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We will work in 3 spatial dimensions, with N particles.

rN = (r1, . . . , rN) ∈ R3N

An N-body wave function ψN(t, rN) describes a system of N
bosons if it is symmetric:

∀ σ ∈ SN , ψN(t, r1, . . . , rN) = ψN(t, rσ(1), . . . , rσ(N))

We normalize so ‖ψN‖L2(R3N) = 1.

We will introduce a suitable N-particle Hamiltonian HN and
consider the linear N-body Schrödinger evolution

i∂tψN = HNψN



Bose-Einstein condensation (BEC) means that the wave function is
approximately for large N a tensor product

ψN(t, rN) ∼
N∏
j=1

φ(t, rj)

for some one-particle wave function φ(t) ∈ L2(R3).

As N →∞, the function space L2(R3N) is changing, so in what
sense do we require convergence as N →∞?

A pure quantum state described by ψN ∈ L2(R3N) is alternatively
described by a rank 1 orthogonal projection L2(R3N)→ L2(R3N).

ψN ∈ L2(R3N)
‖ψN‖L2(R3N) = 1

⇔ γN ∈ L(L2(R3N); L2(R3N))
γN = orth proj onto ψN

Schrödinger equation converts to von-Neumann equation

i∂tψN = HNψN ⇔ i∂tγN = [HN , γN ]



At the level of kernels:

γN(t, rN ; r′N) = ψN(t, rN)ψN(t, r′N)

The k-particle marginal density (k ≤ N) is

γ
(k)
N = trace of γN over last (N − k) coords

γ
(k)
N ∈ L(L2(R3k); L2(R3k)) is no longer necessarily a pure state,

and could be a more general operator with Tr γ
(k)
N = 1 representing

a mixed state.

It is customary to decompose

rN = (rk , rN−k)

At the level of kernels, the k-particle marginal is

γ
(k)
N (t, rk ; r′k) =

∫
rN−k

γN(t, rk , rN−k ; r′k , rN−k) drN−k

=

∫
rN−k

ψN(t, rk , rN−k)ψN(r′k , rN−k) drN−k



We said BEC is, informally, for large N,

ψN(t, rN) ∼
N∏
j=1

φ(t, rj)

for some one particle wave function φ(t) ∈ L2(R3)

Converted to a statement about k-particle marginal densities:

∀k ≤ N, γ
(k)
N (t, rk , r

′
k) ∼

k∏
j=1

φ(t, rj)φ(t, r ′j )

A precise definition of BEC:

∀ k , lim
N→∞

∥∥∥∥∥∥γ(k)N (t, rk , r
′
k)−

k∏
j=1

φ(t, rj)φ(t, r ′j )

∥∥∥∥∥∥
Tr

= 0



Equivalently, BEC means that

∀ k , γ(k)∞
def
= lim

N→∞
γ
(k)
N is a pure state

where limit is taken in trace norm.

The problem is to prove this holds and show that φ evolves
according to the nonlinear Schrödinger equation (NLS), which we
call the mean-field limit equation.



Next, we consider the form of the Hamiltonian HN . We need to
decompose

rj = (xj , zj) , xj ∈ R2 , zj ∈ R

x ∈ R2 is the transverse direction and z ∈ R is the longitudinal
direction.

HN =
N∑
j=1

(−∆rj + ω2|xj |2 + ω2
z z

2
j ) +

∑
1≤i<j≤N

1

a3β−1
V

(
ri − rj
aβ

)

V : R3 → R is the interatomic interaction potential, whose long
range |ri − rj | � aβ effect as observed by low energy (energy O(1))
particles is expressed by the scattering length.

0 < β ≤ 1



For 0 < β ≤ 1, and a� 1.

b = scat

(
1

a3β−1
V
( r

aβ

))
∼


a

8π

∫
R3

V if 0 < β < 1

a scat(V ) if β = 1

The scattering length can be positive or negative.

The 3D to 3D problem means keep ω = 1, ωz = 1 fixed, send
N →∞ with

a =
1

N

Each particle xi interacts with N other particles xj , i 6= j and the
strength of each interaction is ∼ N−1.

