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Abstract. In this paper, we continue the study of Hitchin systems, introduced by
Hitchin [9], and their quantizations, introduced by Beilinson and Drinfeld [2], in the
context of the analytic Langlands correspondence as described by Etingof, Frenkel, and
Kazhdan [4]. We develop the theory needed for the analytic Langlands correspondence
for nodal curves, performing specific calculations for what we call “bubble curves”, curves
formed by gluing together copies of the projective line over a field. We determine the
classical and quantum Hitchin hamiltonians for group bundles on these curves, and
compute the eigenfunctions of the Hitchin hamiltonians.
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1. Introduction

For a smooth projective curve 𝑋 and connected reductive algebraic group 𝐺 over field
k, the stack of 𝐺-bundles Bun𝐺(𝑋) over 𝑋 is a central object in the Langlands program.
Roughly speaking, the Langlands program studies a correspondence between spectra of
Hecke functors on modules of differential operators on Bun𝐺(𝑋) and flat 𝐿𝐺-bundles on
𝑋, where 𝐿𝐺 is the Langlands dual of 𝐺. The original formulation, arithmetic Langlands
correspondence, studies finite fields, and the related geometric Langlands correspondence
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studies the complex case. The more recently introduced analytic Langlands program, in-
troduced by Etingof, Frenkel, and Kazhdan [4], lets k be an arbitrary local field, allowing,
for example, k = R. The program has since been refined (see, for example, [6]), and has
been studied extensively for smooth curves 𝑋 (see, for example, [7]).

In this paper, we study Bun𝐺(𝑋) for nodal curves 𝑋, developing the necessary theory
for one side of the Langlands correspondence, namely the “spectral theory” on Bun𝐺(𝑋).
We define Bun𝐺(𝑋) for nodal curves 𝑋 and affine algebraic groups 𝐺, and set up much
of the needed apparatus for studying analytic Langlads in this setting. While many of
our definitions and results work for general nodal curves, we focus in particular on nodal
curves formed by gluing together copies of P1, which we call bubble curves. These are
relatively simple cases to study, and the techniques developed should apply to the more
general case of 𝐺-bundles on arbitrary nodal curves. We perform explicit calculations
on the special case of trinionic curves, in which each copy of P1 is identified with other
bubbles at exactly three points. This special case is particularly nice, allowing for rather
simple calculations, while still shedding light on the general theory.

We begin by outlining the necessary components. We define Bun𝐺(𝑋) for nodal 𝑋
in Section 2. We also give formal definitions of bubble curves and trinionic curves and
describe why these are particularly easy cases to work with.

The next important notion for analytic Langlands is the Hitchin integrable system. For
a smooth projective curve 𝑋 and a reductive group 𝐺, the Hitchin integrable system
is an integrable system of elements of the cotangent space of a certain substructure of
Bun𝐺(𝑋), namely the moduli space Bun∘

𝐺(𝑋) of stable principal 𝐺-bundles on 𝑋, first
defined by Hitchin [9]. As Beilinson and Drinfeld [2] showed, the Hitchin system admits
a natural quantization, which consists of twisted differential operators on the square root
of the canonical line bundle on Bun𝐺(𝑋). We extend the classical definitions to nodal
𝑋 in Section 3 and Section 4, and determine the quantized Hitchin system in Section 5.
Note that we do not prove the necessary independence conditions for Hitchin systems in
this case to be integrable systems, but we do prove that they Poisson commute.

The last component we study is the most immediately relevant to the spectral problem.
Etingof, Frenkel, and Kazhdan [4] define the Hilbert space ℋ = 𝐿2(Bun𝐺(𝑋)) on Bun𝐺(𝑋)
using the quantized Hitchin hamiltonians. The quantum Hitchin hamiltonians act on ℋ,
and a central question in the analytic langlands program is to understand the spectral
decomposition of this action, that is, the eigenfunctions of the Hitchin hamiltonians.
We develop the theory needed for this Hilbert space over nodal curves in Section 6. In
Section 7, we study wobbly divisors on Bun𝐺(𝑋), which are expected to determine the
singularities of the eigenfunctions [5]. We also develop theory which is helpful for studying
the real case in Section 8; while we do not build on this further in this paper, this is
important for future work on studying real bundles on trinion curves. Finally, we tackle
the spectral problem in full in Section 9, computing an integral formula the eigenfunctions
of the Hitchin hamiltonians for trinion curves and proving that the integrals converge for
generic parameters.
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Bezrukavnikov and Dr. Jonathan Bloom of the MIT Department of Mathematics for their
advice on organization and presentation throughout the duration of the research. Finally,
we would like to thank the SPUR program for making this research opportunity possible.
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2. Bundles on nodal curves

We study local geometry on the stack Bun𝐺𝐶 for certain nodal curves 𝐶 which we
call bubble curves. In our conventions, by genus of a projective scheme 𝑋 we mean the
arithmetic genus (−1)dim𝑋(𝜒(𝑋,O𝑋)−1). For (not necessarily smooth) projective curves
𝐶 with 𝑛 = ℎ0(𝐶,𝒪𝐶) connected components, a formula for genus is then ℎ1(𝐶,𝒪𝐶)−(𝑛−
1), and if 𝐶 has dualizing sheaf 𝜔𝐶 , Serre duality allows us to write genus as ℎ0(𝐶, 𝜔𝐶)−
(𝑛− 1).

2.1. Nodal curves. Let 𝐶 be a smooth, projective curve over a field k with distinct
points 𝑧1, . . . , 𝑧𝑛, 𝑧′1, . . . , 𝑧′𝑛. Define the curve 𝐶 by identifying 𝑧𝑖 with 𝑧′𝑖 for each 𝑖.
Curves obtained this way are called nodal curves, and the images 𝑝𝑖 of 𝑧𝑖 and 𝑧′𝑖 are called
nodal points. Up to relabeling of the 𝑧𝑖, the curve 𝐶 is uniquely determined by 𝐶, as the
quotient map 𝜙 : 𝐶 → 𝐶 is also the normalization of 𝐶.

Like smooth curves, nodal curves have a line bundle as their dualizing sheaf:

Proposition 2.1. The dualizing sheaf 𝜔𝐶 of the nodal curve 𝐶 is a line bundle and is
given by the kernel of the map

𝜙* (Ω𝐶(𝑧1, . . . , 𝑧𝑛, 𝑧
′
1, . . . , 𝑧

′
𝑛)) → 𝑘(𝑝1)⊕ · · · ⊕ 𝑘(𝑝𝑛)

where 𝑘(𝑝𝑖) denotes the skyscraper sheaf at 𝑝𝑖 and the map is given by, for each direct
summand 𝑘(𝑝𝑖), taking the image to be the sum of the residues of the preimage (when
thought of as a differential) at 𝑧𝑖 and 𝑧′𝑖.

Proof. See proposition 13.2.9 of [12]. (Note that the reference erroneously states that the
residue map is given by differences of residues rather than sums of residues.) □

2.2. Moduli stack of bundles. If 𝑋 is a k-scheme and 𝐺 is an affine algebraic group
over k, there is a moduli stack of principal 𝐺-bundles over 𝑋, Bun𝐺(𝑋), with functor
of points Bun𝐺(𝑋)(𝐴), 𝐴 ranging over commutative k-algebras, defined to be the set of
principal 𝐺-bundles on 𝑋 defined over scalars in 𝐴 [7].

Recall that any principal 𝐺-bundle may be presented as transition maps between trivial
bundles on a cover {𝑈𝑖} of 𝑋. Furthermore, this cover may always be chosen to be étale.
The transition maps may be written as 𝑔𝑖𝑗 : 𝑈𝑖 ∩ 𝑈𝑗 → 𝐺. The imposed conditions are
then 𝑔𝑖𝑖 = id over 𝑈𝑖 ∩ 𝑈𝑖, 𝑔𝑖𝑗𝑔𝑗𝑖 = id over 𝑈𝑖 ∩ 𝑈𝑗, and 𝑔𝑖𝑗𝑔𝑗𝑘 = 𝑔𝑖𝑘 over 𝑈𝑖 ∩ 𝑈𝑗 ∩ 𝑈𝑘

(here we take the convention that the “intersection” of two étale opens is given by their
pullback). An isomorphism between two bundles presented in this way, say 𝑔𝑖𝑗 and 𝑔′𝑖𝑗, is
given by maps ℎ𝑖 : 𝑈𝑖 → 𝐺 such that ℎ𝑗𝑔𝑖𝑗 = 𝑔′𝑖𝑗ℎ𝑖. This describes isomorphism classes of
principal 𝐺-bundles as homology classes of Čech 1-cocycles. We thus get that Bun𝐺(𝑋)
may be written as 𝐻1

ét(𝑋,𝒪𝑋,𝐺), the first étale cohomology of 𝒪𝑋,𝐺.
Consider the 𝐺-bundle given by transition maps {𝑔𝑖𝑗} on open cover {𝑈𝑖}. A trivial-

ization at a point 𝑥 ∈ 𝑋 may be defined formally by maps 𝑡𝑥𝑖 : 𝑈𝑖 ∩ {𝑥} → 𝐺 for each 𝑈𝑖

satisfying 𝑡𝑥𝑖 𝑔𝑖𝑗 = 𝑡𝑥𝑗 , with the image of a trivialization {𝑡𝑥𝑖 } under an isomorphism {ℎ𝑖}
from {𝑔𝑖𝑗} to {𝑔′𝑖𝑗} given by 𝑡′𝑥𝑖 := 𝑡𝑥𝑖 ℎ

−1
𝑖 . It is not hard to see that a trivialization at

a point 𝑥 is not dependent on the open cover {𝑈𝑖}, as to specify a trivialization at 𝑥 it
is necessary and sufficient to specify it on a subcover, and so for any two open covers a
trivialization at 𝑥 with respect to either is equivalent to one with respect to their union.

If we fix marked points 𝑥1, . . . , 𝑥𝑛 ∈ 𝑋, we may equip a principal 𝐺-bundle on 𝑋
with trivializations at each of the marked points. While there exist such trivializations
no matter the choice of principal 𝐺-bundle, the trivializations add extra structure (iso-
morphisms must then be compatible with the equipped the trivializations at each marked
point), resulting in a larger moduli space Bun𝐺(𝑋, 𝑥1, . . . , 𝑥𝑛), with a surjective map back
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to Bun𝐺(𝑋) corresponding to quotienting out by the action of 𝐺×· · ·×𝐺 with each copy
of 𝐺 acting on the trivialization at a different point 𝑥𝑖.

Now let 𝐶 be a nodal curve with normalization 𝐶 such that the pairs 𝑧𝑖, 𝑧′𝑖 for 1 ≤ 𝑖 ≤ 𝑛
are identified in the quotient 𝐶 → 𝐶.

Proposition 2.2. We have

Bun𝐺(𝐶) ∼= Bun𝐺(𝐶, 𝑧1, . . . , 𝑧𝑛, 𝑧
′
1, . . . , 𝑧

′
𝑛)/𝐺

𝑛,

where the 𝑖th component of 𝐺𝑛 acts by left multiplication on the trivializations at 𝑧𝑖 and
𝑧′𝑖.

Proof. Given a bundle on 𝐶 equipped with trivializations on the marked points, we first
choose an étale open cover {𝑈𝑗} that trivializes the bundle. For each marked point 𝑧𝑖
(resp. 𝑧′𝑖), add a punctured copy of some 𝑈𝑗, denoted by 𝑉𝑖 (resp. 𝑉 ′

𝑖 ), such that the new
open contains exactly one preimage of the marked point in question and no preimages
of any other marked point. Then redefine each 𝑈𝑗 to be its previous definition except
punctured at all preimages of all marked points. The result of this process is a new open
cover of 𝐶, given by {𝑉𝑖, 𝑉 ′

𝑖 , 𝑈𝑗}, which trivializes our bundle. Then let transition maps for
our bundle be given by {𝑔𝑘𝑙}, where subscripts range over the disjoint union of subscripts
𝑖, 𝑖′, and 𝑗, with 𝑖 corresponding to 𝑉𝑖, 𝑖′ corresponding to 𝑉 ′

𝑖 , and 𝑗 corresponding to 𝑈𝑗.
Similarly, let the trivialization at 𝑧𝑖 (resp. 𝑧′𝑖) be given by 𝑡𝑖𝑘 (resp. 𝑡𝑖′𝑘 ).

For each pair of marked points (𝑧𝑖, 𝑧
′
𝑖), define 𝑊𝑖 to be the étale open of 𝐶 given by

identifying the preimages of 𝑧𝑖 and 𝑧′𝑖 in the disjoint union of 𝑉𝑖 and 𝑉 ′
𝑖 ; the étale map is

then induced by the composition of the étale map from 𝑉𝑖⊔𝑉 ′
𝑖 to 𝐶 and the normalization

map 𝐶 → 𝐶. Then {𝑊𝑖, 𝑈𝑗} is an étale open cover of 𝐶. We may then define a bundle
on 𝐺 with transition maps 𝑔′𝑘𝑙 defined by⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑔′𝑗1𝑗2 := 𝑔𝑗1𝑗2
𝑔′𝑖𝑗 := 𝑡𝑖𝑖𝑔𝑖𝑗 ⊔ 𝑡𝑖

′

𝑖′𝑔𝑖′𝑗
𝑔′𝑗𝑖 := 𝑔𝑗𝑖(𝑡

𝑖
𝑖)
−1 ⊔ 𝑔𝑗𝑖′(𝑡𝑖

′

𝑖′)
−1

𝑔′𝑖1𝑖2 := 𝑡𝑖1𝑖1𝑔𝑖1𝑖2(𝑡
𝑖2
𝑖2
)−1 ⊔ 𝑡𝑖

′
1

𝑖′1
𝑔𝑖′1𝑖2(𝑡

𝑖2
𝑖2
)−1 ⊔ 𝑡𝑖1𝑖1𝑔𝑖1𝑖′2(𝑡

𝑖′2
𝑖′2
)−1 ⊔ 𝑡𝑖

′
1

𝑖′1
𝑔𝑖′1𝑖′2(𝑡

𝑖′2
𝑖′2
)−1 (𝑖1 ̸= 𝑖2)

𝑔′𝑖𝑖 := id

where we extend each trivialization map 𝑡𝑘𝑘 to a constant map on the corresponding étale
open (of 𝐶).

