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The Birch and Swinnerton-Dyer conjecture
E/Q elliptic curve.

E (Q) ≃ Zralg ⊕ E (Q)tors

ran := ords=1 L(E/Q, s)

Conjecture (Birch and Swinnerton-Dyer)

ralg = ran.

Moreover,
L(ran)(E , 1)

ran! Reg(E ) · ΩE
=

#X(E )Tam(E )

#E (Q)2tors
.

Recall for any p prime:

0 → E (Q)⊗Qp/Zp → Selp∞ → X(E )[p∞]
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Iwasawa theory

Let F be a number field (e.g. F = Q,K quadratic imaginary, . . . )

L(E/F , s) Selp∞(E/F )

Kolyvagin system for TpE/F
P

BSD

Work on p-adic towers (assume E good ordinary reduction at p):

F∞
. . .

F2

F1

Fp2
p
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Iwasawa theory

Let F be a number field (e.g. F = Q,K quadratic imaginary, . . . )

Lp(E/F∞) Sel(E/F∞)

Kolyvagin systems
over F∞

Iwasawa main conjecture

Work on p-adic towers (assume E good ordinary reduction at p):

F∞
. . .

F2

F1

Fp2
p
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Iwasawa theory and BSD

Λ = Zp[[Gal(F∞/F )]] ≃ Zp[[T ]] Iwasawa algebra, Gal(F∞/F ) ≃ Zp

Selp∞ ⊂ H1(F ,E [p∞]) SelΛ ⊂ H1(F ,Tp(E )⊗ Λ∨)

Selp∞ L(E/F , s)

SelΛ L(E ) ∈ Λ

BSD conjecture

Iwasawa main
conjecture

control
theorems

interpolation/
special values

Let Char(Sel∨Λ ) = (f (T )) ⊂ Λ,

Iwasawa main conjecture: (f (T )) = (L(E )) ⊂ Λ ;

control theorem: ordp(f (0)) ∼ ordp(#Selp∞);
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Iwasawa theory and BSD: rank zero

Λ = Zp[[Gal(F∞/F )]] ≃ Zp[[T ]] Iwasawa algebra, F= Q,

X(E/Q)[p∞] L(E/Q, s)

SelordΛ L(E/Q∞) ∈ Λ

BSD conjecture

Mazur’s cyclotomic
main conjecture

control
theorems

L(E/Q∞)(0) ∼
L(E/Q, 1)p

IMC: Char((SelordΛ )∨) = (L(E/Q∞)) ⊂ Λ;

control theorem: ordp(f (0)) ∼ ordp(#X(E/Q)[p∞]);
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Iwasawa theory and BSD: rank one

Λ = Zp[[Gal(F∞/F )]] ≃ Zp[[T ]] Iwasawa algebra, F= K quadr im,
Γ = Gal(K∞/K ) anticyclotomic, p = v · v̄

X(E/K )[p∞] L(E/K , s)

Selstr,relΛ L(E/K∞)

BSD conjecture

Greenberg’s anticyclotomic
main conjecture

control
theorems

Gross–Zagier
formulae

ordp(f (0)) ∼ ordp(#X(E/K )[p∞]) · ordp(
logωE

Q

[E(K):Z·Q]2 );

Gross-Zagier formula: L′(E/K , 1) ∼ [E (K ) : Z · PK ]
2;

p-adic GZ (BDP): L(E/K∞)(0) ∼ logωE
(PK )
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How to prove the main conjecture(s)

Char(Sel∨Λ )
?
= (L(E ))

⊇ • existence of Λ-adic Euler systems (Kato’s ES, Heegner points)
⊇ • with explicit reciprocity law

⊆ • converse divisibility using Eisenstein congruences for larger groups
⊇ • (in the residually reducible case) use of “smaller rank” IMCs
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Some (old) results: IMCs for Eisenstein primes

Theorem (Castella-G.-Lee-Skinner, Castella-G.-Skinner)

Let p be an odd prime of good ordinary reduction such that E has a
rational p-isogeny whose kernel Fp(ϕ) satisfies ϕ|GQp

̸= 1, χcyc ,
r ∈ {0, 1}.

Let K be a quadratic imaginary field satisfying the Heegner
assumption, p split in K . Then

(anticyclotomic IMC) Selstr,relΛK∞
is ΛK∞-torsion and

char(Selstr,relΛK∞
) = (LBDP(E/K∞)).