3D NLS becomes the mean-field limit equation

i∂tφ+ ∆rφ− b|φ|2φ = 0, b =

{∫
R3 V if 0 < β < 1

8π scat(V ) if β = 1

Results available for b ≥ 0 (repulsive interaction, defocusing NLS)



The 3D to 1D problem means keep ωz = 1, but send ω →∞,
N →∞ simultaneously.

In the time-independent case, five different regimes have been
considered

Chapter 8 of Lieb, Seiringer, Solovej, Yngvason, The mathematics
of the Bose gas and its condensation.

We consider their “region 2”

a =
1

Nω

in

HN,ω =
N∑
j=1

(−∆rj + ω2|xj |2 + ω2
z z

2
j ) +

∑
1≤i<j≤N

1

a3β−1
V

(
ri − rj
aβ

)



In this case, the mean-field limit becomes, for large N, ω,

(∗) γ
(k)
N,ω(t, rk ; r′k) ≈

k∏
j=1

φ(t, rj)φ(t, rj)

where

φ(t, r) =
√
ωh(
√
ω x)ϕ(t, z) , h(x) = π−1/2e−|x |

2/2

1D NLS becomes the mean-field limit equation:

i∂tϕ+∂2zϕ−b|ϕ|2ϕ = 0 , b =

{∫
R3 V

∫
R2 |h|4 0 < β < 1

8πscat(V )
∫
R2 |h|4 β = 1

By (*), we mean precisely ∀ t, ∀ k

lim
(N,ω)→∞

∥∥∥∥∥∥ 1

ωk
γ
(k)
N,ω

(
t,

xk√
ω
, zk;

x′k√
ω
, z′k

)
−

k∏
j=1

h(xj)ϕ(t, zj)h(x ′j )ϕ(t, z ′j )

∥∥∥∥∥∥
Tr

= 0



The main new features of our work

I We are able to handle the 3D to 1D dimensional reduction in
the BBGKY framework, where an ∞−∞ cancelation is
needed that does not occur in the 3D to 3D case.

I We are able to handle b ≤ 0, attractive interactions, leading
the focusing NLS. This is the only context in which focusing
NLS has been derived as a mean-field limit.

I We claim that our assumptions correspond to the setting of
successful physics experiments



Salomon et. al. (ENS) Formation of bright matter wave solitons,
Science (2002), experiments in 7Li condensates

atoms, >2/3, remains in a noncondensed
pedestal around the soliton, clearly visible
for intermediate propagation times in the
guide.

We then made measurements of the wave-
packet size versus propagation time for three
values of the scattering length: a > 0, a >
20.11 nm, and a > 20.21 nm (Fig. 4). For a
> 0 (Fig. 4A), the interaction between atoms
is negligible, and the size of the cloud is
governed by the expansion of the initial con-
densate distribution under the influence of the
negative curvature of the axial potential. The
measured size is in excellent agreement with
the predicted size of a noninteracting gas
subjected to an expulsive harmonic potential:
Taking the curvature as a fit parameter (solid
line in Fig. 4A), we find vz 5 2ip 3 78(3)
Hz, which agrees with the expected value of
the curvature produced by the pinch coils
(14). For a 5 20.11 nm and B 5 487 G, the
size of the wave packet is consistently below
that of a noninteracting gas (Fig. 4B, solid
line). Attractive interactions reduce the size
of the atomic cloud but are not strong enough
to stabilize the soliton against the expulsive
potential. When a is further decreased to
20.21 nm, the measured size of the wave
packet no longer changes as a function of
guiding time, indicating propagation without
dispersion even in the presence of the expulsive
potential (Fig. 4C).

To theoretically analyze the stability of
the soliton, we introduce the 3D Gross-
Pitaevskii energy functional

EGP 5 * d3r
\2

2m
¹C~rW!2 1

Ng

2
C (rW)4

1
1

2
m @v'

2 ~ x21y2! 1 vz
2z2#C~rW!2

(1)

where the condensate wave function C is
normalized to 1. In Eq. 1 the first term is the
kinetic energy responsible for dispersion; the
second term is the interaction energy, which
in the present case of attractive effective in-
teractions (g , 0) causes the wave function to
sharpen; and the third term is the external
potential energy. We introduce the following
two-parameter variational ansatz to estimate
minimal-energy states of EGP:

C~rW! 5
1

Î2ps'
2 lz

1

cosh~z/lz!

expS2 x2 1 y2

2s'
2 D (2)

where s' and lz are the radial and axial
widths of the wave function. The functional
form of the well-known 1D soliton has been
chosen for the longitudinal direction (5),
while in the transverse direction a Gaussian
ansatz is the optimal one for harmonic con-

finement. For each lz we minimize the mean
energy over s'; the resulting function of lz is
plotted (Fig. 5) for various values of the
parameter Na/a'

ho where a'
ho 5 (\/mv')1/2.