It is then easy to show that the map we have defined from Bun𝐺(𝐶, 𝑧1, . . . , 𝑧𝑛, 𝑧
′
1, . . . , 𝑧

′
𝑛)

to Bun𝐺 is the desired quotient map, as this is equivalent to the assertion that the map is
essentially surjective and an isomorphism on bundles over 𝐶 is equivalent to an isomor-
phism on bundles over 𝐶. Essentially surjective is easy to see as starting with a bundle on
𝐶, we can generate an open cover trivializing that is in the same form we had before, and
then it is easy to our constructed quotient map backwards (we may arbitrarily assume
that for each 𝑥′𝑖 we have 𝑡𝑖′𝑖′ = id). The correspondence between isomorphisms is given
by {ℎ𝑖, ℎ′𝑖, ℎ𝑗, ℎ′′𝑖 } over 𝐶 (where ℎ′′𝑖 ∈ 𝐺 corresponds to the action of 𝐺𝑛) corresponds
to {(ℎ′′𝑖 𝑡𝑖𝑖ℎ−1

𝑖 )|𝑉𝑖ℎ𝑖(𝑡
𝑖
𝑖|𝑉𝑖)−1 ∪ (ℎ′′𝑖 𝑡

𝑖′

𝑖′(ℎ
′
𝑖)
−1)|𝑉 ′

𝑖 ℎ′𝑖(𝑡
𝑖′

𝑖′|𝑉
′
𝑖 )−1, ℎ𝑗} over 𝐶 (where our superscript

notation indicates extending the domain of a constant map). □

Corollary 2.3. Bun𝐺(𝐶) is given by bundles on 𝐶 equipped with isomorphisms from the
stalks at 𝑧𝑖 to the stalks at 𝑧′𝑖. Representing 𝐶 using an open cover and transition maps,
these isomorphisms may be represented by maps 𝑠𝑖𝑗1𝑗2 : (𝑈𝑗1 ∩ {𝑥′𝑖}) ×k (𝑈𝑗2 ∩ {𝑥𝑖}) → 𝐺

satisfying 𝑔𝑗1𝑗2𝑠𝑖𝑗2𝑗3𝑔𝑗3𝑗4 = 𝑠𝑖𝑗1𝑗4, and the image of 𝑠𝑖𝑗1ℎ2
under an isomorphism of bundles

ℎ𝑗 is given by 𝑠′𝑖𝑗1𝑗2 := ℎ𝑗1𝑠
𝑖
𝑗1𝑗2

ℎ−1
𝑗2

.
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Proof. Using a representation by trivializations, let 𝑠𝑖𝑗1𝑗2 := 𝑡𝑖
′
𝑗1
(𝑡𝑖𝑗2)

−1. □

2.3. Principal bundles for special groups. For some special groups, principal 𝐺-
bundles have special bijective relations to vector bundles, due to their transition maps
both being given by matrices. In particular, principal GL𝑛-bundles are in bijection with
vector bundles of rank 𝑛, principal SL𝑛-bundles are in bijection with vector bundles of
rank 𝑛 of trivial determinant, and principal PGL𝑛-bundles are in bijection with vector
bundles of rank 𝑛 up to twisting by line bundles [7].

2.4. Bubble curves. Define a bubble curve to be a nodal curve 𝐶, whose normalization
𝐶 is a disjoint union of copies of P1, which we refer to as “bubbles.” We can associate to 𝐶
a graph Γ (self-loops and parallel edges allowed), whose vertices are the copies of P1 and
whose edges are pairs of identified points (or equivalently, nodal points), connecting to the
bubbles containing the two identified points in 𝐶. Sometimes it will also be convenient
to arbitrarily assign a direction to the edges of the graph, in which case we get a quiver
𝑄 associated to 𝐶. We then take the convention that an edge points from 𝑧𝑖 to 𝑧′𝑖 in
line with our notation from previous sections (which technically carries more information
exactly when 𝑧𝑖 and 𝑧′𝑖 are on the same bubble).

We may also go in the reverse direction: if Γ = (𝑉 (Γ), 𝐸(Γ)) is a graph, with self-loops
and repeated edges allowed, we may associate a bubble curve 𝐶 = 𝐶Γ to our graph given
by assigning a copy of P1 to each vertex in 𝑉 (Γ) and for each edge in 𝐸(Γ) identifying
points of the corresponding copies of P1. For graphs with a vertex of degree at least
4, 𝐶 will not be uniquely defined up to isomorphism by Γ as there will be a choice of
which four or more points to pick on a bubble that has graph-theoretic degree at least 4.
However, many properties of 𝐶 will only be dependent on Γ. In particular, 𝐶 will have
the same number of connected components as Γ, and the genus of 𝐶 will be equal to the
graph-theoretic genus of Γ given by 𝑒(Γ)− 𝑣(Γ) + 1 (this follows from our description of
𝜔𝐶).

In light of Corollary 2.3 vertex-trivial GL𝑛-bundles on 𝐶 (that is, bundles whose re-
striction to each bubble is trivial) are in correspondence with quiver representations of
a quiver 𝑄 associated to 𝐶 whose vector spaces and maps are all of rank 𝑛. A similar
description works more generally for any group 𝐺 by replacing the vector space at each
vertex with a 𝐺-torsor. More generally, all 𝐺-bundles admit a similar description to this;
fixing the 𝐺-bundle on each vertex, it is then equivalent to assign an element of 𝐺 to
each edge, but the isomorphisms of such bundles will be more complicated than simply
assigning an element of 𝐺 to each vertex and will depend on more than just the Γ.

We note here that vertex-trivial bundles may also be described nicely in terms of the
graph Γ without mention of the quiver 𝑄; in particular, it is equivalent to assign elements
of 𝐺 to each direction of each edge (where direction is defined in terms of identified points)
such that the two elements assigned to the same edge in different directions are inverses
of one another. This description is essentially the same as the quiver description, but will
sometimes be more convenient. In particular, we can interpret this as a representation
of the fundamental groupoid of Γ on 𝑛-dimensional vector spaces for 𝐺 = GL𝑛 (or, to a
weaker extent, when 𝐺 = SL𝑛 or 𝐺 = PGL𝑛) and more generally on 𝐺-torsors.

Let the substack of Bun𝐺(𝐶) of vertex-trivial bundles be denoted by Bun∘
𝐺(𝐶). Then,

by our quiver description, we may write this stack as a quotient stack:

Bun∘
𝐺(𝐶)

∼=
∏︁
𝑒∈𝑄1

𝐺/
∏︁
𝑣∈𝑄0

𝐺

where the action is defined by (𝑔𝑣)𝑣∈𝑄0(𝑔𝑒)𝑒∈𝑄1
:= (𝑔𝑡(𝑒)𝑔𝑒(𝑔𝑠(𝑒))

−1)𝑒∈𝑄1 , where 𝑡(𝑒) and
𝑠(𝑒) are the target and source of 𝑒 respectively. The groups we are interested in are GL𝑛,
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PGL𝑛, and SL𝑛. For these groups, Bun∘
𝐺(𝐶) is an open substack of Bun𝐺(𝐶) that is

dense in the connected component of bundles that are degree 0 on each bubble. The
reason for this is that it is the inverse image of trivial bundles under the pullback map
Bun𝐺(𝐶) → Bun𝐺(𝐶), and so it follows from the fact that for these groups 𝐺, Bun𝐺(P1)
has a connected component of degree 0 bundles and this component has a dense open
substack consisting only of the trivial bundle [7, Remark 3.3]. (Note here that what
we mean by “degree” depends on 𝐺; for 𝐺 = GL𝑛, it is degree of the associated vector
bundle, for 𝐺 = SL𝑛 it is the same but due to trivial determinant it is always 0, and
for 𝐺 = PGL𝑛 it is degree of a corresponding vector bundle modulo 𝑛.) It follows from
the quotient definition that the dimension of the stack of vertex-trivial GL𝑛-bundles is
𝑛2(𝑒(Γ)−𝑣(Γ))+1 = 𝑛2(𝑔−1)+1. Quotienting further gives the dimension of the moduli
stack of vertex-trivial 𝑆𝐿𝑛-bundles to be 𝑛2(𝑔 − 1) + 1− 𝑔 = (𝑛2 − 1)(𝑔 − 1).

2.5. Trinion curves. We are particularly interested in trivalent graphs, that is, those
with every vertex having degree three. We call a bubble curve whose graph is trivalent a
trinion curve. In this case, for any trivalent graph Γ, there is a unique (up to isomorphism)
bubble curve 𝐶Γ which has Γ as its graph. Furthermore, for any graph isomorphism
Γ → Γ′, there is a unique isomorphism of schemes 𝐶Γ → 𝐶Γ′ . Hence, Γ ↦→ 𝐶Γ gives an
equivalence of the groupoids of trivalent graphs and trinion curves.

For a trinion curve 𝐶 with graph Γ, we have 𝑒(Γ) = 3
2
𝑣(Γ), so the genus of both 𝐶 and Γ

is given by 1
2
𝑣(Γ)+1 = 1

3
𝑒(Γ)+1. Equivalently, we have 𝑒(Γ) = 3𝑔−3 and 𝑣(Γ) = 2𝑔−2,

where 𝑔 is the genus of Γ. Thus the dimension of the stack of 𝑆𝐿𝑛-bundles on trinion
curves can be easily expressed as a multiple of the number of edges or vertices.

Fig. 1 shows two examples of trivalent graphs, which we call, from top to bottom, the
pair of lips and the pair of glasses respectively.

1 2
𝐵

𝐴

𝐶

1 2
𝐵

𝐴 𝐶

Fig. 1. The pair of lips graph of three edges, labeled with transition matrices 𝐴, 𝐵, and
𝐶, connecting two vertices is above. The pair of glasses gaph of two self-loops connected

by an edge, again labeled with transition matrices, is below.

3. Higgs fields

Let 𝐺 be an algebraic group over k, let 𝑋 be a Cohen-Macaulay k-variety of dimension
1 with dualizing sheaf 𝜔𝑋 , let 𝐸 be a principal 𝐺-bundle on 𝑋, let g be the Lie algebra
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of 𝐺, and assume g is equipped with an invariant nondegenerate bilinear form 𝐵(−,−).
For 𝐺 equal to any of GL𝑛, SL𝑛, or PGL𝑛, we define this pairing by 𝐵(𝑋, 𝑌 ) = tr(𝑋𝑌 ).
Define the adjoint bundle ad𝐸 of 𝐸 to be the associated bundle to 𝐸 from the adjoint
representation of 𝐸 on g; that is, the fiber bundle with fiber g and transition maps the
same as those of 𝐸 acting on g via the adjoint representation. Then, since g is a vector
space, ad𝐸 is a vector bundle, and it is self-dual by duality with respect to 𝐵(−,−). In
the case that 𝐺 is equal to any of GL𝑛, SL𝑛, or PGL𝑛, then if we think of 𝐸 as a vector
bundle, ad𝐸 becomes 𝐸 ⊗ 𝐸*.

Recall that Bun𝐺(𝑋) ∼= 𝐻1
ét(𝑋,𝒪𝑋,𝐺). We may differentiate both the cocycle condition

and the group action (that we quotient out by) to get that

𝑇𝐸 Bun𝐺(𝑋) ∼= 𝐻1(𝑋, ad𝐸).

Dualizing both sides, applying Serre duality to the right side, and applying the isomor-
phism from (ad𝐸)* to ad𝐸, we get

𝑇 *
𝐸 Bun𝐺(𝑋) ∼= 𝐻0(𝑋,𝜔𝑋 ⊗ ad𝐸)

Elements of the right side are called Higgs fields on 𝐸.
Let 𝐺 be GL𝑟, SL𝑟, or PGL𝑟, let 𝑋 = 𝐶 for some bubble curve 𝐶 with quiver 𝑄, and

assume that 𝐸 is vertex-trivial so that we may restrict Bun𝐺(𝐶) to its open substack
Bun∘

𝐺(𝐶). In that case, a Higgs field restricted to a bubble of graph-theoretic degree 𝑑
with marked points at 𝑧 = 𝛼1, 𝛼2, . . . , 𝛼𝑑 (where we choose a local coordinate 𝑧 such that
none of these points are 𝑧 = ∞) looks like(︂

𝑄1

𝛼1 − 𝑧
+

𝑄2

𝛼2 − 𝑧
+ · · ·+ 𝑄𝑑

𝛼𝑑 − 𝑧

)︂
d𝑧

such that 𝑄1 + 𝑄2 + · · · + 𝑄𝑑 = 0, where 𝑄𝑖 ∈ g is an 𝑟 × 𝑟 square matrix required to
have determinant 0 in the case that 𝐺 = SL𝑟 or 𝐺 = PGL𝑟. The conditions to glue these
sections on each bubble to a global section look like 𝑄𝑖 + 𝐴𝑄′

𝑗𝐴
−1 = 0, where 𝐴 is a

matrix corresponding to an edge of the quiver 𝑄 that points from the marked point of 𝑄′
𝑗

to the marked point of 𝑄𝑖.
Let 𝐺 = 𝐺𝐿𝑟. We may present another way to parametrize

𝑇 * Bun∘
𝐺(𝐶)

∼= 𝑇 *(
∏︁
𝑒∈𝑄1

𝐺/
∏︁
𝑣∈𝑄0

𝐺).

