base64="GCKWvNFJKuo4/IJdgHk/wlMdfWw="></latexit>

for an arbitrary analytic f .
<latexit sha1_base64="eJ+EHk/NbdymuHWObM3n3GsSb60=">AAACCHicbVC7TsMwFHV4lvIKMDJg0SIxRUkZYEKVWBiLRB9SW1U3rtNadZzIdpCiqCMLv8LCAEKsfAIbf4PTZoCWMx2fc6/tc/yYM6Vd99taWV1b39gsbZW3d3b39u2Dw5aKEklok0Q8kh0fFOVM0KZmmtNOLCmEPqdtf3KT++0HKhWLxL1OY9oPYSRYwAhoIw3sk3IQSQwCg/SZliBTcwCeakZwNag6A7viOu4MeJl4BamgAo2B/dUbRiQJqdCEg1Jdz411PwNpbuR0Wu4lisZAJjCiXUMFhFT1s1mQKT4zyhDnPwoiofFM/b2RQahUGvpmMgQ9VoteLv7ndRMdXPUzJuJEU0HmDwUJxzrCeSt4yCQlmqeGAJEsT0/GIIFo013ZlOAtRl4mrZrjXTi1u1qlfl3UUULH6BSdIw9dojq6RQ3URAQ9omf0it6sJ+vFerc+5qMrVrFzhP7A+vwBv4yYgA==</latexit>

y =
Yz

Xz
x+ f(z)

<latexit sha1_base64="yoWX5QMG2ZMoSp4gDqMASvjpchY=">AAACAXicbVDLSsNAFJ3UV42vqBvBTbAIFaEkdeEDlIobV1LBPqQNYTKdtEMnkzAzEdPQbvwVNy4UcetfuPMT/Aunj4VWD9zL4Zx7mbnHiygR0rI+tczM7Nz8QnZRX1peWV0z1jeqIow5whUU0pDXPSgwJQxXJJEU1yOOYeBRXPO6F0O/doe5ICG7kUmEnQC2GfEJglJJrrGlJ6dNn0OU3rq9flpX7X7fz/f2XCNnFawRzL/EnpBc6fhkcH41+Cq7xkezFaI4wEwiCoVo2FYknRRySRDFfb0ZCxxB1IVt3FCUwQALJx1d0Dd3ldIy/ZCrYtIcqT83UhgIkQSemgyg7Ihpbyj+5zVi6R85KWFRLDFD44f8mJoyNIdxmC3CMZI0UQQiTtRfTdSBKg+pQtNVCPb0yX9JtViwDwrFa5XGGRgjC7bBDsgDGxyCErgEZVABCAzAI3gGL9qD9qS9am/j0Yw22dkEv6C9fwMOjpmd</latexit>

e.g. lozenges Yz
Xz

= z
z�1

<latexit sha1_base64="kATDulYMG0YNdwL7LBCCwgej2GU="></latexit>

What about other surface tension functions?
<latexit sha1_base64="Go4JXF0zv7nCBWVUjxhGLB0Y6I0=">AAACFHicbVBNS1tBFJ1nbY2pra926WYwCAUhvJcu6koD3bhUMB8QQ7hvcl8yOG/mMXNHCMEf4ca/0k0XSum2C3f9N86LWWj0wMDhnHu5c05WKukoSf5Ha+/W33/YqG3WP259+rwdf9npOuOtwI4wyth+Bg6V1NghSQr7pUUoMoW97PJn5feu0Dpp9DnNShwWMNEylwIoSKP4oDcF4pAZT9zQFC133uYgkBPqaovnXotq1h2P4kbSTBbgr0m6JA22xOkofrgYG+EL1CQUODdIk5KGc7AkhcLr+oV3WIK4hAkOAtVQoBvOF6Gu+X5Qxjw3NjxNfKE+35hD4dysyMJkATR1q14lvuUNPOWHw7nUpQ8RxdOh3CtOhlcN8bG0KEjNAgFhZfgrF1OwICj0WA8lpKuRX5Nuq5l+b7bOWo320bKOGttle+wbS9kP1mYn7JR1mGA37Be7Y/fRbfQ7+hP9fRpdi5Y7X9kLRP8eAQHgnsk=</latexit>

Thm[K-Prause] If the Hessian is the fourth power of a harmonic function of

z, the equation can be similarly integrated.
<latexit sha1_base64="adGptA0iTm4SEO0KdsYDLEeXKbc="></latexit>

(For dimers the Hessian is constant)
<latexit sha1_base64="YU53I0ZzfJ3NKaZFFSkxiQozxMQ="></latexit>



Pf:
<latexit sha1_base64="EoJwgysA42tUEomgkXbIHd1fCIM=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KkldKC6k4MZlBfuAJpTJZNIOnUzCzEQsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvTP3niDlTGnH+bbW1jc2t7YrO9Xdvf2DQ/uo1lVJJgntkIQnsh9gRTkTtKOZ5rSfSorjgNNeMLmd+b1HKhVLxIOeptSP8UiwiBGsjTS0a55ImAip0LkXRKgdXRdDu+40nDnQKnFLUocS7aH95YUJyWLzCOFYqYHrpNrPsdSMcFpUvUzRFJMJHtGBoQLHVPn5fPcCnRklRFEiTQmN5urviRzHSk3jwHTGWI/VsjcT//MGmY6u/JyJNNNUkMVHUcaRTtAsCBQySYnmU0MwkczsisgYS0y0iatqQnCXT14l3WbDvWi4981666aMowIncArn4MIltOAO2tABAk/wDK/wZhXWi/VufSxa16xy5hj+wPr8Ac/6lEM=</latexit>

Xz + i( �z � � z) = 0
<latexit sha1_base64="XPMNKIp1ljI+S8XUU+hl2GRaQVM=">AAACCXicbVDLSgMxFM3UV62vUZeCBItQEcuMLnSjFNy4rGAf0BmGTJppg5lMSDJCW7p14xfoN7hxoYhb/8Cdf2Om7UJbD4ScnHMvN/eEglGlHefbys3NLywu5ZcLK6tr6xv25lZdJanEpIYTlshmiBRhlJOappqRppAExSEjjfD2MvMbd0QqmvAb3RPEj1GH04hipI0U2LAZ9OEhpCVPKOqJLg36R9mVPYP+wbkT2EWn7IwAZ4k7IcXK7mOGp2pgf3ntBKcx4RozpFTLdYT2B0hqihkZFrxUEYHwLeqQlqEcxUT5g9EmQ7hvlDaMEmkO13Ck/u4YoFipXhyayhjprpr2MvE/r5Xq6MwfUC5STTgeD4pSBnUCs1hgm0qCNesZgrCk5q8Qd5FEWJvwCiYEd3rlWVI/LrsnZffapHEBxsiDHbAHSsAFp6ACrkAV1AAG9+AZvII368F6sd6tj3Fpzpr0bIM/sD5/AA8jnQc=</latexit>

Let  4
= Hess(�) and t = �/ , s = �⇤/ .

<latexit sha1_base64="8YtyfKUDNov41DR5G5ZwGahTovo="></latexit>

zx
zy

= � Yz

Xz
=

sz
tz

=
1
 (�

⇤
z � s z)

1
 (�z � t z)

=
��⇤

z
 z

+ s

� �z

 z
+ t

<latexit sha1_base64="uCHvqzOVJaZQbpAaz97vPlN2coY="></latexit>

yz̄
xz̄

= �zx
zy

= �A⇤(z) + s

A(z) + t
<latexit sha1_base64="xG3EDc36csinofWjMV1T/T83mNA="></latexit>

A⇤(z)xz̄ +A(z)yz̄ + sxz̄ + tyz̄ = 0
<latexit sha1_base64="JxPtjJlrUYl+Sesg+Xb3UjZffdQ=">AAACKHicbZDLSgMxGIUz9VbrbdSlIMEiVAtlRhe6UVvcuKxgL9COQyZN29DMhSQjToc+iO7d+CpuRBTp1icx0xas1QOBw3f+kPzHCRgV0jCGWmpufmFxKb2cWVldW9/QN7eqwg85JhXsM5/XHSQIox6pSCoZqQecINdhpOb0LpO8dke4oL53I6OAWC7qeLRNMZIK2fpF6fYw1z+4t+OmgzjsD2AelhSIpoH4ifNyKjmDhq1njYIxEvxrzInJFncfEj2Wbf2t2fJx6BJPYoaEaJhGIK0YcUkxI4NMMxQkQLiHOqShrIdcIqx4tOgA7ivSgm2fq+NJOKLTN2LkChG5jpp0keyK2SyB/2WNULZPrZh6QSiJh8cPtUMGpQ+T1mCLcoIli5RBmFP1V4i7iCMsVbcZVYI5u/JfUz0qmMcF81q1cQ7GSoMdsAdywAQnoAiuQBlUAAZP4AW8gw/tWXvVPrXheDSlTe5sg1/Svr4BiSuoMA==</latexit>

A⇤(z)xz̄ +A(z)yz̄ + hz̄ = 0
<latexit sha1_base64="GDYskt+91ObRxjpvyE4yQ0eShSk=">AAACG3icbZDLSgMxFIYz9VbrbdSlIMEiVIUyUxe6UVrcuKxgL9COQyZN29DMhSQjToe+hwq+ihsXirgSXPg2ZtqCtfWHwJ/vnENyfidgVEjD+NZSc/MLi0vp5czK6tr6hr65VRV+yDGpYJ/5vO4gQRj1SEVSyUg94AS5DiM1p3eR1Gu3hAvqe9cyCojloo5H2xQjqZCtF0o3h7n+wZ0dNx3EYX8Aj2BJgWgSdH8vZ9Cw9ayRN4aCs8Ycm2xx9yHRY9nWP5stH4cu8SRmSIiGaQTSihGXFDMyyDRDQQKEe6hDGsp6yCXCioe7DeC+Ii3Y9rk6noRDOjkRI1eIyHVUp4tkV0zXEvhfrRHK9qkVUy8IJfHw6KF2yKD0YRIUbFFOsGSRMghzqv4KcRdxhKWKM6NCMKdXnjXVQt48zptXKo1zMFIa7IA9kAMmOAFFcAnKoAIwuAfP4BW8aU/ai/aufYxaU9p4Zhv8kfb1A+YropE=</latexit>