For very small axial sizes, the interaction
energy becomes on the order of 2\ v' and
the gas loses its quasi-1D nature and collaps-
es (3, 4). For very large axial sizes, the
expulsive potential energy dominates and
pulls the wave function apart. For intermedi-
ate sizes, attractive interactions balance both
the dispersion and the effect of the expulsive
potential; the energy presents a local mini-
mum (solid line in Fig. 5). This minimum
supports a macroscopic quantum bound state.
However, it exists only within a narrow win-
dow of the parameter Na/a'

ho. In our experi-
ments v' 5 2p 3 710 Hz and vz 5 2ip 3
70 Hz for B 5 420 G, so that a'

ho 5 1.4 mm;
for Na larger than (Na)c 5 1.105 mm, a
collapse occurs (dashed curve in Fig. 5),
while for Na smaller than (Na)e 5 0.88
mm the expulsive potential causes the gas to
explode axially (dotted curve in Fig. 5).

For our experimental conditions and a 5
20.21 nm, the number of atoms that allows the
soliton to be formed is 4.2 3 103 # N # 5.2 3
103, in good agreement with our measured
number 6(2) 3 103. The expected axial size of
the soliton is lz > 1.7 mm, which is below the
current resolution limit of our imaging system.
To verify the presence of a critical value of
Nae needed to stabilize the soliton, we have
performed the measurements with the same a
but with a reduced number of atoms, N 5 2 3
103. At 8 ms guiding time the axial size of the
wave packet increased to 30 mm, indicating that
no soliton was formed.

One may speculate as to the formation dy-
namics of the soliton in the elongated trap
before its release in the optical waveguide. Be-
cause the atom number in the initial BEC, 2 3

Fig. 5. Theoretical energy diagram of an attrac-
tive Bose gas subjected to an expulsive poten-
tial for vz/v' 5 i 3 70/710. The energy as a
function of the axial size after minimization
over the tranverse size is shown for three val-
ues of Na: within the stability window (solid
curve), at the critical point for explosion
(Na)e (dotted curve), and at the critical point
for collapse (Na)c (dashed curve). End points
of the curves indicate collapse, i.e., s' 5 0.

Fig. 3. Absorption im-
ages at variable delays
after switching off the
vertical trapping beam.
Propagation of an ideal
BEC gas (A) and of a
soliton (B) in the hori-
zontal 1D waveguide in
the presence of an ex-
pulsive potential. Prop-
agation without disper-
sion over 1.1 mm is a
clear signature of a
soliton. Corresponding
axial profiles are inte-
grated over the vertical
direction.

A B CFig. 4. Measured root
mean square size of the
atomic wave packet
Gaussian fit as a func-
tion of propagation
time in the waveguide.
(A) a 5 0, ideal gas
case; (B) a 5 20.11
nm; (C) a 5 20.21 nm;
solid lines: calculated
expansion of a nonin-
teracting gas in the ex-
pulsive potential.
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Strecker et. al. (Rice) Formation and propagation of matter wave
soliton trains, Nature (2002), experiments in 7Li condensates

prevent the condensate from moving under the influence of the
infrared potential until, at a certain instant, the end caps are switched
off and the condensate is set in motion. The condensate is allowed to
evolve for a set period of time before an image is taken. As shown in
Fig. 3, the condensate spreads for a . 0, while for a , 0, non-
spreading, localized structures (solitons) are formed. Solitons
have been observed for times exceeding 3 s, a limitation that we
believe is due to loss of atoms rather than wave-packet spreading.