In particular, we have matrices of coordinate functions for
∏︀

𝑒∈𝑄1
𝐺 given by 𝐴𝑒 for each

edge 𝑒 ∈ 𝑄1. We can extend this system of coordinates to 𝑇 *(
∏︀

𝑒∈𝑄1
𝐺) by introducing

new matrices of coordinate functions

𝐴*
𝑒 :=

(︂
𝜕

𝜕𝐴𝑒

)︂⊺

where by 𝜕
𝜕𝐴

we mean the matrix whose entries are partial derivatives with respect to the
corresponding entries of 𝐴 (these partial derivatives are defined here, as our coordinates on∏︀

𝑒∈𝑄1
𝐺 form standard coordinates on affine space if we extend from invertible matrices

to all matrices).
Define 𝑄̄, the dual quiver to 𝑄, have the same set of vertices as 𝑄 and a set of edges

in one-to-one correspondence with edges of 𝑄 such that if 𝑒* ∈ 𝑄̄1 corresponds to 𝑒 ∈ 𝑄1,
then 𝑠(𝑒*) = 𝑡(𝑒) and 𝑡(𝑒*) = 𝑠(𝑒). We say 𝑒* is dual to 𝑒, and define (𝑒*)* := 𝑒. We
define 𝑄∪ 𝑄̄ to be the quiver that has the same vertices as 𝑄 and 𝑄̄ and whose edges are
the disjoint union of the edges of 𝑄 and 𝑄̄. Then, based on our coordinates {𝐴𝑒, 𝐴

*
𝑒}𝑒∈𝑄1

for 𝑇 *(
∏︀

𝑒∈𝑄1
𝐺), we can interpret elements of 𝑇 *(

∏︀
𝑒∈𝑄1

𝐺) as quiver representations
{𝐴𝑒}𝑒∈(𝑄∪𝑄̄)1 of 𝑄 ∪ 𝑄̄, where we define 𝐴𝑒 := 𝐴*

𝑒* for 𝑒 ∈ 𝑄̄1 (for convenience, we
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also define the right side to be the left side when 𝑒 ∈ 𝑄1). While different elements of
𝑇 *(
∏︀

𝑒∈𝑄1
𝐺) may map to isomorphic quiver representations in this way, this is no longer

the case once we quotient out by
∏︀

𝑣∈𝑄0
𝐺, and we really do get a correspondence of

𝑇 *(
∏︀

𝑒∈𝑄1
𝐺)/

∏︀
𝑣∈𝑄0

𝐺 with quiver representations of 𝑄 ∪ 𝑄̄ that are rank 𝑟 at every
vertex and invertible at every edge of 𝑄.

Recall that we want to get at 𝑇 *(
∏︀

𝑒∈𝑄1
𝐺/
∏︀

𝑣∈𝑄0
𝐺) rather than 𝑇 *(

∏︀
𝑒∈𝑄1

𝐺)/
∏︀

𝑣∈𝑄0
𝐺.

For that, we use hamiltonian reduction to say that for a moment map

𝜇 : 𝑇 *(
∏︁
𝑒∈𝑄1

𝐺) → Lie(
∏︁
𝑣∈𝑄0

𝐺)*

we have
𝑇 *(

∏︁
𝑒∈𝑄1

𝐺/
∏︁
𝑣∈𝑄0

𝐺) ∼= 𝜇−1(0)/
∏︁
𝑣∈𝑄0

𝐺 ⊂ 𝑇 *(
∏︁
𝑒∈𝑄1

𝐺)/
∏︁
𝑣∈𝑄0

𝐺.

Hence, we are able to realize 𝑇 *(
∏︀

𝑒∈𝑄1
𝐺/
∏︀

𝑣∈𝑄0
𝐺) as a quiver variety. In particular,

the moment map equal to 0 condition is equivalent to∑︁
𝑒∈(𝑄∪𝑄̄)1,𝑡(𝑒)=𝑣

𝜖(𝑒)𝐴𝑒𝐴𝑒* = 0

for all vertices 𝑣 ∈ 𝑄0 where

𝜖(𝑒) :=

{︃
1 𝑒 ∈ 𝑄1

−1 𝑒 ∈ 𝑄̄1

.

We may go between our two different ways of presenting 𝑇 *(BunGL𝑟(𝐶)); in particular,
in the first way we used Serre duality on vector fields presented in coordinates of the
Lie algebra of GL𝑟 which consists of vector fields invariant under translation by a multi-
plicative action of GL𝑟, whereas in the second way we instead used vector fields invariant
under translation by an additive action of 𝑟×𝑟 matrices, and so we arrive at the formulas

𝑄𝑖 = 𝜖(𝑒𝑖)𝐴𝑒𝑖𝐴
*
𝑒𝑖

where 𝑒𝑖 is the edge pointing towards the marked point 𝑧 = 𝛼𝑖. When we focus on a fixed
bubble, we may write 𝐴𝑒𝑖 as 𝐴𝑖 and 𝐴*

𝑒𝑖
as 𝐴*

𝑖 .

4. Hitchin map

Assume k = C. Let 𝐺 be a reductive algebraic group over k, let 𝑋 be a Cohen-
Macaulay k-variety of dimension 1 with dualizing sheaf 𝜔𝑋 , let g be the Lie algebra of 𝐺,
and assume g is equipped with an invariant nondegenerate bilinear form 𝐵(−,−) so that
we may apply the previous section.

First, recall Chevalley’s Theorem [7]:

Theorem 4.1. Polynomials on g invariant under the adjoint action of 𝐺 form a free
algebra and may be generated by homogeneous polynomials 𝑅1, 𝑅2, . . . , 𝑅𝑟 of degrees
𝑑1 ≤ 𝑑2 ≤ · · · ≤ 𝑑𝑟 called the degrees of 𝐺, and 𝑟 is the rank of 𝐺.

The Hitchin base is defined as

ℬ = ℬ𝑋,𝐺 :=
𝑟⨁︁

𝑖=1

𝐻0(𝑋,𝜔⊗𝑑𝑖
𝑋 )

and the Hitchin map is defined as a map

𝑝 : 𝑇 * Bun𝐺 → ℬ𝑋,𝐺

where
𝑝 : (𝐸,𝑄) ↦→ (𝑅1(𝑄), 𝑅2(𝑄), . . . , 𝑅𝑟(𝑄))
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where 𝑄 is a Higgs field over a principal 𝐺-bundle 𝐸. It is a theorem that this map defines
an integrable system if 𝑋 is a smooth projective curve and we restrict the domain to a
dense open subset.

Define Hitchin hamiltonians to be the components (or coefficients) of the Hitchin map.
There may be multiple ways of defining such components depending on choices of bases
for each direct summand of the Hitchin base, and any of these give valid Hitchin hamil-
tonians. In particular, whether or not these hamiltonians form an integrable system is
independent of how we choose linear coordinates on the Hitchin base, as the Hamiltonians
will generate the same subalgebra regardless. This also means we may use overdetermined
linear coordinates, and we will do this.

Of interest here is the Hitchin map when 𝐺 is either GL𝑟, SL𝑟, or PGL𝑟, and 𝑋 = 𝐶
where 𝐶 is a bubble curve, and we restrict the domain to vertex-trivial bundles. In that
case, we first note that our polynomials 𝑅1, 𝑅2, . . . , 𝑅𝑟 are given by 𝑅𝑖(𝑄) = tr(𝑄𝑖) if
𝐺 = GL𝑟, and in the other two cases the rank is actually 𝑟 − 1 and our polynomials
𝑅1, 𝑅2, . . . , 𝑅𝑟−1 are given by 𝑅𝑖(𝑄) = tr(𝑄𝑖+1). In particular, for general bubble curves,
we assume 𝐺 = GL𝑟, and we prove that all Hitchin hamiltonians (components of the
Hitchin map) Poisson commute. In fact, we prove the stronger claim that they have
quantizations (defined in the next section) that commute at the quantum level.

Explicitly, in our case of a bubble curve 𝐶 and𝐺 = GL𝑟, hamiltonians may be computed
by the restriction of the higher traces to each bubble, as knowing the value on each
bubble determines the global section of 𝜔⊗𝑖

𝐶 (these give rise to possibly overdetermined
linear coordiantes on the Hitchin base). In the notation of the previous section, our
Hamiltonians will then be given by coefficients of higher traces of(︂

𝜖1𝐴1𝐴
*
1

𝛼1 − 𝑧
+
𝜖2𝐴2𝐴

*
2

𝛼2 − 𝑧
+ · · ·+ 𝜖𝑑𝐴𝑑𝐴

*
𝑑

𝛼𝑑 − 𝑧

)︂
d𝑧.

5. Quantum Hitchin Hamiltonians

5.1. Quantization of Commutative Poisson Algebras. Let ℏ be a formal symbol
so that k[ℏ] is a polynomial ring. Let 𝒪 be a commutative Poisson algebra over k with
bracket {−,−}. Define a k[ℏ]-algebra structure on it by ℏ𝒪 := 0.

Definition 5.1. A quantization of 𝒪 is an associative algebra 𝐴 over k[ℏ], free as a k[ℏ]-
module, equipped with a surjective k[ℏ]-algebra homomorphism 𝜅 : 𝐴 → 𝒪 with kernel
ℏ𝐴 such that

𝜅

(︂
𝑓𝑔 − 𝑔𝑓

ℏ

)︂
= {𝜅(𝑓), 𝜅(𝑔)}

holds for all 𝑓, 𝑔 ∈ 𝐴.

Note that quantization is more commonly done over k[[ℏ]], with a definition analogous
to that given above. For our purposes, it will be more convenient to use the definition
over k[ℏ] that we have given. One way of presenting a quantization is as follows:

Definition 5.2. A filtered quantization of 𝒪 is a Z≥0-filtered associative k-algebra 𝐴 =⋃︀
𝑖≥0 𝐹𝑖𝐴 equipped with an identification of its associated graded algebra gr(𝐴) :=

⨁︀
𝑖≥0 𝐹𝑖𝐴/𝐹𝑖−1𝐴

with 𝒪 that respects associative k-algebra structure and is such that for any 𝑓 ∈ 𝐹𝑖𝐴 and
𝑔 ∈ 𝐹𝑗𝐴, if [𝑓 ] and [𝑔] are the respective images in 𝐹𝑖𝐴/𝐹𝑖−1𝐴 and 𝐹𝑗𝐴/𝐹𝑗−1𝐴, the Poisson
bracket {[𝑓 ], [𝑔]} is given by the image of [𝑓, 𝑔] = 𝑓𝑔− 𝑔𝑓 ∈ 𝐹𝑖+𝑗−1𝐴 in 𝐹𝑖+𝑗−1𝐴/𝐹𝑖+𝑗−2𝐴.

Note that for any filtered algebra 𝐴 as above with commutative associated graded
algebra, gr(𝐴) will have the structure of a Poisson algebra as given above, and 𝐴 will be
a filtered quantization of gr(𝐴).
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If 𝐴 is a filtered quantization of 𝒪, then the Rees algebra of 𝐴, defined to be the
k[ℏ]-subalgebra

∑︀
𝑖≥0 ℏ𝑖𝐹𝑖𝐴 of the k[ℏ]-algebra 𝐴[ℏ], is a quantization of 𝒪.

Let 𝒪 = 𝒪(𝑇 *𝑌 ) for the symplectic manifold 𝑇 *𝑌 , where 𝑌 is a smooth affine k-
scheme. An example of a filtered quantization of 𝒪 is given by the algebra of differential
operators 𝐷(𝑌 ). This is defined to be a k-subalgebra of the algebra of linear operators on
𝒪(𝑌 ), namely the subalgebra generated by the operators given by multiplication by an
element of 𝒪(𝑌 ) and the operators that are derivations (i.e. given by vector fields). The
filtration 𝐷≤𝑛(𝑌 ) on 𝐷(𝑌 ) is defined by letting 𝐷≤𝑛(𝑌 ) to be the space of differential
operators of order at most 𝑛, meaning that they can be written as the sum of monomials
in the aforementioned generators (derivations and multiplication by scalar fields) such
that each monomial has at most 𝑛 factors that are derivations (and the rest of the factors
are multiplication by scalar fields).

5.2. Quantum Hamiltonian Reduction. Given a symplectic k-scheme 𝑋 and an al-
gebraic group 𝐻 with a Hamiltonian action on 𝑋, recall that the classical Hamiltonian
reduction of 𝑋 by 𝐻 is given by 𝜇−1(0)/𝐻, where 𝜇 : 𝑋 → h* is a classical moment map.
The classical Hamiltonian reduction is another symplectic manifold. Now, suppose that
we have a quantization 𝐴 of 𝒪(𝑋), and a quantization of the action of 𝐻 so that 𝐻 acts on
𝐴 so that 𝜅 : 𝐴 → 𝒪(𝑋) is 𝐻-equivariant. Then a quantum moment map 𝜇 : 𝑈(h) → 𝐴
should quantize the classical comoment map 𝜇* : 𝑈(h) → 𝒪(𝑋), meaning that it should
return the classical comoment map upon composition with the map 𝜅 : 𝐴 → 𝒪(𝑋). It
should further satisfy the quantum moment map conditions of being 𝐻-equivariant and
satisfying 𝑧 · 𝑎 = [𝜇(𝑧), 𝑎] for all 𝑧 ∈ h and 𝑎 ∈ 𝐴. Then the quantum Hamiltonian
reduction of 𝐴 by 𝐻 quantizes 𝒪 of the classical Hamiltonian reduction, and is given by
𝐴𝐻/(𝐴𝜇(h))𝐻 .