A⇤(z)x+A(z)y + h+ F (z) = 0
<latexit sha1_base64="RDs6cnE5eh4GsZQv7XWxIgpW6ms=">AAACB3icbVDLSgMxFM3UV62vUZdCCRahKpQZXehGaRHEZQX7gHYsmTRtQzOZIcmI49CdGz9BP8GNC0Xc+gvu/BszbRfaeuByD+fcS3KPGzAqlWV9G6mZ2bn5hfRiZml5ZXXNXN+oSj8UmFSwz3xRd5EkjHJSUVQxUg8EQZ7LSM3tnyV+7YYISX1+paKAOB7qctqhGCkttcxs6Xovf7d7C/dhSfdI956uc83hCbRaZs4qWEPAaWKPSa6YfUzwVG6ZX822j0OPcIUZkrJhW4FyYiQUxYwMMs1QkgDhPuqShqYceUQ68fCOAdzRSht2fKGLKzhUf2/EyJMy8lw96SHVk5NeIv7nNULVOXZiyoNQEY5HD3VCBpUPk1BgmwqCFYs0QVhQ/VeIe0ggrHR0GR2CPXnyNKkeFOzDgn2p0zgFI6TBFtgGeWCDI1AEF6AMKgCDe/AMXsGb8WC8GO/Gx2g0ZYx3NsEfGJ8/JqKYvw==</latexit>

�X + i( ��� �� +  z̄�z � �z̄ z) = 0
<latexit sha1_base64="6OAxvPd8mcIZnxDAjMEglmfABuQ="></latexit> { <latexit sha1_base64="wQSS62qvnWmhoZbcGOCJegDiMOA=">AAAB6XicbVBNS8NAEJ34WetX1aMgi0XwVBI96EkKXjxWsR/QhrLZTtqlm03Y3Qgl9B948aBor/4jb/4bN20P2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHDR2nimGdxSJWrYBqFFxi3XAjsJUopFEgsBkMb3O/+YRK81g+mlGCfkT7koecUWOlh07WLZXdijsFWSbenJSrJx85JrVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTSMTmzSo+EsbIlDZmqvycyGmk9igLbGVEz0IteLv7ntVMTXvsZl0lqULLZojAVxMQkf5v0uEJmxMgSyhS3txI2oIoyY8Mp2hC8xZeXSeOi4l1WvHubxg3MUIBjOIVz8OAKqnAHNagDgxCe4RXenKHz4rw7k1nrijOfOYI/cD5/AOsbkVU=</latexit>

2 iR
<latexit sha1_base64="Y61jCJt6u+3nXsrD6rC6vjkf99M=">AAAB+XicbVC7TsMwFL0pr1JeAUYWiwoJMVQJDDBBBQtjQfQhNVXluE5r1XEi26lURf0TFoYixMrCVzCw8SHsOG0HaDmSpaNz7tU9Pn7MmdKO82XllpZXVtfy64WNza3tHXt3r6aiRBJaJRGPZMPHinImaFUzzWkjlhSHPqd1v3+T+fUBlYpF4kEPY9oKcVewgBGsjdS2bY8JxFIvxLrn++h+1LaLTsmZAC0Sd0aKV98n7+OP5nWlbX96nYgkIRWacKxU03Vi3Uqx1IxwOip4iaIxJn3cpU1DBQ6paqWT5CN0ZJQOCiJpntBoov7eSHGo1DD0zWSWUM17mfif10x0cNFKmYgTTQWZHgoSjnSEshpQh0lKNB8agolkJisiPSwx0aasginBnf/yIqmdltyzknvnFMuXMEUeDuAQjsGFcyjDLVSgCgQG8AhjeLZS68l6sV6nozlrtrMPf2C9/QCUI5dc</latexit>

Xz + i 2tz = 0 = Yz � i 2sz
<latexit sha1_base64="HNyj6rWykPA9GiFfADKyqEO6ZvE=">AAACEHicbZC7SgNBFIZn4y3GS1YtLGwGgyiIYTcWWqgEbCwjmIsk6zI7mSRDZmeXmVkhWfIINr5KGgtFbC3tfADbPIOTi6CJPxz4+M85zJzfCxmVyrI+jcTc/MLiUnI5tbK6tp42NzZLMogEJkUcsEBUPCQJo5wUFVWMVEJBkO8xUvbal8N++Z4ISQN+ozohcXzU5LRBMVLacs39its9hLQWSnqXU24XnkNL162mox8bSrfrmhkra40EZ8GeQCa/PRikz/pfBdf8qNUDHPmEK8yQlFXbCpUTI6EoZqSXqkWShAi3UZNUNXLkE+nEo4N6cE87ddgIhC6u4Mj9vREjX8qO7+lJH6mWnO4Nzf961Ug1Tp2Y8jBShOPxQ42IQRXAYTqwTgXBinU0ICyo/ivELSQQVjrDlA7Bnj55Fkq5rH2cta91GhdgrCTYAbvgANjgBOTBFSiAIsDgAfTBM3gxHo0n49V4G48mjMnOFvgj4/0bIfGegg==</latexit>

analytic if  harmonic
<latexit sha1_base64="H+Di0q5TPDsTDi4Zci1dJOKKm+k=">AAACBHicbZC7SgNBGIVn4y3G26plmsFEsAq7sdBKAjaWEUwiJEuYncwmQ+ayzMwKy5LCxlexsVDE1oew822cTbbQxAMDh/Nfhv8LY0a18bxvp7S2vrG5Vd6u7Ozu7R+4h0ddLROFSQdLJtV9iDRhVJCOoYaR+1gRxENGeuH0Oq/3HojSVIo7k8Yk4GgsaEQxMjYaulUkEEsNxZBGsD6INa3DCVJcCoqHbs1reHPBVeMXpgYKtYfu12AkccKJMJghrfu+F5sgQ8ruZ2RWGSSaxAhP0Zj0rRWIEx1k8yNm8NQmIxhJZZ8wcJ7+nsgQ1zrloe3kyEz0ci0P/6v1ExNdBhkVcWKIwIuPooRBI2FOBI6oItiw1BqEFc1ZYIsAYWO5VSwEf/nkVdNtNvzzhn/brLWuChxlUAUn4Az44AK0wA1ogw7A4BE8g1fw5jw5L86787FoLTnFzDH4I+fzB7kyl3s=</latexit>

⇤
<latexit sha1_base64="py0jP6Cnu84mm8eRgRXe3R4T9gw=">AAAB7nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFlppwMYygrlAsoTZydlkyOzsOjMrhCUPYWOhiK3v4RvY+TZONik08YeBj/8/hznnBIng2rjut1NYWV1b3yhulra2d3b3yvsHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqZ56xGV5rG8N+ME/YgOJA85o8Zara5+SKnCXrniVt1cZBm8OVSuP89z1Xvlr24/ZmmE0jBBte54bmL8jCrDmcBJqZtqTCgb0QF2LEoaofazfNwJObFOn4Sxsk8akru/OzIaaT2OAlsZUTPUi9nU/C/rpCa89DMuk9SgZLOPwlQQE5Pp7qTPFTIjxhYoU9zOStiQKsqMvVDJHsFbXHkZmmdV77zq3bmV2hXMVIQjOIZT8OACanALdWgAgxE8wQu8Oonz7Lw577PSgjPvOYQ/cj5+AH1Nkdw=</latexit>

arbitrary analytic function
<latexit sha1_base64="vJ7Iifkqhx79n4UK9ct1o81qYk8=">AAACBHicdVC7SgNBFJ2NrxhfUcs0g0GwCrubkMRGAjaWEcwDkhDuTmaTIbOzy8yssIQUNv6KjYUitn6EnX/jbBJBRQ9cOJxzH9zjRZwpbdsfVmZtfWNzK7ud29nd2z/IHx61VRhLQlsk5KHseqAoZ4K2NNOcdiNJIfA47XjTy9Tv3FKpWChudBLRQQBjwXxGQBtpmC+A9JiWIBMMAniiGcF+LMjSLdql83rVrVSxXbLtmuM6KXFrlXIFO0ZJUUQrNIf59/4oJHFAhSYclOo5dqQHM5BmK6fzXD9WNAIyhTHtGSogoGowWzwxx6dGGWE/lKaExgv1+8QMAqWSwDOdAeiJ+u2l4l9eL9Z+fTBjIoo1FWR5yI851iFOE8EjJinRPDEEiGRpAmQCEog2ueVMCF+f4v9J2y055ZJ77RYbF6s4sqiATtAZclANNdAVaqIWIugOPaAn9GzdW4/Wi/W6bM1Yq5lj9APW2yeznZjE</latexit>

Ampère
<latexit sha1_base64="qRTQERz2wiEzcUNPcLH2PZ+dCfQ=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0stJKIjWUE8wHJEfc2c8mS3btzd08IR/6EjYUitv4dO/+Nm+QKTXww8Hhvhpl5QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ch5hw3AjsJ0opDIQ2ApGN1O/9YRK8zi6N+MEfUkHEQ85o8ZK7WuZdB9QYa9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx274ScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhJd+xqMkNRix+aIwFcTEZPo86XOFzIixJZQpbm8lbEgVZcZGVLQheIsvL5NmteKdV6p31XLtKo+jAMdwAmfgwQXU4Bbq0AAGAp7hFd6cR+fFeXc+5q0rTj5zBH/gfP4A6i2P3g==</latexit>