Multiple solitons (‘soliton trains’) are usually observed, as is
evident in Figs 3 and 4. We find that typically four solitons are
created from an initially stationary condensate. Although multi-
soliton states with alternating phase are known to be stationary
states of the nonlinear Schrödinger equation14,22,23, mechanisms for
their formation are diverse. It was proposed that a soliton train
could be generated by a modulational instability24, where in the case
of a condensate, phase fluctuations would produce a maximum
rate of amplitude growth at a wavelength approximately equal to
the condensate healing length y ¼ (8pnjaj)21/2, where n is the
atomic density23. As a and y are dynamically changing in the
experiment, the expected number of solitons N s is not readily
estimated from a static model. Experimentally, we detect no

significant difference in N s when the time constant, t, for changing
the magnetic field is varied from 25 ms to 200 ms. We investigated
the dependence of N s on condensate velocity v by varying the
interval Dt between the time the end caps are switched off to the
time when a changes sign. We find that N s increases linearly with Dt,
from ,4 at Dt ¼ 0 to ,10 at Dt ¼ 35 ms. As the axial oscillation
period is ,310 ms, v / Dt in the range of Dt investigated.

The alternating phase structure of the soliton train can be
inferred from the relative motion of the solitons. Non-interacting
solitons, simultaneously released from different points in a harmo-
nic potential, would be expected to pass through one another. But
this is not observed, as can be seen from Fig. 4, which shows that the
spacing between the solitons increases near the centre of oscillation
and bunches at the end points. This is evidence of a short-range
repulsive force between the solitons. Interaction forces between
solitons have been found to vary exponentially with the distance
between them, and to be attractive or repulsive depending on their
relative phase25. Because of the effect of wave interference on the
kinetic energy, solitons that differ in phase by p will repel, while
those that have the same phase will attract. An alternating phase
structure can be generated in the initial condensate by a phase

0 ms

150

300

500

635

1,260

1,860

a > 0 a < 0

Figure 3 Comparison of the propagation of repulsive condensates with atomic solitons.

The images are obtained using destructive absorption imaging, with a probe laser detuned

27 MHz from resonance. The magnetic field is reduced to the desired value before

switching off the end caps (see text). The times given are the intervals between turning off

the end caps and probing (the end caps are on for the t ¼ 0 images). The axial dimension

of each image frame corresponds to 1.28 mm at the plane of the atoms. The amplitude of

oscillation is ,370 mm and the period is 310 ms. The a . 0 data correspond to 630 G,

for which a < 10a o, and the initial condensate number is ,3 £ 105. The a , 0 data

correspond to 547 G, for which a < 2 3a o. The largest soliton signals correspond to

,5,000 atoms per soliton, although significant image distortion limits the precision of

number measurement. The spatial resolution of ,10 mm is significantly greater than the

expected transverse dimension l r < 1.5 mm.

5 ms

70 ms

150 ms

Figure 4 Repulsive interactions between solitons. The three images show a soliton train

near the two turning points and near the centre of oscillation. The spacing between

solitons is compressed at the turning points, and spread out at the centre of the oscillation.

A simple model based on strong, short-range, repulsive forces between nearest-

neighbour solitons indicates that the separation between solitons oscillates at

approximately twice the trap frequency, in agreement with observations. The number of

solitons varies from image to image because of shot to shot experimental variations, and

because of a very slow loss of soliton signal with time. As the axial length of a soliton is

expected to vary as 1/N (ref. 11), solitons with small numbers of atoms produce

particularly weak absorption signals, scaling as N 2. Trains with missing solitons are

frequently observed, but it is not clear whether this is because of a slow loss of atoms, or

because of sudden loss of an individual soliton.

letters to nature

NATURE | VOL 417 | 9 MAY 2002 | www.nature.com152 © 2002 Macmillan Magazines Ltd



The typical experiment (taking ωz = 0 for convenience)

Step A. Confine bosons, initially repelling, inside a trap, with
Hamiltonian

HN,ω0,0 =
N∑
j=1

(−∆rj + ω2
0|xj |2)

+
∑

1≤i<j≤N
(Nω0)3β−1V0((Nω0)β(ri − rj))

where
V0(r) ≥ 0 a repulsive pair interaction

Reduce the temperature so that the bosons settle into the ground
state ψN,ω0,0 for HN,ω0,0.



Mathematical Problem 1. Show that the ground state ψN,ω0,0

exhibits BEC as N, ω0 →∞.