(cyclotomic IMC) SelordΛQ∞
is ΛQ∞ -torsion and

char(SelordΛQ∞
) = (LMSD(E/Q∞)).
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Iwasawa theory and BSD

Theorem (Gross–Zagier ’86, Kolyvagin ’89)

Let E/Q be an elliptic curve and p a prime, r ∈ {0, 1}, then

ords=1 L(E , s) = r ⇒ rankZ E (Q) = r and #X(E/Q)[p∞] <∞.

When IMCs (over Q∞,K∞ resp.) at T = 0 is not of the form “0 = 0”

( i.e. 0 = f (0) = Lp(0) = 0),

it implies
1 ⇐ (p-converse) for r = 0, 1 respectively
2 p-part of the exact formula

Different conditions on p (and E without CM), works of
Greenberg ’99, Kato ’04, Skinner–Urban ’13, Greenberg–Vatsal ’00,
Castella-G.-Skinner ’23 (rank zero)
Wan ’15, Jetchev–Skinner–Wan ’17, Castella–Wan ’17, Castella ’18,
Skinner ’20, Castella-G.-Lee- Skinner ’22, Castella-G.-Skinner ’23,
Keller–Yin ’24 (rank one)
see also: Bertolini–Darmon ’05, W. Zhang ’14, Venerucci ’16,
Berti–Bertolini–Venerucci ’17
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What if “0 = 0”?

Can we still get information about E/F using the results for E/F∞?

Theorem (Kolyvagin’s conjecture ’91, Burungale-Castella-G.-Skinner)

Let E/Q, p a prime of good ordinary reduction and K a quadratic
imaginary field such that p and the primes of bad reduction split in K
and E (K )[p] = {0}, then the Kolyvagin system of Heegner points for
E/K is not trivial

{κn ∈ H1(K ,TpE/In)}n∈N : ∃n such that κn ̸= 0.

Previous results: W. Zhang ’14, Sweeting ’21, C.-H. Kim ’22 (only
when E [p] irreducible)
Note that H1(K ,TpE ) ∋ κ1 ̸= 0 iff PK ∈ E (K ) is not torsion iff
L′(E/K , 1) ̸= 0.
We prove the analogous result for the Kolyvagin system (over Q) of
Kato’s classes.
The Iwasawa main conjecture away from T = 0 (over K∞ and Q∞
respectively) is one of the key ingredients in the proof.
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Beyond elliptic curves
Higher weight modular forms
Q∞ Kato, Skinner-Urban
K∞ Generalised Heegner cycles on Kuga-Sato varieties

K∞ - complex and p-adic GZ formulae (S. Zhang, Perrin-Riou,
Bertolini–Darmon–Prasanna)

K∞ - divisibility from ES argument (Nekovář)
K∞ - ⊆ Burungale-Castella-Kim, Burungale-Castella-Skinner, Keller-Yin

Hilbert modular forms
K∞ CM points on quaternionic Shimura curves

K∞ - complex and p-adic Gross–Zagier formulae (Yuan-Zhang-Zhang,
Disegni)

K∞ - divisibility from ES argument (Kolyvagin-Logachev, Howard), ⊆ (Wan)

Higher rank groups
Q∞ - “pushforward of GL2-Eisenstein classes” Lei-Loeffler-Zerbes,

Kings-Loeffler-Zerbes, Loeffler-Skinner-Zerbes
Q∞ - “pullback of G -Eisenstein classes” Sangiovanni Vincentelli-Skinner,

Burungale-Sangiovanni Vincentelli
K∞ - U(1, 2n − 1) Graham-Shah (cycles), Graham (p-adic GZ)
K∞ - Daniel’s talk: GLn ×GLn+1, quasi-split unitary (Disegni,

Disegni-Zhang, Disegni-Liu, Li-Liu)
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How to prove the main conjecture(s): Eisenstein case

Char(Sel∨Λ )
?
= (L(E ))

⊇ • existence of Λ-adic Euler systems (Kato’s ES, Heegner points)
⊇ • with explicit reciprocity law

⊆ • converse divisibility using Eisenstein congruences for larger groups
⊇ • (in the residually reducible case) use of “smaller rank” IMCs
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How to use “smaller rank” IMCs

(F(E/F∞))
?
= (L(E/F∞)) ⊂ ΛF∞

where ΛF∞ = Zp[[Γ]] ≃ Zp[[T ]] and (F(E/F∞)) = Char(Sel∨ΛF∞
).