Example(s)
<latexit sha1_base64="ncUsBTDInmAII56amvoDphjwR8I=">AAAB8nicbVDLSgNBEJyNr7i+oh69LAYhXsJuPOhJAiJ4jGAekCxhdjKbDJnHMtMrhiWf4cWDIl79Gm/+jZNkD5pY0FBUddPdFSWcGfD9b6ewtr6xuVXcdnd29/YPSodHLaNSTWiTKK50J8KGciZpExhw2kk0xSLitB2Nb2Z++5Fqw5R8gElCQ4GHksWMYLBS1719wiLhtGLO+6WyX/Xn8FZJkJMyytHol756A0VSQSUQjo3pBn4CYYY1MMLp1O2lhiaYjPGQdi2VWFATZvOTp96ZVQZerLQtCd5c/T2RYWHMRES2U2AYmWVvJv7ndVOIr8KMySQFKsliUZxyD5Q3+98bME0J8IklmGhmb/XICGtMwKbk2hCC5ZdXSatWDS6qtftauX6dx1FEJ+gUVVCALlEd3aEGaiKCFHpGr+jNAefFeXc+Fq0FJ585Rn/gfP4AKH6QgA==</latexit>



The five-vertex model⇥

The five vertex model: a generalization of the lozenge tiling model
a special case of the six-vertex model

1 0 eX eY r e
X+Y
2 r e

X+Y
2

A configuration has probability 1
Z evX+hY rc where r is the number of corners,

v is the number of vertical edges, h is the number of horizontal edges.

(joint with J. de Gier, S. Watson)

(� ! 1)
<latexit sha1_base64="R3nTUxX7US7jnrIu9P+03L+quGw=">AAAB+nicbVDLSgNBEOyNrxhfiR4FWQxCvIRdL3qSgB48RjAPyIYwO5lNhszOLjO9yhLzITkI4kERr36JN//GyeOgiQUNRVU33V1+LLhGx/m2Miura+sb2c3c1vbO7l6+sF/XUaIoq9FIRKrpE80El6yGHAVrxoqR0Bes4Q+uJn7jninNI3mHaczaIelJHnBK0EidfKHkXTOBxMPI4zLA9LSTLzplZwp7mbhzUqwcjcfPAFDt5L+8bkSTkEmkgmjdcp0Y20OikFPBRjkv0SwmdEB6rGWoJCHT7eH09JF9YpSuHUTKlER7qv6eGJJQ6zT0TWdIsK8XvYn4n9dKMLhoD7mME2SSzhYFibAxsic52F2uGEWRGkKo4uZWm/aJIhRNWjkTgrv48jKpn5Vdp+zemjQuYYYsHMIxlMCFc6jADVShBhQe4Ale4c16tF6sd+tj1pqx5jMH8AfW5w+99pXZ</latexit><latexit sha1_base64="rqASFQlvlqXhA++nIevjfym64OM=">AAAB+nicbVBNS8NAEN34WetXqkdBgkWol5J40ZMU9OCxgv2AJpTNdtMu3eyG3YlSYn+IghcPinj1l3jz37hpe9DWBwOP92aYmRcmnGlw3W9raXlldW29sFHc3Nre2bVLe00tU0Vog0guVTvEmnImaAMYcNpOFMVxyGkrHF7mfuuOKs2kuIVRQoMY9wWLGMFgpK5dqvhXlAP2QfpMRDA66dplt+pO4CwSb0bKtcPHHE/1rv3l9yRJYyqAcKx1x3MTCDKsgBFOx0U/1TTBZIj7tGOowDHVQTY5fewcG6XnRFKZEuBM1N8TGY61HsWh6YwxDPS8l4v/eZ0UovMgYyJJgQoyXRSl3AHp5Dk4PaYoAT4yBBPFzK0OGWCFCZi0iiYEb/7lRdI8rXpu1bsxaVygKQroAB2hCvLQGaqha1RHDUTQPXpGr+jNerBerHfrY9q6ZM1m9tEfWJ8/G0KXng==</latexit><latexit sha1_base64="rqASFQlvlqXhA++nIevjfym64OM=">AAAB+nicbVBNS8NAEN34WetXqkdBgkWol5J40ZMU9OCxgv2AJpTNdtMu3eyG3YlSYn+IghcPinj1l3jz37hpe9DWBwOP92aYmRcmnGlw3W9raXlldW29sFHc3Nre2bVLe00tU0Vog0guVTvEmnImaAMYcNpOFMVxyGkrHF7mfuuOKs2kuIVRQoMY9wWLGMFgpK5dqvhXlAP2QfpMRDA66dplt+pO4CwSb0bKtcPHHE/1rv3l9yRJYyqAcKx1x3MTCDKsgBFOx0U/1TTBZIj7tGOowDHVQTY5fewcG6XnRFKZEuBM1N8TGY61HsWh6YwxDPS8l4v/eZ0UovMgYyJJgQoyXRSl3AHp5Dk4PaYoAT4yBBPFzK0OGWCFCZi0iiYEb/7lRdI8rXpu1bsxaVygKQroAB2hCvLQGaqha1RHDUTQPXpGr+jNerBerHfrY9q6ZM1m9tEfWJ8/G0KXng==</latexit>

<latexit sha1_base64="rqASFQlvlqXhA++nIevjfym64OM=">AAAB+nicbVBNS8NAEN34WetXqkdBgkWol5J40ZMU9OCxgv2AJpTNdtMu3eyG3YlSYn+IghcPinj1l3jz37hpe9DWBwOP92aYmRcmnGlw3W9raXlldW29sFHc3Nre2bVLe00tU0Vog0guVTvEmnImaAMYcNpOFMVxyGkrHF7mfuuOKs2kuIVRQoMY9wWLGMFgpK5dqvhXlAP2QfpMRDA66dplt+pO4CwSb0bKtcPHHE/1rv3l9yRJYyqAcKx1x3MTCDKsgBFOx0U/1TTBZIj7tGOowDHVQTY5fewcG6XnRFKZEuBM1N8TGY61HsWh6YwxDPS8l4v/eZ0UovMgYyJJgQoyXRSl3AHp5Dk4PaYoAT4yBBPFzK0OGWCFCZi0iiYEb/7lRdI8rXpu1bsxaVygKQroAB2hCvLQGaqha1RHDUTQPXpGr+jNerBerHfrY9q6ZM1m9tEfWJ8/G0KXng==</latexit><latexit sha1_base64="qaugi4BQUeQs3cadMm27gULy8Js=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCvZTEi56koAePFewHNKFstpt26WYTdidKiP0pXjwo4tVf4s1/47bNQVsfDDzem2FmXpAIrsFxvq3S2vrG5lZ5u7Kzu7d/YFcPOzpOFWVtGotY9QKimeCStYGDYL1EMRIFgnWDyfXM7z4wpXks7yFLmB+RkeQhpwSMNLCrde+GCSAexB6XIWRnA7vmNJw58CpxC1JDBVoD+8sbxjSNmAQqiNZ910nAz4kCTgWbVrxUs4TQCRmxvqGSREz7+fz0KT41yhCHsTIlAc/V3xM5ibTOosB0RgTGetmbif95/RTCSz/nMkmBSbpYFKYCQ4xnOeAhV4yCyAwhVHFzK6ZjoggFk1bFhOAuv7xKOucN12m4d06teVXEUUbH6ATVkYsuUBPdohZqI4oe0TN6RW/Wk/VivVsfi9aSVcwcoT+wPn8AyiSTqQ==</latexit>



lozenge tilings and the 5-vertex model

The 5 vertex model with r = 1 is the lozenge tiling model.

r 6= 1 means blue and green lozenges “interact”.



r = 1 r = .1r = 10

Simulations
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�(s, t) is piecewise analytic:

repulsive

1� s� t+ (1� r�2)st = 0

There is an explicit formula for �r(s, t)