Recall this means ∀ k

lim
N,ω0→∞

∥∥∥∥∥∥ 1

ωk
0

γ
(k)
N,ω0,0

(
xj√
ω0
, zj;

x′j√
ω0
, z′j)−

k∏
j=1

h(xj)ϕ0(zj)h(x ′j )ϕ0(z ′j )

∥∥∥∥∥∥
Tr

= 0

This has been addressed by other authors, and the field is
summarized in the book by Lieb, Seiringer, Solovej, and Yngvason,
The mathematics of the Bose Gas and Its Condensation (2005).



Recall the Hamiltonian from Step A:

HN,ω0,0 =
N∑
j=1

(−∆rj + ω2
0|xj |2)

+
∑

1≤i<j≤N
(Nω0)3β−1V0((Nω0)β(ri − rj))

V0(r) ≥ 0

Step B. Stengthen the trap (increase ω0 to ω), which turns the
interaction from repulsive V0 ≥ 0 to attractive V ≤ 0, by a
mechanism called Feshbach resonance. Assume that this is done
quickly enough so that the wave function ψN,0 remains unchanged,
but the Hamiltonian is now

HN,ω =
N∑
j=1

(−∆rj + ω2|xj |2)

+
∑

1≤i<j≤N
(Nω)3β−1V ((Nω)β(ri − rj))

V (r) ≤ 0



Step C. Taking time t = 0, describe the subsequent evolution

i∂tψN,ω = HN,ωψN,ω (∗)

Since HN,ω 6= HN,ω0,0, the wave function ψN,ω0,0 is no longer the
ground state, but it is asymptotically factorized (BEC).



Mathematical Problem 2. Show if ψN,ω0,0 exhibits BEC, i.e. ∀ k ,

lim
N,ω→∞

∥∥∥∥∥∥ 1

ωk
γ
(k)
N,ω0,0

(
xk√
ω
, zk ;

x′k√
ω
, z′k)−

k∏
j=1

h(xj)ϕ0(zj)h(x ′j )ϕ0(z ′j )

∥∥∥∥∥∥
Tr

= 0

then the solution ψN(t) to (*) also exhibits BEC, i.e. ∀ t, ∀ k ,

lim
N,ω→∞

∥∥∥∥∥∥ 1

ωk
γ
(k)
N,ω(t,

xk√
ω
, zk ;

x′k√
ω
, z′k)−

k∏
j=1

h(xj)ϕ(t, zj)h(x ′j )ϕ(t, z ′j )

∥∥∥∥∥∥
Tr

= 0

and moreover ϕ evolves according to the 1D focusing NLS

i∂tϕ+ ∆ϕ− b|ϕ|2ϕ = 0



Theorem [X. Chen, Holmer, 2014]. Problem 2 is solved for
attractive interatomic interactions

∫
R3 V < 0 leading to the 1D

focusing NLS as a mean-field limiting equation when the
(N, ω)→∞ limit is taken under the constraints

C1N
v1(β) ≤ ω ≤ C2N

v2(β) , 0 < β <
3

7

for certain functions v1(β), v2(β).
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For V ≥ 0:

I 1D, Adami-Golse-Teta (2007)

I 3D, Elgart-Erdös-Schlein-Yau (2006-2010) Energy estimates,
weak-* convergence of BBGKY to GP, uniqueness of GP by
Feynman graph combinatorics

I 3D, Klainerman-Machedon (2008) uniqueness of GP via
“board game”, but under a priori space-time bound

I 1D,2D,3D, more on KM estimates and the needed a priori
space-time bound (2008-2014): Kirkpatrick-Staffilani-Schlein,
Gressman-Sohinger-Staffilani, T.Chen-Pavlovic, X.Chen,
X.Chen-Holmer, Hong-Taliaferro-Xie,
Tzirakis-T.Chen-Pavlovic

I 3D, T.Chen-Hainzl-Pavlovic-Seiringer (2013), new proof of
uniqueness for GP using the quantum de Finetti theorem.

I 3D, Sohinger-Staffilani, Sohinger (2013-2014) randomized GP

I 3D, Fock space method (2010-2014),
Grillakis-Machedon-Margetis, X.Chen,
Benedikter-Oliveira-Schlein



The above results all assume V ≥ 0 if the BBGKY→GP derivation
is considered. Also, the problems considered are 3D→3D, 2D→2D.