Note that we may also use a filtered quantization for quantum Hamiltonian reduction;
the quantum moment map conditions are the same and the expression for Hamiltonian
reduction is still 𝐴𝐻/(𝐴𝜇(h))𝐻 . We may ignore the condition of returning the classical
comoment map if we do not fix a classical comoment map; any quantum moment map
quantizes some classical comoment map.

Now, suppose 𝑋 = 𝑇 *𝑌 , and the action of 𝐻 on 𝑋 is induced by an action of 𝐻
on 𝑌 . Recall that the classical Hamiltonian reduction of 𝑇 *𝑌 by 𝐻 is isomorphic to
𝑇 *(𝑋/𝐻), and so a quantum Hamiltonian reduction would quantize 𝒪(𝑇 *(𝑋/𝐻)). We
may use the filtered quantization of 𝑇 *𝑌 given by the algebra of differential operators,
𝐷(𝑌 ). In this case, there is a canonical choice of quantum moment map 𝜇, generated from
the map h → 𝐷(𝑌 ) given by mapping an element of the Lie algebra h to the derivation
corresponding to its vector field on 𝑌 . The quantum moment map conditions are then
tautological, so we get a quantum Hamiltonian reduction in this case.

5.3. Quantizations of Hitchin Hamiltonians over Bun∘
GL𝑟

of Bubble Curves.
Let 𝐶 be a bubble curve, with quiver 𝑄. Recall that Bun∘

GL𝑟
𝐶 can be written as∏︀

𝑒∈𝑄1
GL𝑟 /

∏︀
𝑣∈𝑄0

GL𝑟. We use the quantization of 𝒪(𝑇 * Bun∘
𝐺𝐶) given by the quantum

Hamiltonian reduction of 𝐷(
∏︀

𝑒∈𝑄1
GL𝑟).

Recall that over our bubble curve 𝐶, Hitchin hamiltonians on a given bubble with nodal
points at 𝑧 = 𝛼1,𝑧 = 𝛼2,. . . ,𝑧 = 𝛼𝑑 (assume we have chosen a local coordinate 𝑧 such that
none of the 𝛼𝑖 are 0 or ∞) are given by coefficients of higher traces of(︂

𝜖1𝐴1𝐴
*
1

𝛼1 − 𝑧
+
𝜖2𝐴2𝐴

*
2

𝛼2 − 𝑧
+ · · ·+ 𝜖𝑑𝐴𝑑𝐴

*
𝑑

𝛼𝑑 − 𝑧

)︂
d𝑧

where 𝐴𝑖 and 𝐴*
𝑖 are the coordinate functions of the presentation of 𝑇 * Bun∘

GL𝑟
𝐶 as a

quiver variety prior to quotienting out by the GL𝑟-action at each vertex, and (𝐴𝑖, 𝐴
*
𝑖 )
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being the pair of dual edges corresponding to the nodal point at 𝛼𝑖 such that 𝐴𝑖 is the
edge pointing towards the vertex of the quiver corresponding to the selected bubble.

We desire preimages of the Hitchin hamiltonians in the quantization that generate a
commutative subalgebra of the quantization. This extends the property of the classical
Hitchin hamiltonians Poisson commuting with one another. Since Hitchin hamiltonians
are homogeneous, it makes sense to consider preimages in the filtered quantization instead
of the Rees algebra, so this is what we do.

We work in the algebra of differential operators 𝐷(
∏︀

𝑒∈𝑄1
GL𝑟) prior to quotienting and

taking invariants (hence our quantizations must be invariant in order to be valid). For
a transition matrix 𝐴 corresponding to some edge of 𝑄 (and, by abuse of notation and
terminology, we may refer to the matrix and the edge as the same), define

[𝐴] := 𝐴

(︂
𝜕

𝜕𝐴

)︂⊺

and

[𝐴*] := −𝐴⊺ 𝜕

𝜕𝐴
where 𝐴* is the edge of 𝑄̄ dual to 𝐴. Then [𝐴] is a matrix of right-invariant vector fields
over the copy of GL𝑟 at 𝐴, while [𝐴*] is a matrix of left-invariant vector fields over the same
copy of GL𝑟; hence, the entries of [𝐴] commute with the entries of [𝐴*]. Furthermore, the
entries of [𝐴] and [𝐵] where 𝐴 and 𝐵 are vector fields on different copies of GL𝑟 obviously
commute; hence, the entries of [𝐴] commute with those of [𝐵] so long as 𝐴 and 𝐵 are not
the same edge in 𝑄∪ 𝑄̄. Furthermore, the entries of [𝐴] generate the a copy of gl𝑟 as the
elementary matrices.

Quantum Hitchin hamiltonians are given by coefficients of the following traces:

tr
𝑘∑︁

𝑖=1

∑︁
𝑗1+𝑗2+···+𝑗𝑖=𝑘

(︃
𝑖∏︁

𝑙=1

(︂
𝑙 +
∑︀𝑙

𝑚=0 𝑗𝑚
𝑗𝑙

)︂)︃(︃−→∏︁
𝑖
𝑙=1

𝑑∑︁
𝑚=1

𝑗𝑙![𝐴𝑚]

(𝛼𝑚 − 𝑧)𝑗𝑙+1

)︃

=
𝑘∑︁

𝑖=1

∑︁
𝑗1+𝑗2+···+𝑗𝑖=𝑘

(︃
𝑖∏︁

𝑙=1

(︂
𝑙 +
∑︀𝑙

𝑚=0 𝑗𝑚
𝑗𝑙

)︂)︃
tr

(︃−→∏︁
𝑖
𝑙=1

𝑑∑︁
𝑚=1

𝑗𝑙![𝐴𝑚]

(𝛼𝑚 − 𝑧)𝑗𝑙+1

)︃
.

Here, 𝑘 corresponds to taking trace of the 𝑘th power in the classical case. These expres-
sions are invariant under the

∏︀
𝑣∈𝑄0

GL𝑟-action, they map to the classical expressions in
the associated graded ring, and, nontrivially, their coefficients commute. Note that the
latter is only nontrivial as we are looking at coefficients of these expressions for a fixed
bubble; if we instead took different bubbles, this statement would trivialize, as entries in
the matrices [𝐴] of one expression would commute with matrices [𝐵] of the other, as 𝐴
and 𝐵, pointing to different vertices, must be different edges of 𝑄 ∪ 𝑄̄. Hence, to prove
commutativity, we shall fix a bubble. Our traces are constant coefficients (with respect
to 𝜕𝑧) of the following traces:

tr

(︃
𝜕𝑧 +

𝑑∑︁
𝑚=1

[𝐴𝑚]

𝛼𝑚 − 𝑧

)︃𝑘

.

We make the stronger claim that in fact all coefficients of these expressions commute,
where by coefficients here we mean coefficients of the expressions in 𝑧 that are coefficients
of these expressions with respect to 𝜕𝑧. Letting our trace be 𝐹 𝑘(𝑧, 𝜕𝑧), an equivalent
formulation of this commutativity is the equation [𝐹 𝑘(𝑧, 𝜕𝑧), 𝐹

𝑙(𝑤, 𝜕𝑤)] = 0 where 𝑧 and
𝑤 are independent indeterminates and 𝑘 and 𝑙 are variables ranging over positive integers
independently.
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Consider the algebra 𝑈(𝑡−1gl𝑟[𝑡
−1]). Let 𝐸𝑖𝑗[𝑛] be the image in 𝑈(𝑡−1gl𝑟[𝑡

−1]) of 𝐸𝑖𝑗𝑡
𝑛 ∈

𝑡−1gl𝑟[𝑡
−1], where 𝑛 ≤ −1. These form a basis for the algebra. Let their generating

function be 𝐸𝑖𝑗(𝑢) :=
∑︀

𝑛≥0𝐸𝑖𝑗[−𝑛 − 1]𝑢𝑛. Define matrix 𝐸(𝑢) to be that with entries
𝐸𝑖𝑗(𝑢). It is known that the coefficients of tr(𝜕𝑢 + 𝐸(𝑢))𝑘, elements of 𝑈(𝑡−1gl𝑟[𝑡

−1]),
commute, where 𝑘 ranges over positive integers [11]. Hence, [tr(𝜕𝑢 + 𝐸(𝑢))𝑘, tr(𝜕𝑣 +
𝐸(𝑣))𝑙] = 0 for independent indeterminates 𝑢 and 𝑣 and any positive integers 𝑘 and 𝑙.

Given our fixed bubble, define a map 𝜓 : 𝑈(𝑡−1gl𝑟[𝑡
−1]) → 𝐷(

∏︀
𝑒∈𝑄1

GL𝑟) by

𝐸𝑖𝑗[𝑛] ↦→ (𝛼𝑛
1 [𝐴1] + 𝛼𝑛

2 [𝐴2] + · · ·+ 𝛼𝑛
𝑑 [𝐴𝑛])𝑖𝑗 = 𝛼𝑛

1 [𝐴1]𝑖𝑗 + 𝛼𝑛
2 [𝐴2]𝑖𝑗 + · · ·+ 𝛼𝑛

𝑑 [𝐴𝑛]𝑖𝑗.

In order for this definition to work in defining an associative algebra map, it suffices for it to
work in defining a Lie algebra map from 𝑡−1gl𝑟[𝑡

−1] to the algebra of differential operators.
This latter property follows from direct calculation of brackets of preimages and images,
noting that that the different terms of the sum defining the images of this map commute
with one another, and each term [𝐴𝑘]𝑖𝑗 has the same bracket laws as 𝐸𝑖𝑗. Map 𝑢 to 𝑧 and
𝑣 to 𝑤. Applying our map to both sides of the equality [tr(𝜕𝑢+𝐸(𝑢))

𝑘, tr(𝜕𝑣+𝐸(𝑣))
𝑙] = 0

gives [𝐹 𝑘(𝑧, 𝜕𝑧), 𝐹
𝑙(𝑤, 𝜕𝑤)] = 0, as desired.

6. 𝐿2 functions

Let 𝐶 be a nodal curve with normalization 𝐶 having marked points 𝑧1, . . . , 𝑧𝑛, 𝑧′1, . . . ,
𝑧′𝑛. It is useful to calculate the eigenvalues and eigenfunctions of the quantum Hitchin
hamiltonians and Hecke operators. In this paper, we focus on Hitchin hamiltonians,
performing these calculations in Section 9. To build up to this, we must define the space
on which quantum Hitchin hamiltonians act.

For 1 ≤ 𝑖 ≤ 𝑛, let 𝜋𝑖 be an irreducible unitary representation of 𝐺 occurring in the
Plancherel formula

𝐿2(𝐺) =

∫︁
𝑉 irred. unitary rep

𝑉 ⊗ 𝑉 *d𝜇(𝑉 )

for the integral decomposition of the regular representations of 𝐺 on 𝐿2(𝐺) into irreducible
representations. Consider the action of 𝐺𝑛 on Bun𝐺(𝐶, 𝑧1, . . . , 𝑧𝑛, 𝑧

′
1, . . . , 𝑧

′
𝑛) in which the

𝑗th component of 𝐺𝑛 acts on 𝑧𝑗 and 𝑧′𝑗. Thus we may identify a representation of 𝐺 with
each 𝑗. We define the Hilbert space ℋ = 𝐿2(Bun𝐺(𝐶)) by its sections at 𝜋1, . . . , 𝜋𝑛.

Definition 6.1. The 𝐿2-sections of ℋ are defined by quotients

𝐿2(Bun𝐺(𝐶))𝜋1,...,𝜋𝑛 = (Bun𝐺(𝐶, 𝑧1, . . . , 𝑧𝑛, 𝑧
′
1, . . . , 𝑧

′
𝑛)× 𝜋1 ⊗ · · · ⊗ 𝜋𝑛)/𝐺

𝑛,

where the 𝜋𝑖 are fixed unitary irreducible representations of 𝐺 at 𝑧𝑖, 𝑧′𝑖. Then

𝐿2(Bun𝐺(𝐶)) =

∫︁
𝐿2(Bun𝐺(𝐶))𝜋1,...,𝜋𝑛d𝜇(𝜋1) · · · d𝜇(𝜋𝑛).

This is motivated by the case of a compact group 𝐺, where Plancherel’s formula is
simply a completed direct sum of irreducible unitary representations and thus it is natural
to consider 𝐿2-sections of ℋ with respect to these summands. The set of real points, that
is, those fixed by the real structure, is the union of the copy of the real numbers in each
bubble.

7. Wobbly Divisors

Let 𝑋 be a k-variety of dimension 1, and let 𝐺 be GL𝑛, SL𝑛, or PGL𝑛.

Definition 7.1. The wobbly divisor of 𝑋 is defined to be the set of principal 𝐺-bundles
that admit a nontrivial nilpotent Higgs field (that is, whose value at each point of 𝑋 is
nilpotent).
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The wobbly divisor is related to Hitchin hamiltonians, as a nilpotent Higgs field is
equivalently one that is mapped to 0 by the Hitchin map. We calculate the wobbly
divisor in the case of trinion curves, restricted to only vertex-trivial bundles. We then
show how this is related to singularities of eigenfunctions of Laplacians at each edge of the
trinion curve’s graph (in this case these Laplacians quantize our Hitchin hamiltonians).

7.1. Wobbly divisor of trinion curves. Let 𝑋 = 𝐶 be a trinion curve over k with
graph Γ.

Theorem 7.2. Considering the presentation of Bun∘
𝐺(𝐶) as the space of representations

of the fundamental groupoid of Γ, a vertex-trivial bundle 𝐸 is in the wobbly divisor if and
only if at least one of the following holds:

(1) There exists a simple loop mapped to a matrix that has repeated eigenvalue (picking
an arbitrarily base point on the simple loop and direction around the loop).

(2) There exists two disjoint simple loops and a simple path from one to the other such
that, picking a base point on the path, the loops are mapped to matrices that share
an eigenvector.