when r < 1,

in terms of the dilogarithm.
<latexit sha1_base64="51TSVPsSA8vuAoO8NSG1l710c+A=">AAACBXicbVC7SgNBFJ2N7/hatdRiMAhWYTeNVhKwsVQwKiQhzE7uJkPmsczcFcKSxsZfsbFQxNZ/sPNvnMQtfB24cDjnXi7nJJkUDqPoI6jMzS8sLi2vVFfX1jc2w63tK2dyy6HFjTT2JmEOpNDQQoESbjILTCUSrpPR6dS/vgXrhNGXOM6gq9hAi1Rwhl7qhXtCUwSrHDUpxSHQvpBmwKzAoar3wlpUj2agf0lckhopcd4L3zt9w3MFGrlkzrXjKMNuwSwKLmFS7eQOMsZHbABtTzVT4LrFLMWEHnilT1Nj/WikM/X7RcGUc2OV+E3FcOh+e1PxP6+dY3rcLYTOcgTNvx6luaRo6LQSH9kCRzn2hHGfXHDKh8wy7otxVV9C/DvyX3LVqMdRPb5o1JonZR3LZJfsk0MSkyPSJGfknLQIJ3fkgTyR5+A+eAxegtev1UpQ3uyQHwjePgHKf5gX</latexit><latexit sha1_base64="51TSVPsSA8vuAoO8NSG1l710c+A=">AAACBXicbVC7SgNBFJ2N7/hatdRiMAhWYTeNVhKwsVQwKiQhzE7uJkPmsczcFcKSxsZfsbFQxNZ/sPNvnMQtfB24cDjnXi7nJJkUDqPoI6jMzS8sLi2vVFfX1jc2w63tK2dyy6HFjTT2JmEOpNDQQoESbjILTCUSrpPR6dS/vgXrhNGXOM6gq9hAi1Rwhl7qhXtCUwSrHDUpxSHQvpBmwKzAoar3wlpUj2agf0lckhopcd4L3zt9w3MFGrlkzrXjKMNuwSwKLmFS7eQOMsZHbABtTzVT4LrFLMWEHnilT1Nj/WikM/X7RcGUc2OV+E3FcOh+e1PxP6+dY3rcLYTOcgTNvx6luaRo6LQSH9kCRzn2hHGfXHDKh8wy7otxVV9C/DvyX3LVqMdRPb5o1JonZR3LZJfsk0MSkyPSJGfknLQIJ3fkgTyR5+A+eAxegtev1UpQ3uyQHwjePgHKf5gX</latexit><latexit sha1_base64="51TSVPsSA8vuAoO8NSG1l710c+A=">AAACBXicbVC7SgNBFJ2N7/hatdRiMAhWYTeNVhKwsVQwKiQhzE7uJkPmsczcFcKSxsZfsbFQxNZ/sPNvnMQtfB24cDjnXi7nJJkUDqPoI6jMzS8sLi2vVFfX1jc2w63tK2dyy6HFjTT2JmEOpNDQQoESbjILTCUSrpPR6dS/vgXrhNGXOM6gq9hAi1Rwhl7qhXtCUwSrHDUpxSHQvpBmwKzAoar3wlpUj2agf0lckhopcd4L3zt9w3MFGrlkzrXjKMNuwSwKLmFS7eQOMsZHbABtTzVT4LrFLMWEHnilT1Nj/WikM/X7RcGUc2OV+E3FcOh+e1PxP6+dY3rcLYTOcgTNvx6luaRo6LQSH9kCRzn2hHGfXHDKh8wy7otxVV9C/DvyX3LVqMdRPb5o1JonZR3LZJfsk0MSkyPSJGfknLQIJ3fkgTyR5+A+eAxegtev1UpQ3uyQHwjePgHKf5gX</latexit><latexit sha1_base64="51TSVPsSA8vuAoO8NSG1l710c+A=">AAACBXicbVC7SgNBFJ2N7/hatdRiMAhWYTeNVhKwsVQwKiQhzE7uJkPmsczcFcKSxsZfsbFQxNZ/sPNvnMQtfB24cDjnXi7nJJkUDqPoI6jMzS8sLi2vVFfX1jc2w63tK2dyy6HFjTT2JmEOpNDQQoESbjILTCUSrpPR6dS/vgXrhNGXOM6gq9hAi1Rwhl7qhXtCUwSrHDUpxSHQvpBmwKzAoar3wlpUj2agf0lckhopcd4L3zt9w3MFGrlkzrXjKMNuwSwKLmFS7eQOMsZHbABtTzVT4LrFLMWEHnilT1Nj/WikM/X7RcGUc2OV+E3FcOh+e1PxP6+dY3rcLYTOcgTNvx6luaRo6LQSH9kCRzn2hHGfXHDKh8wy7otxVV9C/DvyX3LVqMdRPb5o1JonZR3LZJfsk0MSkyPSJGfknLQIJ3fkgTyR5+A+eAxegtev1UpQ3uyQHwjePgHKf5gX</latexit><latexit sha1_base64="51TSVPsSA8vuAoO8NSG1l710c+A=">AAACBXicbVC7SgNBFJ2N7/hatdRiMAhWYTeNVhKwsVQwKiQhzE7uJkPmsczcFcKSxsZfsbFQxNZ/sPNvnMQtfB24cDjnXi7nJJkUDqPoI6jMzS8sLi2vVFfX1jc2w63tK2dyy6HFjTT2JmEOpNDQQoESbjILTCUSrpPR6dS/vgXrhNGXOM6gq9hAi1Rwhl7qhXtCUwSrHDUpxSHQvpBmwKzAoar3wlpUj2agf0lckhopcd4L3zt9w3MFGrlkzrXjKMNuwSwKLmFS7eQOMsZHbABtTzVT4LrFLMWEHnilT1Nj/WikM/X7RcGUc2OV+E3FcOh+e1PxP6+dY3rcLYTOcgTNvx6luaRo6LQSH9kCRzn2hHGfXHDKh8wy7otxVV9C/DvyX3LVqMdRPb5o1JonZR3LZJfsk0MSkyPSJGfknLQIJ3fkgTyR5+A+eAxegtev1UpQ3uyQHwjePgHKf5gX</latexit>

plot of ��
<latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit>

non-pure

<latexit sha1_base64="GAIhwCguzQmALI2wpSzTCz7nUuc=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgxbAbD3qSgBePEcxDkiXMTnqTIfNYZmaFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7ooQzY33/2yusrW9sbhW3Szu7e/sH5cOjllGpptCkiivdiYgBziQ0LbMcOokGIiIO7Wh8O/PbT6ANU/LBThIIBRlKFjNKrJMeS1LJiyTV0C9X/Ko/B14lQU4qKEejX/7qDRRNBUhLOTGmG/iJDTOiLaMcpqVeaiAhdEyG0HVUEgEmzOYHT/GZUwY4VtqVtHiu/p7IiDBmIiLXKYgdmWVvJv7ndVMbX4cZk0lqQdLFojjl2Co8+x4PmAZq+cQRQjVzt2I6IppQ6zIquRCC5ZdXSatWDS6rtftapX6Tx1FEJ+gUnaMAXaE6ukMN1EQUCfSMXtGbp70X7937WLQWvHzmGP2B9/kDTO+QEA==</latexit>

s
<latexit sha1_base64="juLKKOHJRHJMTZmvlvGjltWqrm8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZydlkzOzsMjMrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd56xGV5rG8N+ME/YgOJA85o8Zadd0rFN2Sm4msgreA4s1nJVOtV/jq9mOWRigNE1Trjucmxp9QZTgTOM13U40JZSM6wI5FSSPU/iQbdErOrdMnYazsk4Zk7u+OCY20HkeBrYyoGerlbGb+l3VSE175Ey6T1KBk84/CVBATk9nWpM8VMiPGFihT3M5K2JAqyoy9Td4ewVteeRWa5ZJXKZXrbrF6DXPl4BTO4AI8uIQq3EENGsAA4Qle4NV5cJ6dN+d9XrrmLHpO4I+cjx/WOI8n</latexit>

t
<latexit sha1_base64="XzXtso5Wup+2TIr3MvB6Y4YOeSs=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZyWwyZnZ2mTkrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkQKg6777aytb2xubed28rt7+weHhaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvLW49cGxGrexwn3I/oQIlQMIrWqmOvUHRLbiayCt4CijeflUy1XuGr249ZGnGFTFJjOp6boD+hGgWTfJrvpoYnlI3ogHcsKhpx40+yQafk3Dp9EsbaPoUkc393TGhkzDgKbGVEcWiWs5n5X9ZJMbzyJ0IlKXLF5h+FqSQYk9nWpC80ZyjHFijTws5K2JBqytDeJm+P4C2vvArNcsmrlMp1t1i9hrlycApncAEeXEIV7qAGDWDA4Qle4NV5cJ6dN+d9XrrmLHpO4I+cjx/XvI8o</latexit>

Hess(�) = (arg
z

1� z
)
4

<latexit sha1_base64="2P1S26Z3vFHOxHViqBDDPgOICzM="></latexit>



500 1000 1500 2000 2500 3000

100

200

300

sample from a stochastic state
<latexit sha1_base64="1+R+oZDumtJxEPWUktRtTzMSVTE=">AAACB3icbVC7SgNBFJ31bXxFLQUZDIJV2I2FVhKwsVQwMRBDuDu5GwdndpaZu0II6Wz8FRsLRWz9BTv/xtkkha8DA4dz7r3DOXGmpKMw/AxmZufmFxaXlksrq2vrG+XNraYzuRXYEEYZ24rBoZIpNkiSwlZmEXSs8Cq+PS38qzu0Tpr0kgYZdjT0U5lIAeSlbnnXgc4U8sQazYE7MuIGHEnhKRB2y5WwGo7B/5JoSipsivNu+eO6Z0SuMSWhwLl2FGbUGYL1JxWOSte5wwzELfSx7WkKGl1nOM4x4vte6fHEWP9S4mP1+8YQtHMDHftJDXTjfnuF+J/Xzik57gxlmuWEqZh8lOSKk+FFKbwnLQpSA09AWFnE9zVYEOSrK/kSot+R/5JmrRodVmsXtUr9ZFrHEtthe+yAReyI1dkZO2cNJtg9e2TP7CV4CJ6C1+BtMjoTTHe22Q8E71/RR5lC</latexit>