Our (X.Chen, Holmer) angle in the field has been to consider

I dimensional reduction in the mean-field limit
3D→2D defocusing, (2012)

I allow for attractive interactions and focusing NLS limit
1D→1D focusing (2013)

Our current paper 3D→1D focusing (2014) combines the two.

Other different but related problems in which attractive
interactions have been permitted is:

I Hartree problem (β = 0) with V of either sign, Erdös-Yau
(2001), Michelangeli-Schlein (2010)

I 2D→2D stationary problem, β > 0, V < 0 in region of
stability, Lewin-Nam-Rougerie (2014)



Other different but related problems in which dimensional
reduction has been considered:

I (n + d)D NLS → dD NLS,
Abdullah-Méhats-Schmeiser-Weishaupl (2005). This
corresponds to sending N →∞ first, then ω →∞.

I Hani-Thomann (2014)

Cornell-Weiman (2000) did experiments with 85Rb condensates
without anisotropic confining. Once interaction tuned attractive
the 3D condensate blows-up in a manner not described by NLS.

So the experiments by Strecker (2002) and Salomon (2002)
employing strong anistropic confining are perhaps best
mathematically modeled by sending N, ω →∞ simultaneously. In
the experiments, N ∼ 104, ω ∼ 103.



Aspects of the proof. Let

h(x) = π−1/2e−|x |
2/2

It is the ground state:

(−∆x + |x |2)h = 2h

One key analytical component of the argument, quite different
from earlier papers, is the energy estimates.

Before getting to that, let us view the overall picture:



Define the scaled density

γ̃
(k)
N,ω(t, xk , zk ; x′k , z

′
k)

def
=

1

ωk
γ
(k)
N,ω

(
t,

xk√
ω
, zk ;

x′k√
ω
, z′k
)

It satisfies the BBGKY hierarchy

i∂t γ̃
(k)
N,ω = ω

k∑
j=1

[−∆xj + |xj |2−2, γ̃
(k)
N,ω] +

k∑
j=1

[−∂2zj , γ̃
(k)
N,ω]

+
1

N

∑
1≤i<j≤k

[VN,ω(ri − rj), γ̃
(k)
N,ω]

+
N − k

N

k∑
j=1

Trk+1[VN,ω(ri − rk+1), γ̃
(k+1)
N,ω ]

where VN,ω(x , z) = (Nω)3β

ω V ( (Nω)
βx√
ω

, (Nω)βz).



We seek to show that

(∗) γ̃
(k)
N,ω(t, xk , zk ; x′k , z

′
k) −→

(N,ω)→∞

 k∏
j=1

h(xj)h(x ′j )

 γ̃∞,z(t, zk ; z′k)

If we assume that almost of the limiting form of RHS, then

ω

k∑
j=1

[−∆xj + |xj |2−2, γ̃
(k)
N,ω]

is of ∞ · 0 limit form.

Our energy estimates show that

Pabove ground

(
γ̃
(k)
N,ω(t, xk , zk ; x′k , z

′
k)
)
→ 0

sufficiently fast and implies

ω

k∑
j=1

[−∆xj + |xj |2−2, γ̃
(k)
N,ω]→ 0



3D BBGKY

i∂t γ̃
(k)
N,ω = ω

k∑
j=1

[−∆xj + |xj |2−2, γ̃
(k)
N,ω]︸ ︷︷ ︸

→0

+
k∑

j=1

[−∂2zj , γ̃
(k)
N,ω]

+
1

N

∑
1≤i<j≤k

[VN,ω(ri − rj), γ̃
(k)
N,ω]︸ ︷︷ ︸

→0

+
N − k

N

k∑
j=1

Trk+1[VN,ω(ri − rk+1), γ̃
(k+1)
N,ω ]

collapses, as (N, ω)→∞ to 1D GP

i∂t γ̃
(k)
∞,z =

k∑
j=1

[−∂2zj , γ̃
(k)
∞,z ] + b

k∑
j=1

Trzk+1
[δ(zj − zk+1), γ̃

(k+1)
∞,z ]

with b =

∫
R3

V

∫
R2

|h|4



1D GP

i∂t γ̃
(k)
∞,z =

k∑
j=1

[−∂2zj , γ̃
(k)
∞,z ] + b

k∑
j=1

Trzk+1
[δ(zj − zk+1), γ̃

(k+1)
∞,z ]

Take ϕ solving 1D NLS

i∂tϕ+ ∂2zϕ− b|ϕ|2ϕ = 0

Set

γ̃
(k)
∞,z(t, zk ; z′k) =

k∏
j=1

ϕ(t, zj)ϕ(t, z ′j )

Then γ̃
(k)
∞,z solves the 1D GP.