(3) There exists two distinct simple loops with nonempty connected intersection such
that, picking a base point in the intersection, the loops are mapped to matrices that
share an eigenvector.

Remark 7.3. The conditions “share an eigenvector” and “has a repeated eigenvalue” are
well-defined for 𝐺 equal to any of SL𝑟, GL𝑟, or PGL𝑟.

We prove some useful lemmas.

Lemma 7.4. The stabilizer in 𝐺 of a nonzero nilpotent matrix 𝑋 ∈ g under the adjoint
representation is given by the product of scalar matrices and a unipotent subgroup (of
dimension 1) of 𝐺, and the set of elements of 𝐺 that act on 𝑋 as multiplication by some
scalar is a Borel subgroup of 𝐺.

Proof. Without loss of generality, let 𝑋 =

[︂
0 1
0 0

]︂
. If we let 𝐴 ∈ 𝐺 have 𝐴 =

[︂
𝑎 𝑏
𝑐 𝑑

]︂
, then

direct calculation shows 𝐴 commutes with 𝑋 when 𝑎 = 𝑑 and 𝑐 = 0, and 𝐴 commutes
with 𝑋 up to some scalar when 𝑐 = 0. □

Lemma 7.5. If 𝑋, 𝑌 , and 𝑍 are nilpotent 2 × 2 matrices, 𝛽1, 𝛽2, and 𝛽3 are nonzero
scalars, and 𝛽1𝑋 + 𝛽2𝑌 + 𝛽3𝑍 = 0, then the dim(span(𝑋, 𝑌, 𝑍)) ≤ 1.

Proof. Suppose not. Without loss of generality, let 𝛽1 = 𝛽2 = −𝛽3 = 1. Then 𝑋+𝑌 = 𝑍.
Then 𝑋 and 𝑌 must span a space of rank at least 2, so they have to both be nonzero and
have distinct kernels (or equivalently, distinct images). Then let 𝑥 generate the kernel of𝑋
and 𝑦 generate the kernel of 𝑌 . Then (𝑋+𝑌 )2 = 𝑍2 = 0, so 0 = (𝑋+𝑌 )2𝑥 = (𝑋+𝑌 )𝑌 𝑥.
𝑌 𝑥 is then a nonzero multiple of 𝑦, so 0 = (𝑋 + 𝑌 )𝑦 = 𝑋𝑦, which implies 𝑦 is in the
kernel of 𝑋, and hence the kernels of 𝑋 and 𝑌 are the same, contradiction. □

Lemma 7.6. Every nonempty trivalent graph has a the pair of lips or the pair of glasses
as a topological minor

Proof. First, since the graph is trivalent, it is not a tree, so it has at least one loop, and
therefore has at least one simple loop (meaning a loop that does not intersect itself; a
single self-loop counts here). This is the starting point for our subgraph representing the
toplogical minor. Then, starting from a vertex of the simple loop followed by the edge
from that vertex that is not part of the simple loop, add to the subgraph by going on a
path until the first time a vertex has been reached that was already in the subgraph. As
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this vertex must have been reached by an edge not traversed before, it could not have
been the vertex on the simple loop at which we started our path, as that vertex had all
three (counted with multiplicity) of its edges traversed. Hence, either we have reached
the simple loop and the resulting subgraph is homeomorphic to a pair of lips, or we have
reached an earlier part of the path and the resulting graph is homeomorphic to a pair of
glasses. □

From lemma Lemma 7.5, it follows that the residues of 𝑄 on a given bubble, as they add
to 0 and are nilpotent, must all be scalar multiples of some nilpotent matrix. Furthermore,
given that that is the case, it follows that the Higgs field will be nilpotent at any point
in that bubble, as it will always be a multiple of that nilpotent matrix throughout the
bubble. Also, the condition of being nontrivial is equivalent to being nonzero at one of the
residues, as if zero at all residues then a Higgs field will then be 0 on all bubbles. Hence,
the question of being in the wobbly divisor is completely formulated in terms of the graph
Γ, so from now on we only consider 𝐸 to be a representation of the fundamental group
of this graph. In particular, a Higgs field 𝑄 then consists of the information of assigning
a matrix 𝑄𝑒𝑖 to each side 𝑖 (say, 0 or 1) of each edge 𝑒 of Γ, satisfying that the sum of
such 𝑄-matrices at each vertex is 0 and for any edge conjugating the 𝑄-matrix on one
side of the edge by the 𝐸-matrix attached to the edge (in the appropriate direction) gives
the negative of the 𝑄-matrix on the other side of the edge. We are interested in which
representations 𝐸 admit a nontrivial 𝑄 satisfying these properties such that additionally
all 𝑄-matrices are nilpotent, but not all of them are 0.

Now we prove the main theorem:

Proof of Theorem 7.2, forward implication. The following are equivalent:

∙ There exists a nontrivial nilpotent Higgs field 𝑄 of 𝐸.
∙ There exists a nilpotent Higgs field 𝑄 on 𝐸 restricted to some subgraph Γ0 of Γ

with at least one edge such that all 𝑄-matrices are nonzero (as we can restrict
nontrivial Higgs fields to the subgraph containing the edges at which they are
nonzero).

∙ There exists a nilpotent Higgs field 𝑄 on 𝐸 restricted to some connected subgraph
Γ0 of Γ with at least one edge such that all 𝑄-matrices are nonzero (as considering
disconnected subgraphs is redundant since we may restrict a nontrivial nilpotent
𝑄 to a connected component).

∙ There exists a nilpotent Higgs field 𝑄 on 𝐸 restricted to some connected subgraph
Γ0 of Γ with at least one edge but no vertices of degree 1 such that all 𝑄-matrices
are nonzero (as the condition of 𝑄-matrices adding to 0 at a vertex of degree 1
is contradictory to the condition that the 𝑄-matrix at the edge from that vertex
must be nonzero).

∙ There exists a nilpotent Higgs field 𝑄 on 𝐸 restricted to some topological minor Γ0

of Γ that is either nonempty connected trivalent or a self-loop on one vertex such
that all 𝑄-matrices are nonzero (as it is equivalent to remove a vertex of degree
2 and combine the two edges connecting it; it can be checked that the resulting
conditions on 𝑄 will be equivalent; then any subgraph with no leaves becomes a
toplogical minor that is trivalent or a self-loop in this way).

If Γ0 is a self-loop, then there are two nonzero nilpotent matrices 𝑄0 and 𝑄1 on each
side of the edge such that 𝑄0 + 𝑄1 = 0 and 𝑄0 + 𝐸01𝑄1(𝐸01)

−1 = 0 where 𝐸01 is the
𝐸-matrix at the edge from side 1 to side 0. Hence, the existence of such a 𝑄 is equivalent
to the existence of a 𝑄0 commuting with 𝐸01, which, by Lemma 7.4, is equivalent to 𝐸01

having a repeated eigenvalue.
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If Γ0 is nonempty connected trivalent, pick a base point (that is a vertex of Γ0), and
then the condition of existence of such a 𝑄 implies that all loops of the fundamental group
at this base point get mapped to matrices whose conjugation action on the nilpotent 𝑄-
matrices at the base point is by a scalar. This is because when we start at one end of
the loop with a 𝑄-matrix of the base point, we then may go around the loop. When we
pass through an edge, we conjugate by the 𝐸-matrix attached to that edge and negate
to get the 𝑄-matrix on the other side of the edge. When we pass through a vertex from
one edge to another, we know from before that we simply multiply our 𝑄-matrix by some
scalar. Hence, once we have reached the end of the loop, we will be back at the base point
and hence be a scalar multiple of the 𝑄-matrix at the start, and we will have multiplied
by some scalars along the way and we will have conjugated by the 𝐸-matrix of the loop.
Now, apply Lemma 7.4 to say that the existence of such a 𝑄 is equivalent to the matrices
in the image of the 𝐸-representation of the fundamental group lying in a common Borel
subgroup, or equivalently, sharing some eigenvector. It is then implied that this condition
holds for any topological minor of Γ0. By Lemma 7.6, there exists a topological minor of
Γ0 that is isomorphic to the pair of lips or to the pair of glasses. Hence, it is implied that
some topological minor of Γ isomorphic to the pair of lips or the pair of glasses satisfies
the shared eigenvector property of the representation 𝐸 restricted to the fundamental
group.

We now have enough to prove the forward direction of Theorem 7.2. From what we
have said, if 𝐸 is in the wobbly divisor, then one of the following holds:

∙ One case is that Γ has some topological minor that is a loop such that 𝐸 restricted
to that minor sends the loop to a matrix with repeated eigenvalue. Then that
minor corresponds to a simple loop of Γ and (1) holds.

∙ Another case is that Γ has some topological minor isomorphic to the pair of glasses
such that all loops in the fundamental group of this minor are mapped by 𝐸 to
matrices sharing an eigenvector. As the loops are generated by the two simple
loops of this graph, we can then lift to the original graph Γ, where this minor
corresponds to two disjoint simple loops connected by a path, and we get (2).

∙ The third an final case is that Γ has some topological minor isomorphic to the pair
of lips such that all loop sin the fundamental group of this minor are mapped by
𝐸 to matrices sharing an eigenvector. As the loops are generated by the two “lips”
of this graph, we can lift to the original graph Γ where this minor corresponds to
a pair of distinct simple loops with nonempty connected intersection, and we get
(3).

We conclude the forward direction.
□

Proof of Theorem 7.2, backward implication. Note that the conditions related to topolog-
ical minors that we proved were equivalent to 𝐸 being in the wobbly divisor can still be
used. We split up into the three cases:

(1) holds: The simple loop gives a topological minor Γ0 that is one vertex with one loop, and
nilpotent Higgs field 𝑄 with no zero 𝑄-matrices exists on 𝐸 restricted to it as, as
previously seen, the conditions on 𝑄 are 𝑄0+𝑄1 = 0 and 𝑄0+𝐸01𝑄1(𝐸01)

−1 = 0,
and the existence of such a 𝑄 is then equivalent to the existence of a nonzero
nilpotent commuting with 𝐸 of the loop, which is in turn equivalent by Lemma ??
to 𝐸 of the loop having repeated eigenvalue, which is the statement of (1).

(2) holds: The two simple loops and the path connecting them give rise to a pair of glasses
minor. Hence, it suffices to construct a nilpotent Higgs field 𝑄 on 𝐸 restricted
to this minor such that none of the 𝑄-matrices are 0. Label the loops of the
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glasses graph 𝑒 and 𝑓 and label the third edge 𝑝. Then we want matrices nilpotent
𝑄𝑒, 𝑄𝑓 , and 𝑄𝑝 satisfying certain conditions, where −𝐸𝑒𝑄𝑒𝐸

−1
𝑒 , −𝐸𝑓𝑄𝑓𝐸

−1
𝑓 , and

−𝐸𝑝𝑄𝑝𝐸
−1
𝑝 are resulting 𝑄-matrices on the other sides of the respective edges.

Assuming 𝐸𝑝 goes along 𝑝 in the direction from 𝑒 to 𝑓 , the conditions are then

𝑄𝑒 − 𝐸𝑒𝑄𝑒𝐸
−1
𝑒 +𝑄𝑝 = 0

𝑄𝑓 − 𝐸𝑓𝑄𝑓𝐸
−1
𝑓 − 𝐸𝑝𝑄𝑝𝐸

−1
𝑝 = 0.

Now, we can conjugate our matrices in our groupoid representation to get an
equivalent one in which 𝐸𝑝 = id. Then it suffices to find nonzero nilpotents 𝑄𝑒 and
𝑄𝑓 such that they are multiples of one another and 𝐸𝑒𝑄𝑒𝐸

−1 and 𝐸𝑓𝑄𝑓𝐸
−1
𝑓 are

also multiples of them, then either 𝐸𝑒𝑄𝑒𝐸
−1
𝑒 −𝑄𝑒 = 0 in which case by Lemma 7.4

𝐸𝑒 has repeated eigenvalue and we are back in the previous case of (1) holding,
𝑄𝑓 −𝐸𝑓𝑄𝑓𝐸

−1
𝑓 = 0 and again (1) holds, or we can scale 𝑄𝑓 so that 𝐸𝑒𝑄𝑒𝐸

−1
𝑒 −𝑄𝑒

and 𝑄𝑓 − 𝐸𝑓𝑄𝑓𝐸
−1
𝑓 are the same nonzero nilpotent which we define to be 𝑄𝑝.

(3) holds: This is analogous to the case that (2) holds except for the pair of lips instead of
glasses. In particular, if the edges are 𝑒, 𝑓 , and 𝑔, after we assume that one of the
edges, say 𝑔, gets mapped to the identity by 𝐸, the conditions we get are

𝑄𝑒 +𝑄𝑓 +𝑄𝑔 = 0

𝐸𝑒𝑄𝑒𝐸
−1
𝑒 + 𝐸𝑓𝑄𝑓𝐸

−1
𝑓 +𝑄𝑔 = 0.