r = .03
<latexit sha1_base64="pCOTPC8hGXuaKhAyJCZ+M+peJ/w=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4Cok7UI3asGNywqmLbShTKaTduhkEmYmQgh9BjcuFHHri/gG7nwbp2kX2npg4OOce5l7b5BwprTjfFultfWNza3ydmVnd2//oHp41FZxKgn1SMxj2Q2wopwJ6mmmOe0mkuIo4LQTTG5neeeRSsVi8aCzhPoRHgkWMoK1sTx5ZTuNQbXm2E4htAruAmo3n41CrUH1qz+MSRpRoQnHSvVcJ9F+jqVmhNNppZ8qmmAywSPaMyhwRJWfF8NO0ZlxhiiMpXlCo8L93ZHjSKksCkxlhPVYLWcz87+sl+rw0s+ZSFJNBZl/FKYc6RjNNkdDJinRPDOAiWRmVkTGWGKizX0q5gju8sqr0K7bbsOu3zu15jXMVYYTOIVzcOECmnAHLfCAAIMneIFXS1jP1pv1Pi8tWYueY/gj6+MHo7GQHA==</latexit>
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<latexit sha1_base64="gwuw1SiasIn7kOaue92QZkz8i4g=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NCZCBAkzuehJAkLwGMEskgyhp1OTNOnpGbp7hDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiqp4fc6a043xbmZXVtfWN7GZua3tnd8/eP2ioKJEU6jTikWz5RAFnAuqaaQ6tWAIJfQ5Nf3g98ZsPIBWLxJ1OY/BC0hcsYJRoI3Xto6oEwCBA9lNcqBZb5/dnha6dd0rOFHiZuHOSR3PUuvZXpxfRJAShKSdKtV0n1t6ISM0oh3GukyiICR2SPrQNFSQE5Y2m14/xqVF6OIikKaHxVP09MSKhUmnom86Q6IFa9Cbif1470cGlN2IiTjQIOlsUJBzrCE+iwD0mgWqeGkKoZOZWTAdEEqpNYDkTgrv48jJplEuuU3Jvy/nK1TyOLDpGJ6iIXHSBKugG1VAdUfSIntErerOerBfr3fqYtWas+cwh+gPr8wfKMpN1</latexit><latexit sha1_base64="gwuw1SiasIn7kOaue92QZkz8i4g=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NCZCBAkzuehJAkLwGMEskgyhp1OTNOnpGbp7hDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiqp4fc6a043xbmZXVtfWN7GZua3tnd8/eP2ioKJEU6jTikWz5RAFnAuqaaQ6tWAIJfQ5Nf3g98ZsPIBWLxJ1OY/BC0hcsYJRoI3Xto6oEwCBA9lNcqBZb5/dnha6dd0rOFHiZuHOSR3PUuvZXpxfRJAShKSdKtV0n1t6ISM0oh3GukyiICR2SPrQNFSQE5Y2m14/xqVF6OIikKaHxVP09MSKhUmnom86Q6IFa9Cbif1470cGlN2IiTjQIOlsUJBzrCE+iwD0mgWqeGkKoZOZWTAdEEqpNYDkTgrv48jJplEuuU3Jvy/nK1TyOLDpGJ6iIXHSBKugG1VAdUfSIntErerOerBfr3fqYtWas+cwh+gPr8wfKMpN1</latexit><latexit sha1_base64="gwuw1SiasIn7kOaue92QZkz8i4g=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NCZCBAkzuehJAkLwGMEskgyhp1OTNOnpGbp7hDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiqp4fc6a043xbmZXVtfWN7GZua3tnd8/eP2ioKJEU6jTikWz5RAFnAuqaaQ6tWAIJfQ5Nf3g98ZsPIBWLxJ1OY/BC0hcsYJRoI3Xto6oEwCBA9lNcqBZb5/dnha6dd0rOFHiZuHOSR3PUuvZXpxfRJAShKSdKtV0n1t6ISM0oh3GukyiICR2SPrQNFSQE5Y2m14/xqVF6OIikKaHxVP09MSKhUmnom86Q6IFa9Cbif1470cGlN2IiTjQIOlsUJBzrCE+iwD0mgWqeGkKoZOZWTAdEEqpNYDkTgrv48jJplEuuU3Jvy/nK1TyOLDpGJ6iIXHSBKugG1VAdUfSIntErerOerBfr3fqYtWas+cwh+gPr8wfKMpN1</latexit><latexit sha1_base64="gwuw1SiasIn7kOaue92QZkz8i4g=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NCZCBAkzuehJAkLwGMEskgyhp1OTNOnpGbp7hDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiqp4fc6a043xbmZXVtfWN7GZua3tnd8/eP2ioKJEU6jTikWz5RAFnAuqaaQ6tWAIJfQ5Nf3g98ZsPIBWLxJ1OY/BC0hcsYJRoI3Xto6oEwCBA9lNcqBZb5/dnha6dd0rOFHiZuHOSR3PUuvZXpxfRJAShKSdKtV0n1t6ISM0oh3GukyiICR2SPrQNFSQE5Y2m14/xqVF6OIikKaHxVP09MSKhUmnom86Q6IFa9Cbif1470cGlN2IiTjQIOlsUJBzrCE+iwD0mgWqeGkKoZOZWTAdEEqpNYDkTgrv48jJplEuuU3Jvy/nK1TyOLDpGJ6iIXHSBKugG1VAdUfSIntErerOerBfr3fqYtWas+cwh+gPr8wfKMpN1</latexit><latexit sha1_base64="gwuw1SiasIn7kOaue92QZkz8i4g=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NCZCBAkzuehJAkLwGMEskgyhp1OTNOnpGbp7hDEEf8WLB0W8+h/e/Bs7y0ETHxQ83quiqp4fc6a043xbmZXVtfWN7GZua3tnd8/eP2ioKJEU6jTikWz5RAFnAuqaaQ6tWAIJfQ5Nf3g98ZsPIBWLxJ1OY/BC0hcsYJRoI3Xto6oEwCBA9lNcqBZb5/dnha6dd0rOFHiZuHOSR3PUuvZXpxfRJAShKSdKtV0n1t6ISM0oh3GukyiICR2SPrQNFSQE5Y2m14/xqVF6OIikKaHxVP09MSKhUmnom86Q6IFa9Cbif1470cGlN2IiTjQIOlsUJBzrCE+iwD0mgWqeGkKoZOZWTAdEEqpNYDkTgrv48jJplEuuU3Jvy/nK1TyOLDpGJ6iIXHSBKugG1VAdUfSIntErerOerBfr3fqYtWas+cwh+gPr8wfKMpN1</latexit>