Let
Kk = compact ops L2(R3k)→ L2(R3k)

L1k = trace class ops L2(R3k)→ L2(R3k)

Then
(Kk)∗ = L1k

Consider (L1k ,wk∗), the space L1k with the weak-star topology.

Since Kk is separable, (L1k ,wk∗) is metrizable.

Consider k-particle marginals

γ
(k)
N,ω ∈ C ([0,T ]; (L1k ,wk∗))

with the compact-open topology (topology of uniform in time
convergence). Arzela-Ascoli characterizes compactness.

Boundedness and equicontinuity follow from the energy estimates,
giving Step (A) below.



(A) Prove that for each k, the set {γ̃(k)N,ω} is compact in

C ([0,T ]; (L1k ,wk*)). Relies on energy estimates

(B) Prove that every limit point has the reduced form k∏
j=1

h(xj)h(x ′j )

 γ̃
(k)
∞,z(t, zk ; z′k)

and γ̃
(k)
∞,z solves 1D GP. Relies on energy estimates

(C) Prove that, in the space in which all limit points lie, there is a
unique solution to the GP hierarchy. A compact sequence with a
unique limit point converges to that limit point. We use a 1D
Klainerman-Machedon estimate that we previously proved.

(D) Upgrade convergence from wk* to strong by appealing to
Grümm’s convergence theorem.



Energy estimates. In the energy estimates, we must confront the
focusing nonlinearity and the diverging ω.

Let
Sj

def
= (1−∆rj + ω2|xj |2 − 2ω)1/2

Since −∆xj + ω2|xj |2 − 2ω ≥ 0, we have Sj ≥ 0. Notice that

S2
j

(√
ωh(
√
ωxj)ϕ(t, zj)

)
=
√
ωh(
√
ωxj) (1− ∂2zj )ϕ(t, zj)

so no diverging factor in ω is produced if solution is in x-ground
state.

The energy estimate is: ∃C > 0 such that ∀k∥∥∥∥∥∥
 k∏

j=1

Sj

ψN,ω

∥∥∥∥∥∥
2

L2(R3N)

≤ C k〈ψN,ω, (α + N−1HN,ω−2ω)kψN,ω〉

for
C1N

v1(β) ≤ ω ≤ C2N
v2(β)

and C1,C2, α depend on V .



The usefulness being that the RHS is constant in time.

To handle this, we use a decomposition of the energy different
from earlier works:

α + N−1HN,ω − 2ω = N−1
∑

1≤i<j≤N
Hij

where Hij represents a two body interaction in ri and rj .

The most common terms are of the form

(∗) (α + N−1HN,ω − 2ω)k ∼ Hi1j1Hi2j2 · · ·Hik jk

where all i , j are distinct.

Need to use the spectral cluster estimate for the Hermite operator
(Koch-Tataru (2005)) to

I extract positive lower bounds on each Hij . [requires
ω ≤ Nv1(β)]

I bound cross terms H12H23 (which occur less frequently than
those in (*)) [requires Nv2(β) ≤ ω]



Another important ingredient is the Klainerman-Machedon board
game argument and collapsing estimate. In our case, this takes the
following form:

‖θ(t)R(1)
ε U(1)(−t)B1,2U

(2)(t)R
(2)
−ε φ

(2)‖L2tL2x1x1′
≤ Cε,θ‖φ(2)‖L2

x2x
′
2

where
R(1)
ε = 〈∂x1〉ε〈∂x ′1〉

ε

R
(2)
−ε = 〈∂x1〉−ε〈∂x ′1〉

−ε〈∂x2〉−ε〈∂x ′2〉
−ε

U(1) = e it∂
2
x1 e
−it∂2

x′
1

U(2) = e it∂
2
x1 e
−it∂2

x′
1 e it∂

2
x2 e
−it∂2

x′
2

and the collapsing operator

B1,2α
(2)(x1, x

′
1) = α(2)(x1, x1, x

′
1, x1)

Estimate fails if θ(t) ≡ 1