Now, again by (3) and Lemma 7.4, we know we can choose 𝑄𝑒 and 𝑄𝑓 to be nonzero
nilpotent multiples of one another such that also multiples of them are 𝐸𝑒𝑄𝑒𝐸

−1
𝑒 and

𝐸𝑓𝑄𝑓𝐸
−1
𝑓 . Now, if either 𝐸𝑒𝑄𝑒𝐸

−1
𝑒 = 𝑄𝑒 or 𝐸𝑓𝑄𝑓𝐸

−1
𝑓 = 𝑄𝑓 , similarly to the case of

(2) holds, we degenerate to the case of (1) holds on simple loop 𝑒𝑔 or 𝑓𝑔 respectively.
Additionally, if 𝐸−1

𝑓 𝐸𝑒𝑄𝑓𝐸
−1
𝑓 𝐸𝑒 = id, we degenerate in the same way via simple loop

𝑒𝑓 . Finally, we are left with the nondegenerate case, in which 𝐸𝑒𝑄𝑒𝐸
−1
𝑒 = 𝛼𝑄𝑒 and

𝐸𝑓𝑄𝑓𝐸
−1
𝐹 = 𝛽𝑄𝑓 for some nonzero scalars 𝛼 ̸= 𝛽. Then, if 𝑄𝑓 = 𝛾𝑄𝑒 where we choose 𝛾

(but it must be nonzero and not), in order for 𝑄𝑔 to be defined such that both conditions
hold, we want 1 + 𝛾 = 𝛼+ 𝛽𝛾 to be nonzero. Solving for 𝛾, we see that our nondegeracy
conditions imply that 𝛾 will exist, will not be 0, and 0 ̸= 1 + 𝛾 as desired. □

7.2. Computations of singularities for system of differential equations. For the
pair of lips graph from Section 2 of two vertices connected by three edges, we describe an
equivalent approach to computing the wobbly divisor and show that it produces results
equivalent to our more general methods. For the bubble curve 𝐶 obtained from the lips
graph with edges labeled 𝐴, 𝐵, and 𝐶, we have coordinates

𝑢 = tr𝐵𝐶−1

𝑣 = tr𝐶𝐴−1

𝑤 = tr𝐴𝐵−1,

which are, of course, invariant under the stabilizer group action at the two vertices. As
in Section 6, we consider the action of quantum Hitchin hamiltonians on sections of
𝐿2(Bun𝐺(𝐶)) at unitary representations 𝑉𝐴, 𝑉𝐵, 𝑉𝐶 of 𝐺 = SL2. There are 3𝑔 − 3 = 3
Hitchin hamiltonians in this case (three independent hamiltonians are given by tr(𝐴𝐴*),
tr(𝐵𝐵*), and tr(𝐴𝐴*𝐵𝐵*)), and they correspond to the Casimir elements Δ𝐴, Δ𝐵, Δ𝐶

of SL2 acting as differential operators on 𝑉𝐴, 𝑉𝐵, 𝑉𝐶 , respectively. Now since the Casimir
elements are central, their action should preserve invariance, so their action should be
expressible as a differential operator in the coordinates 𝑢, 𝑣, 𝑤. Then if there is a common
eigenfunction 𝑓 of Δ𝐴, Δ𝐵, Δ𝐶 in 𝑉𝐴⊗𝑉𝐵⊗𝐶𝑉 (we will actually compute 𝑓 in Section 9),
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then expressing Δ𝐴𝑓 , Δ𝐵𝑓 , and Δ𝐶𝑓 in terms of derivatives of 𝑓 with respect to 𝑢, 𝑣,
and 𝑤 gives three differential equations for 𝑓 . Now consider the vector

𝐹 = (𝑓, 𝜕𝑢𝑓, 𝜕𝑣𝑓, 𝜕𝑤𝑓, 𝜕𝑢𝜕𝑣𝑓, 𝜕𝑢𝜕𝑤𝑓, 𝜕𝑣𝜕𝑤𝑓, 𝜕𝑢𝜕𝑣𝜕𝑤𝑓)

of partials of 𝑓 . For generic 𝑢, 𝑣, and 𝑤, the differential equations 𝑓 satisfies can be used
to express 𝜕𝑢𝐹 , 𝜕𝑣𝐹 , and 𝜕𝑤 F in terms of 𝐹 :

𝜕𝑢𝐹 =𝑀𝑢𝐹

𝜕𝑣𝐹 =𝑀𝑣𝐹

𝜕𝑤𝐹 =𝑀𝑤𝐹,

where 𝑀𝑢, 𝑀𝑣, and 𝑀𝑤 are matrices with polynomial entries in 𝑢, 𝑣, 𝑤. We wish to find
when these matrices are not well-defined, that is, when they have singularities.

This is equivalent to the picture of wobbly divisors as elements of Bun𝐺(𝐶) with nilpo-
tent preimage in 𝑇 * Bun𝐺(𝐶). Indeed, the nilpotency condition gives that the principal
symbol of the differential operators Δ𝐴, Δ𝐵, and Δ𝐶 are zero. Since for an eigenfunc-
tion 𝑓 of Δ𝐴, Δ𝐵, and Δ𝐶 , we have Δ𝐴𝑓 = 𝜆𝐴𝑓 , Δ𝐵𝑓 = 𝜆𝐵𝑓 , and Δ𝐶𝑓 = 𝜆𝐶𝑓 for
eigenvalues 𝜆𝐴, 𝜆𝐵, 𝜆𝐶 , this gives a relation among lower derivatives of 𝑓 , giving that
(1, 𝜕𝑢, 𝜕𝑣, 𝜕𝑤, 𝜕𝑢𝜕𝑣, 𝜕𝑢𝜕𝑤, 𝜕𝑣𝜕𝑤, 𝜕𝑢𝜕𝑣𝜕𝑤) do not form a complete set of differentials. This is
precisely the case when one of the computed matrices has a singularity.

Computation gives the form to be

Δ𝐴 =
3

2
𝑣𝜕𝑣 +

3

2
𝑤𝜕𝑤 + (𝑣𝑤 − 2𝑢)𝜕𝑣𝜕𝑤 +

1

2
(𝑣2 − 4)(𝜕𝑣)

2 +
1

2
(𝑤2 − 4)(𝜕𝑤)

2

and cyclic permutations for Δ𝐵 and Δ𝐶 , where 𝜕𝑥 denotes 𝜕
𝜕𝑥

for a variable 𝑥. This can
be obtained by assuming 𝐶 = id, expressing 𝑢, 𝑣, and 𝑤 in terms of components of 𝐴 and
𝐵, and computing Δ𝐴 with a computer algebra system.

Applying to the eigenfunction 𝑓 of Δ𝐴, Δ𝐵, Δ𝐶 with eigenvalues 𝜆𝐴, 𝜆𝐵, 𝜆𝐶 , respec-
tively, we get

𝜆𝐴𝑓 = 3
2
𝑣𝜕𝑣𝑓 + 3

2
𝑤𝜕𝑤𝑓 + (𝑣𝑤 − 2𝑢)𝜕𝑣𝜕𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕2𝑣𝑓 + 1

2
(𝑤2 − 4)𝜕2𝑤𝑓

𝜆𝐵𝑓 = 3
2
𝑢𝜕𝑢𝑓 + 3

2
𝑤𝜕𝑤𝑓 + (𝑢𝑤 − 2𝑣)𝜕𝑢𝜕𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝑓 + 1

2
(𝑤2 − 4)𝜕2𝑤𝑓

𝜆𝐶𝑓 = 3
2
𝑢𝜕𝑢𝑓 + 3

2
𝑣𝜕𝑣𝑓 + (𝑢𝑣 − 2𝑤)𝜕𝑢𝜕𝑣𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝑓 + 1

2
(𝑣2 − 4)𝜕2𝑣𝑓.

Solving for 𝜕2𝑢𝑓 gives

𝜕2𝑢𝑓 =
1

𝑢2 − 4

(︀
(𝜆𝑏 + 𝜆𝑐 − 𝜆𝑎)𝑓 + 3𝑢𝜕𝑢𝑓

− (𝑣𝑤 − 2𝑢)𝜕𝑣𝜕𝑤𝑓 + (𝑢𝑣 − 2𝑤)𝜕𝑢𝜕𝑣𝑓 + (𝑢𝑤 − 2𝑣)𝜕𝑢𝜕𝑤𝑓
)︀
,

which has a singularity for 𝑈(𝑢, 𝑣, 𝑤) at 𝑢 = ±2. By symmetry there are singularities at
𝑣 = ±2 for 𝑉 (𝑢, 𝑣, 𝑤) and at 𝑤 = ±2 for 𝑊 (𝑢, 𝑣, 𝑤).

Also

𝜆𝐴𝜕𝑢𝑓 = 3
2
𝑣𝜕𝑢𝜕𝑣𝑓 + 3

2
𝑤𝜕𝑢𝜕𝑤𝑓 − 2𝜕𝑣𝜕𝑤𝑓 + (𝑣𝑤 − 2𝑢)𝜕𝑢𝜕𝑣𝜕𝑤𝑓

+ 1
2
(𝑣2 − 4)𝜕𝑢𝜕

2
𝑣𝑓 + 1

2
(𝑤2 − 4)𝜕𝑢𝜕

2
𝑤𝑓

𝜆𝐴𝜕𝑣𝑓 = 3
2
𝜕𝑣𝑓 + 5

2
𝑣𝜕2𝑣𝑓 + 5

2
𝑤𝜕𝑣𝜕𝑤𝑓

+ (𝑣𝑤 − 2𝑢)𝜕2𝑣𝜕𝑤𝑓 + 1
2
(𝑣2 − 4)𝜕3𝑣𝑓 + 1

2
(𝑤2 − 4)𝜕𝑣𝜕

2
𝑤𝑓

𝜆𝐴𝜕𝑤𝑓 = 3
2
𝜕𝑤𝑓 + 5

2
𝑤𝜕2𝑤𝑓 + 5

2
𝑣𝜕𝑣𝜕𝑤𝑓

+ (𝑣𝑤 − 2𝑢)𝜕𝑣𝜕
2
𝑤𝑓 + 1

2
(𝑤2 − 4)𝜕3𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕2𝑣𝜕𝑤𝑓

𝜆𝐵𝜕𝑣𝑓 = 3
2
𝑤𝜕𝑣𝜕𝑤𝑓 + 3

2
𝑢𝜕𝑣𝜕𝑢𝑓 − 2𝜕𝑤𝜕𝑢𝑓 + (𝑢𝑤 − 2𝑣)𝜕𝑢𝜕𝑣𝜕𝑤𝑓
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+ 1
2
(𝑤2 − 4)𝜕𝑣𝜕

2
𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝜕𝑣𝑓

𝜆𝐵𝜕𝑤𝑓 = 3
2
𝜕𝑤𝑓 + 5

2
𝑤𝜕2𝑤𝑓 + 5

2
𝑢𝜕𝑤𝜕𝑢𝑓

+ (𝑢𝑤 − 2𝑣)𝜕𝑢𝜕
2
𝑤𝑓 + 1

2
(𝑤2 − 4)𝜕3𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝜕𝑤𝑓

𝜆𝐵𝜕𝑢𝑓 = 3
2
𝜕𝑢𝑓 + 5

2
𝑢𝜕2𝑢𝑓 + 5

2
𝑤𝜕𝑢𝜕𝑤𝑓

+ (𝑢𝑤 − 2𝑣)𝜕2𝑢𝜕𝑤𝑓 + 1
2
(𝑢2 − 4)𝜕3𝑢𝑓 + 1

2
(𝑤2 − 4)𝜕𝑢𝜕

2
𝑤𝑓

𝜆𝐶𝜕𝑤𝑓 = 3
2
𝑢𝜕𝑢𝜕𝑤𝑓 + 3

2
𝑣𝜕𝑣𝜕𝑤𝑓 − 2𝜕𝑢𝜕𝑣𝑓 + (𝑢𝑣 − 2𝑤)𝜕𝑢𝜕𝑣𝜕𝑤𝑓

+ 1
2
(𝑢2 − 4)𝜕2𝑢𝜕𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕2𝑣𝜕𝑤𝑓

𝜆𝐶𝜕𝑢𝑓 = 3
2
𝜕𝑢𝑓 + 5

2
𝑢𝜕2𝑢𝑓 + 5

2
𝑣𝜕𝑢𝜕𝑣𝑓

+ (𝑢𝑣 − 2𝑤)𝜕2𝑢𝜕𝑣𝑓 + 1
2
(𝑢2 − 4)𝜕3𝑢𝑓 + 1

2
(𝑣2 − 4)𝜕𝑢𝜕

2
𝑣𝑓

𝜆𝐶𝜕𝑣𝑓 = 3
2
𝜕𝑣𝑓 + 5

2
𝑣𝜕2𝑣𝑓 + 5

2
𝑢𝜕𝑢𝜕𝑣𝑓

+ (𝑢𝑣 − 2𝑤)𝜕𝑢𝜕
2
𝑣𝑓 + 1

2
(𝑣2 − 4)𝜕3𝑣𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝜕𝑣𝑓.