rF
<latexit sha1_base64="yd5T7maTXRiMShfNlJjgUPXU5Mw=">AAAB73icbZDLSgMxFIbP1Futt6pLN8EiuCozdqErLQjisoK9QDuUM2mmDc1kxiQjlKEv4caFIm59Dt/AnW9jello6w+Bj/8/h5xzgkRwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdYcsvuVGQZvDmUrj4rlSoA1LrFr04vpmnEpKECtW57bmL8DJXhVLBxoZNqliAdYp+1LUqMmPaz6bxjcmKdHgljZZ80ZOr+7sgw0noUBbYyQjPQi9nE/C9rpya88DMuk9QwSWcfhakgJiaT5UmPK0aNGFlAqridldABKqTGnqhgj+AtrrwMjbOy55a9O7dUvYSZ8nAEx3AKHpxDFW6hBnWgIOAJXuDVeXCenTfnfVaac+Y9h/BHzscPo/2RKg==</latexit><latexit sha1_base64="MVJudvL1lSbqs/erpY4buvw02VI=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyXRha60IIjLCvYCbSgn00k7dDKJMxOhhL6EGxeKuPU5fAN3vo3TtAtt/WHg4//PYc45QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdUdituLrII3gzKV59nuWrd0lenF9M0YtJQgVq3PTcxfobKcCrYuNhJNUuQDrHP2hYlRkz7WT7vmBxbp0fCWNknDcnd3x0ZRlqPosBWRmgGej6bmP9l7dSEF37GZZIaJun0ozAVxMRksjzpccWoESMLSBW3sxI6QIXU2BMV7RG8+ZUXoXFa8dyKd+eWq5cwVQEO4QhOwINzqMIt1KAOFAQ8wQu8Og/Os/PmvE9Ll5xZzwH8kfPxA176kbY=</latexit><latexit sha1_base64="MVJudvL1lSbqs/erpY4buvw02VI=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyXRha60IIjLCvYCbSgn00k7dDKJMxOhhL6EGxeKuPU5fAN3vo3TtAtt/WHg4//PYc45QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdUdituLrII3gzKV59nuWrd0lenF9M0YtJQgVq3PTcxfobKcCrYuNhJNUuQDrHP2hYlRkz7WT7vmBxbp0fCWNknDcnd3x0ZRlqPosBWRmgGej6bmP9l7dSEF37GZZIaJun0ozAVxMRksjzpccWoESMLSBW3sxI6QIXU2BMV7RG8+ZUXoXFa8dyKd+eWq5cwVQEO4QhOwINzqMIt1KAOFAQ8wQu8Og/Os/PmvE9Ll5xZzwH8kfPxA176kbY=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="LCGAFh7H9Z51dFAlRxdUoNZY8jE=">AAAB5HicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FQVxWsA9oh3InvdOGZjJjkhHK0D/hxoUi/iZ3/hvTx0JbDwQ+zknIvSfKpDDW97+9jc2t7Z3d0l55v3JweFQ9rrRMmmtOTZ7KVHciNCSFoqYVVlIn04RJJKkdjW9nefuZtBGperSTjMIEh0rEgqN1VqenMJLI7vrVml/352LrECyhBks1+tWv3iDleULKconGdAM/s2GB2gouaVru5YYy5GMcUtehwoRMWMznnbJz5wxYnGp3lGVz9/eLAhNjJknkbiZoR2Y1m5n/Zd3cxtdhIVSWW1J88VGcS2ZTNlueDYQmbuXEAXIt3KyMj1Ajt66isishWF15HVqX9cCvBw8+lOAUzuACAriCG7iHBjSBg4QXeIN378l79T4WdW14y95O4I+8zx85N44w</latexit><latexit sha1_base64="LCGAFh7H9Z51dFAlRxdUoNZY8jE=">AAAB5HicbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FQVxWsA9oh3InvdOGZjJjkhHK0D/hxoUi/iZ3/hvTx0JbDwQ+zknIvSfKpDDW97+9jc2t7Z3d0l55v3JweFQ9rrRMmmtOTZ7KVHciNCSFoqYVVlIn04RJJKkdjW9nefuZtBGperSTjMIEh0rEgqN1VqenMJLI7vrVml/352LrECyhBks1+tWv3iDleULKconGdAM/s2GB2gouaVru5YYy5GMcUtehwoRMWMznnbJz5wxYnGp3lGVz9/eLAhNjJknkbiZoR2Y1m5n/Zd3cxtdhIVSWW1J88VGcS2ZTNlueDYQmbuXEAXIt3KyMj1Ajt66isishWF15HVqX9cCvBw8+lOAUzuACAriCG7iHBjSBg4QXeIN378l79T4WdW14y95O4I+8zx85N44w</latexit><latexit sha1_base64="QUc5qtRe8bvkT+so3rq016FJv04=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKgnisYNpCG8pku2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kijKfJiJRnRA1E1wy33AjWCdVDONQsHY4vpn57SemNE/kg5mkLIhxKHnEKRordXoSQ4Hktl+tuXV3DrJKvILUoECzX/3qDRKaxUwaKlDrruemJshRGU4Fm1Z6mWYp0jEOWddSiTHTQT6/d0rOrDIgUaJsSUPm6u+JHGOtJ3FoO2M0I73szcT/vG5moqsg5zLNDJN0sSjKBDEJmT1PBlwxasTEEqSK21sJHaFCamxEFRuCt/zyKmld1D237t27tcZ1EUcZTuAUzsGDS2jAHTTBBwoCnuEV3pxH58V5dz4WrSWnmDmGP3A+fwBmQY+C</latexit><latexit sha1_base64="QUc5qtRe8bvkT+so3rq016FJv04=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKgnisYNpCG8pku2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kijKfJiJRnRA1E1wy33AjWCdVDONQsHY4vpn57SemNE/kg5mkLIhxKHnEKRordXoSQ4Hktl+tuXV3DrJKvILUoECzX/3qDRKaxUwaKlDrruemJshRGU4Fm1Z6mWYp0jEOWddSiTHTQT6/d0rOrDIgUaJsSUPm6u+JHGOtJ3FoO2M0I73szcT/vG5moqsg5zLNDJN0sSjKBDEJmT1PBlwxasTEEqSK21sJHaFCamxEFRuCt/zyKmld1D237t27tcZ1EUcZTuAUzsGDS2jAHTTBBwoCnuEV3pxH58V5dz4WrSWnmDmGP3A+fwBmQY+C</latexit><latexit sha1_base64="MVJudvL1lSbqs/erpY4buvw02VI=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyXRha60IIjLCvYCbSgn00k7dDKJMxOhhL6EGxeKuPU5fAN3vo3TtAtt/WHg4//PYc45QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdUdituLrII3gzKV59nuWrd0lenF9M0YtJQgVq3PTcxfobKcCrYuNhJNUuQDrHP2hYlRkz7WT7vmBxbp0fCWNknDcnd3x0ZRlqPosBWRmgGej6bmP9l7dSEF37GZZIaJun0ozAVxMRksjzpccWoESMLSBW3sxI6QIXU2BMV7RG8+ZUXoXFa8dyKd+eWq5cwVQEO4QhOwINzqMIt1KAOFAQ8wQu8Og/Os/PmvE9Ll5xZzwH8kfPxA176kbY=</latexit><latexit sha1_base64="MVJudvL1lSbqs/erpY4buvw02VI=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyXRha60IIjLCvYCbSgn00k7dDKJMxOhhL6EGxeKuPU5fAN3vo3TtAtt/WHg4//PYc45QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdUdituLrII3gzKV59nuWrd0lenF9M0YtJQgVq3PTcxfobKcCrYuNhJNUuQDrHP2hYlRkz7WT7vmBxbp0fCWNknDcnd3x0ZRlqPosBWRmgGej6bmP9l7dSEF37GZZIaJun0ozAVxMRksjzpccWoESMLSBW3sxI6QIXU2BMV7RG8+ZUXoXFa8dyKd+eWq5cwVQEO4QhOwINzqMIt1KAOFAQ8wQu8Og/Os/PmvE9Ll5xZzwH8kfPxA176kbY=</latexit><latexit sha1_base64="MVJudvL1lSbqs/erpY4buvw02VI=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyXRha60IIjLCvYCbSgn00k7dDKJMxOhhL6EGxeKuPU5fAN3vo3TtAtt/WHg4//PYc45QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdUdituLrII3gzKV59nuWrd0lenF9M0YtJQgVq3PTcxfobKcCrYuNhJNUuQDrHP2hYlRkz7WT7vmBxbp0fCWNknDcnd3x0ZRlqPosBWRmgGej6bmP9l7dSEF37GZZIaJun0ozAVxMRksjzpccWoESMLSBW3sxI6QIXU2BMV7RG8+ZUXoXFa8dyKd+eWq5cwVQEO4QhOwINzqMIt1KAOFAQ8wQu8Og/Os/PmvE9Ll5xZzwH8kfPxA176kbY=</latexit><latexit sha1_base64="MVJudvL1lSbqs/erpY4buvw02VI=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyXRha60IIjLCvYCbSgn00k7dDKJMxOhhL6EGxeKuPU5fAN3vo3TtAtt/WHg4//PYc45QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdUdituLrII3gzKV59nuWrd0lenF9M0YtJQgVq3PTcxfobKcCrYuNhJNUuQDrHP2hYlRkz7WT7vmBxbp0fCWNknDcnd3x0ZRlqPosBWRmgGej6bmP9l7dSEF37GZZIaJun0ozAVxMRksjzpccWoESMLSBW3sxI6QIXU2BMV7RG8+ZUXoXFa8dyKd+eWq5cwVQEO4QhOwINzqMIt1KAOFAQ8wQu8Og/Os/PmvE9Ll5xZzwH8kfPxA176kbY=</latexit>

<latexit sha1_base64="MVJudvL1lSbqs/erpY4buvw02VI=">AAAB73icbZDLSsNAFIZPvNZ6q7p0M1gEVyXRha60IIjLCvYCbSgn00k7dDKJMxOhhL6EGxeKuPU5fAN3vo3TtAtt/WHg4//PYc45QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TRVmdxiJWrQA1E1yyuuFGsFaiGEaBYM1geD3Jm49MaR7LezNKmB9hX/KQUzTWanUkBgLJTbdUdituLrII3gzKV59nuWrd0lenF9M0YtJQgVq3PTcxfobKcCrYuNhJNUuQDrHP2hYlRkz7WT7vmBxbp0fCWNknDcnd3x0ZRlqPosBWRmgGej6bmP9l7dSEF37GZZIaJun0ozAVxMRksjzpccWoESMLSBW3sxI6QIXU2BMV7RG8+ZUXoXFa8dyKd+eWq5cwVQEO4QhOwINzqMIt1KAOFAQ8wQu8Og/Os/PmvE9Ll5xZzwH8kfPxA176kbY=</latexit><latexit sha1_base64="QUc5qtRe8bvkT+so3rq016FJv04=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKgnisYNpCG8pku2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kijKfJiJRnRA1E1wy33AjWCdVDONQsHY4vpn57SemNE/kg5mkLIhxKHnEKRordXoSQ4Hktl+tuXV3DrJKvILUoECzX/3qDRKaxUwaKlDrruemJshRGU4Fm1Z6mWYp0jEOWddSiTHTQT6/d0rOrDIgUaJsSUPm6u+JHGOtJ3FoO2M0I73szcT/vG5moqsg5zLNDJN0sSjKBDEJmT1PBlwxasTEEqSK21sJHaFCamxEFRuCt/zyKmld1D237t27tcZ1EUcZTuAUzsGDS2jAHTTBBwoCnuEV3pxH58V5dz4WrSWnmDmGP3A+fwBmQY+C</latexit>



Are there generalizations of this model to which our harmonicity result applies?
<latexit sha1_base64="Ygeore1ZbpMmzojz4jJugIVnXcc="></latexit>

6 vertex model? no, but the proof method may still work.
<latexit sha1_base64="SOfXpsgT6oPOKpuvHy8i0ifp/h0="></latexit>

“staggered-weight” 5-vertex model? yes! in certain cases...
<latexit sha1_base64="rWMYtdc+cntjA+uapGoe2BzWPbE="></latexit>



The five-vertex model is a case when the Hessian is the fourth power of a har-

monic function in z. In fact this property holds for a certain “periodically

weighted” 5-vertex model:
<latexit sha1_base64="3c8IwqlASaLc9HMEdnazd35PJ88="></latexit>

α0 α1 α2 α3 α4
β0

β1

β2

β3

corner weights rij = ↵i�j
<latexit sha1_base64="LIFs+au0dtqAB71fBjUh8F2e8Jk=">AAACEnicbVA9SwNBEN3z2/gVtbRZjII24S4W2iiCjWUEE4UkHHObSbK6t3fszinhyG+w8a/YWChia2Xnv3ETU/j1YODx3gwz86JUSUu+/+FNTE5Nz8zOzRcWFpeWV4qra3WbZEZgTSQqMZcRWFRSY40kKbxMDUIcKbyIrk+G/sUNGisTfU79FFsxdLXsSAHkpLC4KxKj0fBblN0eWb5lwlxeDfghb4JKexDKZoQE4dVWWCz5ZX8E/pcEY1JiY1TD4nuznYgsRk1CgbWNwE+plYMhKRQOCs3MYgriGrrYcFRDjLaVj14a8G2ntHknMa408ZH6fSKH2Np+HLnOGKhnf3tD8T+vkVHnoJVLnWaEWnwt6mSKU8KH+fC2NChI9R0BYaS7lYseGBDkUiy4EILfL/8l9Uo52CsHZ5XS8dE4jjm2wTbZDgvYPjtmp6zKakywO/bAntizd+89ei/e61frhDeeWWc/4L19AnznnVI=</latexit>