F(E/F∞) = u · pµ1 · f1(T ), L(E/F∞)(T ) = v · pµ2 · f2(T ),

where u, v ∈ Λ×, µ1, µ2 ∈ Z≥0, fi (T ) polynomials.

Enough to prove:
(1) f1(T ) divides f2(T ) in Λ[ 1p ]

(2) F(E/F∞) ≡ L(E/F∞) ̸= 0 mod pΛ.

First

{
adapting ES divisibility argument
explicit reciprocity law and global duality

⇒ (1)

and

{
0 → Fp(ϕ) → E [p] → Fp(χcyc · ϕ−1) → 0
GL1-IMC and µ = 0

⇒ (2)
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How to use “smaller rank” IMCs
More precisely, for F = K in [CGLS] and for F = Q under some
conditions for ϕ in [Greenberg-Vatsal], show

LΣ(E/F∞) ≡ LΣ(ϕ) · LΣ(χcyc · ϕ−1) mod p

FΣ(E/F∞) ≡ FΣ(ϕ) · FΣ(χcyc · ϕ−1) mod p

Then

{
[Ferrero-Washington] + [Mazur-Wiles]
[Hida] + [Rubin]

⇒ RHS’s are equal
and ̸= 0 mod p.

To remove assumptions of [Greenberg-Vatsal] for F = Q, in [CGS] we use
anticyclotomic main conjecture and “2-variable zeta elements” of
[Burungale-Skinner-Tian-Wan]: over K+

∞ = KQ∞

H1
ord(Kv )/(L1) SelGr

0 → H1(K )/(Z+) Selord,str → 0

H1
/ord(Kv̄ )/(L2) Selord

locv

locv̄
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Rankin–Selberg main conjecture

f cuspidal eigenform of odd weight k
g weight 2 eigenform, both ordinary at p.

T = Tf ⊗ Tg (critical twist)

L(f ⊗ g , s) SelBK(T
∗)

Beilinson–Flach classes
[BDR,LLZ,KLZ]

Bloch–Kato

Moreover, Iwasawa main conjecture over Q∞ involving Hida’s
Rankin–Selberg p-adic L-function Lp(f ⊗ g).

One divisibility when ϵf ϵg ̸= 1 coming from Euler system argument
Opposite divisibility from congruences by Hsieh–Z. Liu (large image
and ϵf ϵg = 1)
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Rankin–Selberg and smaller-rank IMCs
Assume p ≥ 5, ordinary and p-distinguished hypotheses at p, and
suppose that g is of weight 2 and residually Eisenstein:

Tg/pTg ≃
(
ψ ∗
0 ψ−1χcyc

)
.

Then

(Tf ⊗ Tg )
ss ≡ (Tf ⊗ ψ)⊕ (Tf ⊗ ψ−1χcyc) (mod p).

When can we use GL2-IMC to deduce Rankin-Selberg IMC mod p?

Jha-Shekhar-Vangala:

LΣ
p (f ⊗ g) ≡ LΣ

p (f ⊗ ψ) · LΣ
p (f ⊗ ψ−1χcyc) (mod p)

(and corresponding congruence for charΛ(Sel∨Gr)) hold when k ⪈ 2
Assume twisted IMC holds (Kato ✓)
Assume vanishing of µ-invariants
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Rankin–Selberg and smaller-rank IMCs
Recall strategy:

✓✓✓

{
congruences mod p

GL2-IMC and µ = 0
⇒ IMC mod p (Jha-Shekhar-Vangala).

in progress:

{
ES divisibility argument
explicit reciprocity law and global duality

⇒ divisibility
in Λ[ 1p ]

Corollary
p ≥ 5,

f cuspform of odd weight k ≥ 3, ϵf ̸= 1, p-ordinary and
p-distinguished, very large image and of conductor coprime to pN

E/Q elliptic curve such that E [p]ss = ψ ⊕ ψ−1χcyc, good ordinary
reduction at p.

Assume the µ-invariants for ρf ⊗ ψ and ρf ⊗ ψ−1χcyc vanish and
GL2-IMC hold. Then

the cyclotomic IMC for E ⊗ ρf holds.
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Rankin–Selberg and smaller-rank IMCs

Can do f , g with wt(f ) >wt(g) and g residually Eisenstein (possibly
needing to assume twisted GL2 IMC)

Expect application to rank zero implication in Bloch–Kato conjecture

HOPE: use p-adic variation to achieve wt(f ) <wt(g), especially
weight (1,2)
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