This system in nine equations can be solved for the nine quantities 𝜕2𝑢𝜕𝑣𝑓 , 𝜕𝑢𝜕2𝑣𝑓 , 𝜕2𝑢𝜕𝑤𝑓 ,
𝜕𝑢𝜕

2
𝑤𝑓 , 𝜕2𝑣𝜕𝑤𝑓 , 𝜕𝑣𝜕2𝑤𝑓 , 𝜕3𝑢, 𝜕3𝑣 , 𝜕3𝑤 in terms of the other differentials. This will have

singularities at the zeroes of the determinant of the matrix⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1
2
(𝑢2 − 4) 0 0 0 (𝑢𝑣 − 2𝑤) 1

2
(𝑢2 − 4)

1
2
(𝑣2 − 4) 0 0 0 0 0 0 1

2
(𝑣2 − 4) (𝑢𝑣 − 2𝑤)

0 0 0 0 1
2
(𝑢2 − 4) (𝑢𝑤 − 2𝑣) 1

2
(𝑢2 − 4) 0 0

1
2
(𝑤2 − 4) 0 0 0 (𝑢𝑤 − 2𝑣) 1

2
(𝑤2 − 4) 0 0 0

0 (𝑣𝑤 − 2𝑢) 1
2
(𝑣2 − 4) 0 0 0 1

2
(𝑣2 − 4) 0 0

0 1
2
(𝑤2 − 4) (𝑣𝑤 − 2𝑢) 1

2
(𝑤2 − 4) 0 0 0 0 0

0 0 0 0 0 1
2
(𝑢2 − 4) 0 1

2
(𝑢2 − 4) 0

0 1
2
(𝑣2 − 4) 0 0 0 0 0 0 1

2
(𝑣2 − 4)

0 0 1
2
(𝑤2 − 4) 0 1

2
(𝑤2 − 4) 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The bottom three rows once again give singularities when one of 𝑢, 𝑣, or 𝑤 is ±2. Factoring
those out, we wish to find the determinant of⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1
2
(𝑢2 − 4) 0 0 0 (𝑢𝑣 − 2𝑤) 1

2
(𝑢2 − 4)

1
2
(𝑣2 − 4) 0 0 0 0 0 0 1

2
(𝑣2 − 4) (𝑢𝑣 − 2𝑤)

0 0 0 0 1
2
(𝑢2 − 4) (𝑢𝑤 − 2𝑣) 1

2
(𝑢2 − 4) 0 0

1
2
(𝑤2 − 4) 0 0 0 (𝑢𝑤 − 2𝑣) 1

2
(𝑤2 − 4) 0 0 0

0 (𝑣𝑤 − 2𝑢) 1
2
(𝑣2 − 4) 0 0 0 1

2
(𝑣2 − 4) 0 0

0 1
2
(𝑤2 − 4) (𝑣𝑤 − 2𝑢) 1

2
(𝑤2 − 4) 0 0 0 0 0

0 0 0 0 0 1 0 1 0

0 1 0 0 0 0 0 0 1

0 0 1 0 1 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

A computer algebra system gives
1

2
(𝑢2 − 4)(𝑣2 − 4)(𝑤2 − 4)(𝑢2 + 𝑣2 + 𝑤2 − 𝑢𝑣𝑤 − 4)2,

which, in addition to the old singularities, gives a possible singularity at 𝑢2 + 𝑣2 + 𝑤2 −
𝑢𝑣𝑤 − 4.

Finally, we need to obtain equations for 𝜕2𝑢𝜕𝑣𝜕𝑤𝑓 and cyclic permutations. We will
actually need twelve equations in twelve unknowns: 𝜕2𝑢𝜕𝑣𝜕𝑤𝑓 , 𝜕𝑢𝜕2𝑣𝜕𝑤𝑓 , 𝜕𝑢𝜕𝑣𝜕2𝑤𝑓 , as well
as 𝜕2𝑢𝜕2𝑣𝑓 , 𝜕2𝑢𝜕2𝑤𝑓 , 𝜕2𝑣𝜕2𝑤𝑓 , 𝜕3𝑢𝜕𝑣𝑓 , 𝜕𝑢𝜕3𝑣𝑓 , 𝜕3𝑢𝜕𝑤𝑓 , 𝜕𝑢𝜕3𝑤𝑓 , 𝜕3𝑣𝜕𝑤𝑓 , 𝜕𝑣𝜕3𝑤𝑓 . All we will care
about are poles, so we neglect the “constants” (differentials besides those in the list of
twelve unknowns) in the equations

0 ≈ (𝑣𝑤 − 2𝑢)𝜕2𝑢𝜕𝑣𝜕𝑤𝑓 + 1
2
(𝑣2 − 4)𝜕2𝑢𝜕

2
𝑣𝑓 + 1

2
(𝑤2 − 4)𝜕2𝑢𝜕

2
𝑤𝑓

0 ≈ (𝑣𝑤 − 2𝑢)𝜕2𝑣𝜕
2
𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕3𝑣𝜕𝑤𝑓 + 1

2
(𝑤2 − 4)𝜕𝑣𝜕

3
𝑤𝑓

0 ≈ (𝑣𝑤 − 2𝑢)𝜕𝑢𝜕
2
𝑣𝜕𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕𝑢𝜕

3
𝑣𝑓 + 1

2
(𝑤2 − 4)𝜕𝑢𝜕𝑣𝜕

2
𝑤𝑓

0 ≈ (𝑣𝑤 − 2𝑢)𝜕𝑢𝜕𝑣𝜕
2
𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕𝑢𝜕

2
𝑣𝜕𝑤𝑓 + 1

2
(𝑤2 − 4)𝜕𝑢𝜕

3
𝑤𝑓,
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where we differentiate the equality for (−1
4
−𝑎2)𝑓 by 𝜕2𝑢, 𝜕𝑢𝜕𝑤, 𝜕𝑢𝜕𝑣, and 𝜕𝑢𝜕𝑤, respectively.

Symmetrically we have

0 ≈ (𝑢𝑤 − 2𝑣)𝜕𝑢𝜕
2
𝑣𝜕𝑤𝑓 + 1

2
(𝑤2 − 4)𝜕2𝑣𝜕

2
𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝜕

2
𝑣𝑓

0 ≈ (𝑢𝑤 − 2𝑣)𝜕2𝑢𝜕
2
𝑤𝑓 + 1

2
(𝑤2 − 4)𝜕𝑢𝜕

3
𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕3𝑢𝜕𝑤𝑓

0 ≈ (𝑢𝑤 − 2𝑣)𝜕𝑢𝜕𝑣𝜕
2
𝑤𝑓 + 1

2
(𝑤2 − 4)𝜕𝑣𝜕

3
𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝜕𝑣𝜕𝑤𝑓

0 ≈ (𝑢𝑤 − 2𝑣)𝜕2𝑢𝜕𝑣𝜕𝑤𝑓 + 1
2
(𝑤2 − 4)𝜕𝑢𝜕𝑣𝜕

2
𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕3𝑢𝜕𝑣𝑓

0 ≈ (𝑢𝑣 − 2𝑤)𝜕𝑢𝜕𝑣𝜕
2
𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝜕

2
𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕2𝑣𝜕

2
𝑤𝑓

0 ≈ (𝑢𝑣 − 2𝑤)𝜕2𝑢𝜕
2
𝑣𝑓 + 1

2
(𝑢2 − 4)𝜕3𝑢𝜕𝑣𝑓 + 1

2
(𝑣2 − 4)𝜕𝑢𝜕

3
𝑣𝑓

0 ≈ (𝑢𝑣 − 2𝑤)𝜕2𝑢𝜕𝑣𝜕𝑤𝑓 + 1
2
(𝑢2 − 4)𝜕3𝑢𝜕𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕𝑢𝜕

2
𝑣𝜕𝑤𝑓

0 ≈ (𝑢𝑣 − 2𝑤)𝜕𝑢𝜕
2
𝑣𝜕𝑤𝑓 + 1

2
(𝑢2 − 4)𝜕2𝑢𝜕𝑣𝜕𝑤𝑓 + 1

2
(𝑣2 − 4)𝜕3𝑣𝜕𝑤𝑓.

The matrix for the denominator of Cramer’s rule is then
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(𝑣𝑤 − 2𝑢) 0 0 0 0 0 1
2
(𝑢2 − 4) (𝑢𝑤 − 2𝑣) 0 0 (𝑢𝑣 − 2𝑤) 1

2
(𝑢2 − 4)

0 0 (𝑣𝑤 − 2𝑢) 1
2
(𝑣2 − 4) (𝑢𝑤 − 2𝑣) 0 0 0 0 0 1

2
(𝑣2 − 4) (𝑢𝑣 − 2𝑤)

0 0 1
2
(𝑤2 − 4) (𝑣𝑤 − 2𝑢) 0 0 (𝑢𝑤 − 2𝑣) 1

2
(𝑤2 − 4) (𝑢𝑣 − 2𝑤) 0 0 0

1
2
(𝑣2 − 4) 0 0 0 1

2
(𝑢2 − 4) 0 0 0 0 (𝑢𝑣 − 2𝑤) 0 0

1
2
(𝑤2 − 4) 0 0 0 0 (𝑢𝑤 − 2𝑣) 0 0 1

2
(𝑢2 − 4) 0 0 0

0 (𝑣𝑤 − 2𝑢) 0 0 1
2
(𝑤2 − 4) 0 0 0 1

2
(𝑣2 − 4) 0 0 0

0 0 0 0 0 0 0 1
2
(𝑢2 − 4) 0 1

2
(𝑢2 − 4) 0 0

0 0 1
2
(𝑣2 − 4) 0 0 0 0 0 0 1

2
(𝑣2 − 4) 0 0

0 0 0 0 0 1
2
(𝑢2 − 4) 0 0 0 0 1

2
(𝑢2 − 4) 0

0 0 0 1
2
(𝑤2 − 4) 0 1

2
(𝑤2 − 4) 0 0 0 0 0 0

0 1
2
(𝑣2 − 4) 0 0 0 0 0 0 0 0 0 1

2
(𝑣2 − 4)

0 1
2
(𝑤2 − 4) 0 0 0 0 1

2
(𝑤2 − 4) 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and factoring out poles we already obtained from the last several rows gives
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

(𝑣𝑤 − 2𝑢) 0 0 0 0 0 1
2
(𝑢2 − 4) (𝑢𝑤 − 2𝑣) 0 0 (𝑢𝑣 − 2𝑤) 1

2
(𝑢2 − 4)

0 0 (𝑣𝑤 − 2𝑢) 1
2
(𝑣2 − 4) (𝑢𝑤 − 2𝑣) 0 0 0 0 0 1

2
(𝑣2 − 4) (𝑢𝑣 − 2𝑤)

0 0 1
2
(𝑤2 − 4) (𝑣𝑤 − 2𝑢) 0 0 (𝑢𝑤 − 2𝑣) 1

2
(𝑤2 − 4) (𝑢𝑣 − 2𝑤) 0 0 0

1
2
(𝑣2 − 4) 0 0 0 1

2
(𝑢2 − 4) 0 0 0 0 (𝑢𝑣 − 2𝑤) 0 0

1
2
(𝑤2 − 4) 0 0 0 0 (𝑢𝑤 − 2𝑣) 0 0 1

2
(𝑢2 − 4) 0 0 0

0 (𝑣𝑤 − 2𝑢) 0 0 1
2
(𝑤2 − 4) 0 0 0 1

2
(𝑣2 − 4) 0 0 0

0 0 0 0 0 0 0 1 0 1 0 0

0 0 1 0 0 0 0 0 0 1 0 0

0 0 0 0 0 1 0 0 0 0 1 0

0 0 0 1 0 1 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 1

0 1 0 0 0 0 1 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

which has determinant

4(𝑢2 + 𝑣2 + 𝑤2 − 𝑢𝑣𝑤 − 4)4,

giving no new poles.
Thus this explicit calculation of the wobbly divisor in terms of differential operators

gives the same result as more our more abstract reasoning.

8. Real structures on nodal curves

A real structure on a nodal curve 𝐶 over the field C is an anti-holomorphic involution
on 𝐶. In this section, we classify real structures on trinionic curves up to conjugation
by holomorphic functions. This is important for computation of the Hilbert space in
the real case; while we do not actually perform these calculations in this paper, this is
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useful motivation for Section 9 and sets the stage for continued study of the Langlands
correspondence for trinionic curves.

We begin with a single bubble. Let 𝜙 : CP1 → CP1 be an anti-holomorphic involution.
Then 𝜙 is a holomorphic bijection on CP1 = C⊔{∞}, and therefore must be meromorphic
with a single simple pole. It is well-known that the meromorphic functions on CP1 are
just the rational functions, so 𝜙 must be of the form

𝑧 ↦→ 𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑

for some complex numbers 𝑎, 𝑏, 𝑐, 𝑑. If this is an involution then

𝑧 =
𝑎
(︁

𝑎̄𝑧+𝑏̄
𝑐𝑧+𝑑

)︁
+ 𝑏

𝑐
(︁

𝑎̄𝑧+𝑏̄
𝑐𝑧+𝑑

)︁
+ 𝑑

=
𝑎𝑎̄𝑧 + 𝑎𝑏̄+ 𝑏𝑐𝑧 + 𝑏𝑑

𝑐𝑎̄𝑧 + 𝑐𝑏̄+ 𝑑𝑐𝑧 + 𝑑𝑑
,

which gives

𝑎𝑏̄+ 𝑏𝑑 = 0

𝑐𝑎̄+ 𝑑𝑐 = 0

𝑎𝑎̄+ 𝑏𝑐 = 𝑐𝑏̄+ 𝑑𝑑.

Taking the conjugate of the second equality, and then taking a linear combination with
the first, gives

𝑏𝑐𝑎 = 𝑏̄𝑐𝑎.

Now there are two cases.
∙ 𝑎 ̸= 0. Then 𝑏̄𝑐 = 𝑏𝑐, and so we obtain 𝑎𝑎̄ = 𝑑𝑑. We may assume WLOG that
𝑎 = 1, so |𝑑| = 1. Let 𝑑 = −𝜔2 (where 𝜔 is of magnitude 1). Then 𝑏̄ = −𝑏𝑑 = 𝜔−2𝑏
and similarly 𝑐 = −𝑑−1𝑐 = 𝜔−2𝑐. So there are reals 𝛽 and 𝛾 such that 𝑏 = 𝛽𝜔 and
𝑐 = 𝛾𝜔. So the map 𝜙 is of the form

𝑧 ↦→ 𝑧 + 𝛽𝜔

𝛾𝜔𝑧 − 𝜔2
.

Conjugating by 𝑧 ↦→ 𝜔𝑧 gives

𝑧 ↦→ 𝜔 · 𝜔𝑧 + 𝛽𝜔

𝛾𝜔2𝑧 − 𝜔2
=

𝑧 + 𝛽

𝛾𝑧 − 1
.

This has real coefficients so its conjugate corresponds to the action of the real
matrix [︂

1 𝛽
𝛾 −1

]︂
on CP1. We must have 𝛽𝛾 ̸= −1, since otherwise the map is not bijective. Then the
matrix is diagonalizable by a real matrix, so the map 𝜙 is conjugate to 𝑧 ↦→ 𝑟𝑧 for
some real 𝑟. Since 𝜙 is an involution, we have 𝑟 = ±1, and if 𝑟 = −1, conjugating
by 𝑧 ↦→ 𝑖𝑧 gives 𝑧 ↦→ 𝑧. Thus in this case 𝜙 is conjugate to the conjugation map.