1 - rv2 1 1 rv rv

The proof is based on commuting transfer matrices.
<latexit sha1_base64="FHj8bUsRHXVpdpYGnASkxiHxGRQ=">AAACHHicbVC7SgNBFJ2Nrxhfq5Y2g0GwCrtJoZUINpYKSRRiCLOTu8ngPJaZu0II+RAbf8XGQhEbC8G/cTZJ4evAwOHcx5x7kkwKh1H0GZQWFpeWV8qrlbX1jc2tcHun7UxuObS4kcZeJ8yBFBpaKFDCdWaBqUTCVXJ7VtSv7sA6YXQTRxl0FRtokQrO0Eu9sFFpDoFm1piUCkeLVX1qNOVGqRyFHlC0TLsULFUMreDgar2wGtWiKehfEs9Jlcxx0Qvfb/qG5wo0csmc68RRht0xsyi4hEnlJneQMX7LBtDxVDMFrjueHjehB3lhKTXWP410qn6fGDPl3EglvtM7HLrftUL8r9bJMT3ujoXOcgTNZx+luaRoaJEU7QsLHOXIE8at8F4pHzLLOPo8Kz6E+PfJf0m7XosbtfplvXp6Mo+jTPbIPjkkMTkip+ScXJAW4eSePJJn8hI8BE/Ba/A2ay0F85ld8gPBxxfzNaFO</latexit>



(0,0)

(1,0)

(0,1)

(2,0)

Example: “Amoeba” for a 2⇥ 1 fundamental domain:
<latexit sha1_base64="rbgT39NhQEQP06UzodoHiPLj26M=">AAACInicbVC7SgNBFJ31GeMramkzGAWrsBsLH4UoIlgqGBWSEO/O3tUh81hmZsUQ8i02/oqNhaJWgh/jJKbwdarDOfd54kxw68LwPRgZHRufmCxMFadnZufmSwuLZ1bnhmGNaaHNRQwWBVdYc9wJvMgMgowFnsftg75/foPGcq1OXSfDpoQrxVPOwHmpVdouHt6CzATu0MvLfakxhhWaakOBrlYbjku00SpNc5WAROVA0ERL4GqHtkrlsBIOQP+SaEjKZIjjVum1kWiW98cwAdbWozBzzS4Yx5nAXrGRW8yAteEK654qv9A2u4MXe3TNK8ngsFQrRwfq944uSGs7MvaVEty1/e31xf+8eu7SrWaXqyx3qNjXojQX1Gnaz4sm3CBzouMJMMP9rZRdgwHmfKpFH0L0++W/5KxaiTYq1ZNqeW93GEeBLJMVsk4iskn2yBE5JjXCyB15IE/kObgPHoOX4O2rdCQY9iyRHwg+PgHkoKIM</latexit>

r < 1
<latexit sha1_base64="OMPr29TAzb1JjY8lixy0oDTji5A=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLCaCVbiLhRYiARvLCOYDkiPsbfaSNXu7x+6eEI78BxsLRWz9P3b+GzfJFZr4YODx3gwz88KEM20879sprK1vbG4Vt92d3b39g9LhUUvLVBHaJJJL1QmxppwJ2jTMcNpJFMVxyGk7HN/O/PYTVZpJ8WAmCQ1iPBQsYgQbK7Xcirr2K/1S2at6c6BV4uekDDka/dJXbyBJGlNhCMdad30vMUGGlWGE06nbSzVNMBnjIe1aKnBMdZDNr52iM6sMUCSVLWHQXP09keFY60kc2s4Ym5Fe9mbif143NdFVkDGRpIYKslgUpRwZiWavowFTlBg+sQQTxeytiIywwsTYgFwbgr/88ipp1ar+RbV2XyvXb/I4inACp3AOPlxCHe6gAU0g8AjP8ApvjnRenHfnY9FacPKZY/gD5/MHuX6N5Q==</latexit>

r > 1
<latexit sha1_base64="uIGmC2nXslAma78xYdyyjMJsrdc=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLCaCVbiLhVYhYGMZwXxAcoS9zV6yZm/32N0TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXphwpo3nfTuFjc2t7Z3irru3f3B4VDo+aWuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2Ek9u533miSjMpHsw0oUGMR4JFjGBjpbZbUXW/MiiVvaq3AFonfk7KkKM5KH31h5KkMRWGcKx1z/cSE2RYGUY4nbn9VNMEkwke0Z6lAsdUB9ni2hm6sMoQRVLZEgYt1N8TGY61nsah7YyxGetVby7+5/VSE90EGRNJaqggy0VRypGRaP46GjJFieFTSzBRzN6KyBgrTIwNyLUh+Ksvr5N2repfVWv3tXKjnsdRhDM4h0vw4RoacAdNaAGBR3iGV3hzpPPivDsfy9aCk8+cwh84nz+8io3n</latexit>



Genus 1 example?
<latexit sha1_base64="+qpK3qexyVe2Bn6ITepSjOPykM4=">AAAB/HicbVBNS8NAEN34WeNXtEcvi63gqST1oCcteNBjBfsBbSib7aRdutmE3Y0YSv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpBwprTrflsrq2vrG5uFLXt7Z3dv3zk4bKo4lRQaNOaxbAdEAWcCGpppDu1EAokCDq1gdD31Ww8gFYvFvc4S8CMyECxklGgj9ZyifQMiVbjslTE8kijhcNVzSm7FnQEvEy8nJZSj3nO+uv2YphEITTlRquO5ifbHRGpGOUzsbqogIXREBtAxVJAIlD+eHT/BJ0bp4zCWpoTGM/X3xJhESmVRYDojoodq0ZuK/3mdVIcX/piJJNUg6HxRmHKsYzxNAveZBKp5ZgihkplbMR0SSag2edkmBG/x5WXSrFa8s0r1rlqqXeZxFNAROkanyEPnqIZuUR01EEUZekav6M16sl6sd+tj3rpi5TNF9AfW5w9zD5NX</latexit>

There are “higher-genus surface tensions” satisfying the harmonicity property
but for which we don’t know if there is a corresponding probability model:

<latexit sha1_base64="UB61uKKbCwCQw4xA/qA/nmJcEm0="></latexit>



Thank you happy birthday!



No limit shape (?)
<latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit>

this is a region where
the surface tension is linear

<latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit>

facets/frozen
<latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit>

facets/frozen
<latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit>



r = .6
<latexit sha1_base64="NY7WPKQ7rh2vNctXemQtmTvsh0U=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmLKgbteDGZQV7gXYomTTThiaZIckIZegruHGhiFufxDdw59uYabvQ1h8CH/9/DjnnhAln2njet1NYWV1b3yhulra2d3b3yvsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0W2etx6p0iyWD2ac0EDggWQRI9jklrpyz3vliud6U6Fl8OdQufmsVmsAUO+Vv7r9mKSCSkM41rrje4kJMqwMI5xOSt1U0wSTER7QjkWJBdVBNp11gk6s00dRrOyTBk3d3x0ZFlqPRWgrBTZDvZjl5n9ZJzXRZZAxmaSGSjL7KEo5MjHKF0d9pigxfGwBE8XsrIgMscLE2POU7BH8xZWXoXnm+p7r33uV2jXMVIQjOIZT8OECanAHdWgAgSE8wQu8OsJ5dt6c91lpwZn3HMIfOR8/fTuPVQ==</latexit><latexit sha1_base64="CZ5J4dKl/wpEcp6oK9vq02xGXwk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNSNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nzg4j+E=</latexit><latexit sha1_base64="CZ5J4dKl/wpEcp6oK9vq02xGXwk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNSNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nzg4j+E=</latexit>

<latexit sha1_base64="CZ5J4dKl/wpEcp6oK9vq02xGXwk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNSNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nzg4j+E=</latexit><latexit sha1_base64="mwNsWWRpyuBTJZeLnSUiRAeV0do=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0g8qBel4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0o508b3v53K2vrG5lZ1u7azu7d/4B4etXWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJJneF33miSrNEPpppSkOBR5LFjGBTSOrGuxy4dd/z50CrJChJHUo0B+5Xf5iQTFBpCMda9wI/NWGOlWGE01mtn2maYjLBI9qzVGJBdZjPb52hM6sMUZwoW9Kgufp7IsdC66mIbKfAZqyXvUL8z+tlJr4OcybTzFBJFovijCOToOJxNGSKEsOnlmCimL0VkTFWmBgbT82GECy/vEraF17ge8GDX2/clnFU4QRO4RwCuIIG3EMTWkBgDM/wCm+OcF6cd+dj0Vpxyplj+APn8wc/f42t</latexit>



r = .4
<latexit sha1_base64="FFMRiOKgx5oG++AQXV54004NL9E=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmrKAbteDGZQV7gXYomTTThiaZIckIZegruHGhiFufxDdw59uYabvQ1h8CH/9/DjnnhAln2njet1NYWV1b3yhulra2d3b3yvsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0W2etx6p0iyWD2ac0EDggWQRI9jklrpyz3vliud6U6Fl8OdQufmsVmsAUO+Vv7r9mKSCSkM41rrje4kJMqwMI5xOSt1U0wSTER7QjkWJBdVBNp11gk6s00dRrOyTBk3d3x0ZFlqPRWgrBTZDvZjl5n9ZJzXRZZAxmaSGSjL7KEo5MjHKF0d9pigxfGwBE8XsrIgMscLE2POU7BH8xZWXoXnm+p7r33uV2jXMVIQjOIZT8OECanAHdWgAgSE8wQu8OsJ5dt6c91lpwZn3HMIfOR8/ejOPUw==</latexit><latexit sha1_base64="9zrsw0P++baVuHUUe/371T5sP54=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmVNCNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877NzUwj98=</latexit><latexit sha1_base64="9zrsw0P++baVuHUUe/371T5sP54=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmVNCNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877NzUwj98=</latexit>

<latexit sha1_base64="9zrsw0P++baVuHUUe/371T5sP54=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmVNCNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877NzUwj98=</latexit><latexit sha1_base64="wQTVrEGWXFpzI3e3rWxgGlM/Z7M=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0hE0ItS8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZF6WcaeP7305lbX1jc6u6XdvZ3ds/cA+P2jrJFKEtkvBEdSOsKWeStgwznHZTRbGIOO1Ek7vC7zxRpVkiH800paHAI8liRrApJHXjXQ7cuu/5c6BVEpSkDiWaA/erP0xIJqg0hGOte4GfmjDHyjDC6azWzzRNMZngEe1ZKrGgOsznt87QmVWGKE6ULWnQXP09kWOh9VREtlNgM9bLXiH+5/UyE1+HOZNpZqgki0VxxpFJUPE4GjJFieFTSzBRzN6KyBgrTIyNp2ZDCJZfXiXtCy/wveDBrzduyziqcAKncA4BXEED7qEJLSAwhmd4hTdHOC/Ou/OxaK045cwx/IHz+QM8d42r</latexit>



r = .25
<latexit sha1_base64="maYJfByfp6tmaRzPl8KEQAF1Mfc=">AAAB7HicbZDLSgMxFIZP6q3WW9Wlm2ARXA0zLaIbteDGZQWnFtqhZNJMG5rJDElGKEOfwY0LRdz6Ir6BO9/G9LLQ1h8CH/9/DjnnhKng2rjuNyqsrK6tbxQ3S1vbO7t75f2Dpk4yRZlPE5GoVkg0E1wy33AjWCtVjMShYA/h8GaSPzwypXki780oZUFM+pJHnBJjLV9dOtWzbrniOu5UeBm8OVSuP2u1OgA0uuWvTi+hWcykoYJo3fbc1AQ5UYZTwcalTqZZSuiQ9FnboiQx00E+HXaMT6zTw1Gi7JMGT93fHTmJtR7Foa2MiRnoxWxi/pe1MxNdBDmXaWaYpLOPokxgk+DJ5rjHFaNGjCwQqridFdMBUYQae5+SPYK3uPIyNKuO5zrenVupX8FMRTiCYzgFD86hDrfQAB8ocHiCF3hFEj2jN/Q+Ky2gec8h/BH6+AHteI+Q</latexit><latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit><latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit>

<latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit><latexit sha1_base64="uTS6VQRnCcNEXQ5jjtR7Fskar98=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CklB9KIUvHisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmRZkUBj3v21lb39jc2i7tlHf39g8OK0fHTZPmmvGApTLV7YgaLoXiAQqUvJ1pTpNI8lY0upv5rSeujUjVI44zHiZ0oEQsGEUrBfrGrV32KlXP9eYgq8QvSBUKNHqVr24/ZXnCFTJJjen4XobhhGoUTPJpuZsbnlE2ogPesVTRhJtwMj92Ss6t0idxqm0pJHP198SEJsaMk8h2JhSHZtmbif95nRzj63AiVJYjV2yxKM4lwZTMPid9oTlDObaEMi3srYQNqaYMbT5lG4K//PIqadZc33P9B69avy3iKMEpnMEF+HAFdbiHBgTAQMAzvMKbo5wX5935WLSuOcXMCfyB8/kDr7yN6A==</latexit>
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r = .35
<latexit sha1_base64="tlSuykqQN4oR6fl58qkw4iljdWM=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuBoyFtGNWnDjsoLTFtqhZNJMG5rJDElGKEOfwY0LRdz6Ir6BO9/G9LLQ1h8CH/9/DjnnhKng2mD87RRWVtfWN4qbpa3tnd298v5BQyeZosyniUhUKySaCS6Zb7gRrJUqRuJQsGY4vJ3kzUemNE/kgxmlLIhJX/KIU2Ks5asrt3reLVewi6dCy+DNoXLzWa3WAKDeLX91egnNYiYNFUTrtodTE+REGU4FG5c6mWYpoUPSZ22LksRMB/l02DE6sU4PRYmyTxo0dX935CTWehSHtjImZqAXs4n5X9bOTHQZ5FymmWGSzj6KMoFMgiabox5XjBoxskCo4nZWRAdEEWrsfUr2CN7iysvQOHM97Hr3uFK7hpmKcATHcAoeXEAN7qAOPlDg8AQv8OpI59l5c95npQVn3nMIf+R8/ADu/Y+R</latexit><latexit sha1_base64="7/mJALUHlDSQJ/hJE8ZcQmanF1k=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFtGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n/VCzX71qzeISRpRoQnHSnVdJ9F+hqVmhNNppZcqmmAyxkPaNShwRJWfFcNO0YlxBiiMpXlCo8L93ZHhSKlJFJjKCOuRWsxy87+sm+rw0s+YSFJNBZl9FKYc6Rjlm6MBk5RoPjGAiWRmVkRGWGKizX0q5gju4srL0DqzXcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqfqQHQ==</latexit><latexit sha1_base64="7/mJALUHlDSQJ/hJE8ZcQmanF1k=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFtGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n/VCzX71qzeISRpRoQnHSnVdJ9F+hqVmhNNppZcqmmAyxkPaNShwRJWfFcNO0YlxBiiMpXlCo8L93ZHhSKlJFJjKCOuRWsxy87+sm+rw0s+YSFJNBZl9FKYc6Rjlm6MBk5RoPjGAiWRmVkRGWGKizX0q5gju4srL0DqzXcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqfqQHQ==</latexit>

<latexit sha1_base64="7/mJALUHlDSQJ/hJE8ZcQmanF1k=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFtGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n/VCzX71qzeISRpRoQnHSnVdJ9F+hqVmhNNppZcqmmAyxkPaNShwRJWfFcNO0YlxBiiMpXlCo8L93ZHhSKlJFJjKCOuRWsxy87+sm+rw0s+YSFJNBZl9FKYc6Rjlm6MBk5RoPjGAiWRmVkRGWGKizX0q5gju4srL0DqzXcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqfqQHQ==</latexit><latexit sha1_base64="/ijnSLEOqRhZ3o+VBfMHkh27dIA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0gU0YtS8OKxgrGFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK4YBS0WqWhHVKLjEwHAjsJUppEkksBkNb6d+8wmV5ql8MKMMw4T2JY85o8ZKgbp2zy+61ZrnejOQZeIXpAYFGt3qV6eXsjxBaZigWrd9LzPhmCrDmcBJpZNrzCgb0j62LZU0QR2OZ8dOyIlVeiROlS1pyEz9PTGmidajJLKdCTUDvehNxf+8dm7iq3DMZZYblGy+KM4FMSmZfk56XCEzYmQJZYrbWwkbUEWZsflUbAj+4svL5PHM9T3Xv/dq9ZsijjIcwTGcgg+XUIc7aEAADDg8wyu8OdJ5cd6dj3lrySlmDuEPnM8fsUGN6Q==</latexit>

r = .5
<latexit sha1_base64="s0WP6dwC7Y80XVwXaRzuRruH1SA=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmLKIbteDGZQV7gXYomTTThiaZIckIZegruHGhiFufxDdw59uYabvQ1h8CH/9/DjnnhAln2njet1NYWV1b3yhulra2d3b3yvsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0W2etx6p0iyWD2ac0EDggWQRI9jklrpyz3vliud6U6Fl8OdQufmsVmsAUO+Vv7r9mKSCSkM41rrje4kJMqwMI5xOSt1U0wSTER7QjkWJBdVBNp11gk6s00dRrOyTBk3d3x0ZFlqPRWgrBTZDvZjl5n9ZJzXRZZAxmaSGSjL7KEo5MjHKF0d9pigxfGwBE8XsrIgMscLE2POU7BH8xZWXoXnm+p7r33uV2jXMVIQjOIZT8OECanAHdWgAgSE8wQu8OsJ5dt6c91lpwZn3HMIfOR8/e7ePVA==</latexit><latexit sha1_base64="w+irpTSjDKWWvn2qgxYQBHyzQPw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNGNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nza0j+A=</latexit><latexit sha1_base64="w+irpTSjDKWWvn2qgxYQBHyzQPw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNGNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nza0j+A=</latexit>

<latexit sha1_base64="w+irpTSjDKWWvn2qgxYQBHyzQPw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNGNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nza0j+A=</latexit><latexit sha1_base64="c9QDxGSHgJdGdRVDTZ/0HNE6mmA=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0gE0YtS8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZF6WcaeP7305lbX1jc6u6XdvZ3ds/cA+P2jrJFKEtkvBEdSOsKWeStgwznHZTRbGIOO1Ek7vC7zxRpVkiH800paHAI8liRrApJHXjXQ7cuu/5c6BVEpSkDiWaA/erP0xIJqg0hGOte4GfmjDHyjDC6azWzzRNMZngEe1ZKrGgOsznt87QmVWGKE6ULWnQXP09kWOh9VREtlNgM9bLXiH+5/UyE1+HOZNpZqgki0VxxpFJUPE4GjJFieFTSzBRzN6KyBgrTIyNp2ZDCJZfXiXtCy/wveDBrzduyziqcAKncA4BXEED7qEJLSAwhmd4hTdHOC/Ou/OxaK045cwx/IHz+QM9+42s</latexit>

analytic
<latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit>

frozen
<latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit>

random(?)
<latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit>

frozen
<latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit>

when r  1/3 there is no limit shape.
<latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit>