∙ 𝑎 = 0. Then 𝑏𝑑 = 0 and 𝑑𝑐 = 0. If 𝑑 ̸= 0, then 𝑏 = 𝑐 = 0, clearly not giving an
involution. So 𝑑 = 0, which leaves functions of the form 𝑟

𝑧
for real 𝑟 as possible

involutions. Up to conjugacy, this gives ±1
𝑧
. Conjugating the map 𝑧 ↦→ 1

𝑧
by

𝑧 ↦→ 𝑧−𝑖
𝑖𝑧−1

gives 𝑧 ↦→ 𝑧, while 𝑧 ↦→ −1
𝑧

is not conjugate to 𝑧 ↦→ 𝑧 because the former
has no fixed points, while the latter has a curve of them.
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Thus up to conjugation there are two real systems: 𝑧 ↦→ 𝑧 and 𝑧 ↦→ 1
𝑧
.

Now consider a bubble with labeled points 0, 1, and ∞. The conjugacy class 𝑧 ↦→ 𝑧
corresponds to the identity permutation on these three points, while 𝑧 ↦→ 1

𝑧
corresponds to

a transposition. Now for a general trinionic curve, real systems are given by a permutation
of the bubbles together with a real system on each of the bubbles, with constraints that
the real systems must agree along edges. This is encapsulated by considering graph
automorphisms, viewed as acting on edges; we additionally want a flip of a self-loop to
be a non-trivial automorphism, since this corresponds to a non-trivial action on a bubble.
The following theorem states this formally.
Theorem 8.1. Up to conjugation by holomorphic functions, real systems on a trinionic
curve 𝐶 are given by conjugacy classes of elements of order 2 in the group of graph
automorphisms of the trivalent graph Γ corresponding to 𝐶, where automorphisms are
viewed as acting on edges and a flip of a self-loop is a non-trivial automorphism.

A canonical real structure on 𝐶 is given by the conjugacy class of the identity in the
automorphism group of Γ. This corresponds to simply conjugating each bubble.

9. Eigenfunctions

Let 𝐺 = SL2(k). Let 𝐶 be a trinion curve corresponding to quiver 𝑄. The quantum
Hitchin system acts on Hilbert space of Bun𝐺(𝐶). In this section, we find eigenfunctions
of this action.

Recall that

𝐿2(Bun𝐺(𝐶)) =

∫︁
𝐿2(Bun𝐺(𝐶))𝜋1,...,𝜋𝑛d𝜇(𝜋1) · · · d𝜇(𝜋𝑛),

where the integration is over irreducible unitary representations of 𝐺, so we are interested
in the eigenfunctions in parts obtained by assigned irreducible unitary representations to
each edge of 𝑄. For k = C the online unitary irreducible representations are principal
series representations, so we may fix real principal series weights 𝑠𝑗 so we only need to
consider 𝜋𝑗 = 𝑉𝑠𝑗 , the space of (1

2
+ 𝑖𝑠𝑗)-densities on P1 with action given by(︃[︂

𝑎 𝑏
𝑐 𝑑

]︂−1

𝑓

)︃
(𝑧) = 𝑓

(︂
𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑

)︂
|𝑐𝑧 + 𝑑|−𝑚(1+2𝑖𝑠)𝜓𝑎𝑏𝑐𝑑(𝑧),

where 𝑚 is 1 when k = R and 2 when k = C and 𝜓𝑎𝑏𝑐𝑑(𝑧) is an expression of magnitude
1 depending on discrete parameters of the representation, which will not matter for our
purposes. Specifically, for the complex case

𝜓𝑎𝑏𝑐𝑑(𝑧) =

(︂
𝑐𝑧 + 𝑑

|𝑐𝑧 + 𝑑|

)︂𝑘

for descrete parameter 𝑘 ∈ Z and for the complex case
𝜓𝑎𝑏𝑐𝑑(𝑧) = sgn(𝑐𝑧 + 𝑑)𝑘,

where 𝑘 ∈ {0, 1}.
When 𝐶 is a trinion curve and 𝐺 = PGL2, there are 3𝑔−3 quantized Hitchin hamiltoni-

ans, corresponding to Casimir elements acting on the irreducible unitary representations
at each edge. The Casimir element 𝑒𝑓 + 𝑓𝑒+ 1

2
ℎ2 should act on 𝑉𝑠𝑗 ⊗ 𝑉𝑠𝑗 = 𝑉𝑠𝑗 ⊗ 𝑉−𝑠𝑗 by

acting by the Casimir element on 𝑉𝑠𝑗 and by the identity on 𝑉−𝑠𝑗 .
We first compute the eigenvalue of the action of the Casimir element on 𝑉𝑠. A curve

having tangent ℎ at 𝑡 = 0 is given by [︂
𝑒𝑡 0
0 𝑒−𝑡

]︂
.
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Curves tangent to 𝑒 and 𝑓 are given by[︂
1 𝑡
0 1

]︂
,

[︂
1 0
𝑡 1

]︂
,

respectively. We have(︂[︂
1 𝑡
0 1

]︂
𝐹

)︂
(𝑧) =

(︃[︂
1 −𝑡
0 1

]︂−1

𝐹

)︃
(𝑧)

= 𝐹 (𝑧 − 𝑡)(︂[︂
1 0
𝑡 1

]︂
𝐹

)︂
(𝑧) =

(︃[︂
1 0
−𝑡 1

]︂−1

𝐹

)︃
(𝑧)

= 𝜓(𝑧)| − 𝑡𝑧 + 1|−𝑚(1+2𝑖𝑠)𝐹

(︂
𝑧

−𝑡𝑧 + 1

)︂
(︂[︂
𝑒𝑡 0
0 𝑒−𝑡

]︂
𝐹

)︂
(𝑧) =

(︃[︂
𝑒−𝑡 0
0 𝑒𝑡

]︂−1

𝐹

)︃
(𝑧)

= 𝑒−𝑚(1+2𝑖𝑠)𝑡𝐹 (𝑒−2𝑡𝑧).

In the real case, taking small enough 𝑡 guarantees that 𝜓(𝑧) = 1 and −𝑡𝑧 + 1 > 0, so
differentiating at 𝑡 = 0 gives

(𝑒𝐹 )(𝑧) = −𝐹 ′(𝑧)

(𝑓𝐹 )(𝑧) = 𝑚(1 + 2𝑖𝑠)𝑧𝐹 (𝑧) + 𝑧2𝐹 ′(𝑧)

(ℎ𝐹 )(𝑧) = −𝑚(1 + 2𝑖𝑠)𝐹 (𝑧)− 2𝑧𝐹 ′(𝑧),

so (︂(︂
𝑓𝑒+ 𝑒𝑓 +

1

2
ℎ2
)︂
𝐹

)︂
(𝑧) = −𝑚(1 + 2𝑖𝑠)𝑧𝐹 ′(𝑧)− 𝑧2𝐹 ′′(𝑧)

−𝑚(1 + 2𝑖𝑠)𝐹 (𝑧)−𝑚(1 + 2𝑖𝑠)𝑧𝐹 ′(𝑧)

− 2𝑧𝐹 ′(𝑧)− 𝑧2𝐹 ′′(𝑧)

+
𝑚2(1 + 2𝑖𝑠)2

2
𝐹 (𝑧) +𝑚(1 + 2𝑖𝑠)𝑧𝐹 ′(𝑧)

+𝑚(1 + 2𝑖𝑠)𝑧𝐹 ′(𝑧) + 2𝑧2𝐹 ′′(𝑧) + 2𝑧𝐹 ′(𝑧)

=
𝑚2(1 + 2𝑖𝑠)2 − 2𝑚(1 + 2𝑖𝑠)

2
· 𝐹 (𝑧).

Setting 𝑚 = 1 this gives −1
2
− 2𝑠2. A similar, but more technical, calculation can be

used to find the eigenvalue for the general complex case. If the discrete parameter of the
representation is disregarded, then plugging 𝑚 = 2 into the results from the real case give
gives 4𝑖𝑠− 8𝑠2.

For principal series weights 𝑠1, 𝑠2, and 𝑠3, we wish to find a vector in 𝑉𝑠1 ⊗ 𝑉𝑠2 ⊗ 𝑉𝑠3
invariant under the action of 𝐺. Elements of 𝑉𝑠1 ⊗ 𝑉𝑠2 ⊗ 𝑉𝑠3 are densities on (P1)3 of the
form 𝐹 (𝑥1, 𝑥2, 𝑥3)(d𝑥1)

1
2
+𝑖𝑠1(d𝑥2)

1
2
+𝑖𝑠2(d𝑥3)

1
2
+𝑖𝑠3 . Fix a positive real number 𝑡 ̸= 1, and

assume 𝑓(0, 1, 𝑡) = 1. Using invariance, we determine 𝐹 . Let

𝐴 =

[︂
1 −𝑥1

(𝑥1−𝑥3)−𝑡(𝑥1−𝑥2)
𝑡(𝑥2−𝑥3)

𝑡𝑥3(𝑥1−𝑥2)−𝑥2(𝑥1−𝑥3)
𝑡(𝑥2−𝑥3)

]︂
.
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It can be verified that the automorphism on P1 associated to 𝐴 maps 𝑥1, 𝑥2, and 𝑥3 to 0,
1, and 𝑡, respectively. Also,

det𝐴 =
𝑡− 1

𝑡
· (𝑥1 − 𝑥3)(𝑥1 − 𝑥2)

𝑥2 − 𝑥3
.

So acting by 1√
det𝐴

𝐴 on 𝑥1, 𝑥2, 𝑥3, gives 0, 1, and 𝑡, respectively. Thus

𝐹 (𝑥1, 𝑥2, 𝑥3) =

(︃(︂
𝐴√
det𝐴

)︂−1

𝑓

)︃
(𝑥1, 𝑥2, 𝑥3)

=

⃒⃒⃒⃒
(𝑥1 − 𝑥2)(𝑥1 − 𝑥3) + 𝑡(𝑥1 − 𝑥3)(𝑥1 − 𝑥2)

𝑡(𝑥2 − 𝑥3)

⃒⃒⃒⃒−1−2𝑖𝑠1

|𝑥1 − 𝑥2|−1−2𝑖𝑠2

⃒⃒⃒⃒
𝑥1 − 𝑥3

𝑡

⃒⃒⃒⃒−1−2𝑖𝑠3

⃒⃒⃒⃒
𝑡− 1

𝑡
· (𝑥1 − 𝑥3)(𝑥1 − 𝑥2)

𝑥2 − 𝑥3

⃒⃒⃒⃒ 3
2
+𝑖𝑠1+𝑖𝑠2+𝑖𝑠3

𝜓(𝑥1, 𝑥2, 𝑥3)

which up to a constant factor depending only on the parameter 𝑡 and an expression of
magnitude 1 depending on discrete parameters is

𝐹𝑎𝑏𝑐(𝑥1, 𝑥2, 𝑥3) = |𝑥1 − 𝑥2|−
1
2
−𝑖𝑠1−𝑖𝑠2+𝑖𝑠3|𝑥1 − 𝑥3|−

1
2
−𝑖𝑠1+𝑖𝑠2−𝑖𝑠3|𝑥2 − 𝑥3|−

1
2
+𝑖𝑠1−𝑖𝑠2−𝑖𝑠3 .

Piecing together these invariant vectors over all triples of principal series representations
occurring at vertices of 𝑄 will give the desired eigenvector.

Introduce a variable 𝑥𝑒 for each edge 𝑒. Let the matrix acting at each edge be 𝐴𝑒,
and the eigenvalue of the Laplacian Δ𝐴𝑒 be 1

2
+ 𝑖𝑠𝑒. Denote by 𝑒 the reverse of edge 𝑒,

and define 𝐴𝑒 to be the identity matrix and 𝑠𝑒 = −𝑠𝑒, while keeping 𝑥𝑒 = 𝑥𝑒. For each
vertex 𝑣, let the three incoming edges be 𝑒1𝑣, 𝑒2𝑣, 𝑒3𝑣, keeping track of direction (so an edge
is counted backwards if it is outgoing). Then, disregarding the function 𝜓 depending on
discrete parameters, the integral is∫︁ (︃∏︁

𝑣∈𝑉

∏︁
cyc

|𝐴𝑒1𝑣
𝑥𝑒1𝑣 − 𝐴𝑒2𝑣

𝑥𝑒2𝑣 |
𝑚(− 1

2
−𝑖𝑠

𝑒1𝑣
−𝑖𝑠

𝑒2𝑣
+𝑖𝑠

𝑒3𝑣
)

)︃(︃∏︁
𝑒∈𝐸

|(𝐴𝑒)21𝑥𝑒 + (𝐴𝑒)22|𝑚(−1−2𝑖𝑠𝑒)

)︃∏︁
𝑒∈𝐸

d𝑥𝑚𝑒 ,

(9.1)
where d𝑥1𝑒 = d𝑥𝑒 and d𝑥2𝑒 = d𝑥𝑒d𝑥𝑒 is the measure of integration.

Remark 9.1. For compact groups 𝐺 in the real case, things are simpler. As discussed in
Section 8, there is a canonical real structure 𝜏 over trinion curves 𝐶. For 𝐺 = GL2(C),
there is a canonical anti-holomorphic involution 𝜎 given by complex conjugation. Consider
real structures on Bun𝐺(𝐶), that is, isomorphisms 𝐴 : (𝜎, 𝜏)(Bun𝐺(𝐶)) → Bun𝐺(𝐶) such
that 𝐴 ∘ (𝜎, 𝜏)(𝐴) = id. The goal is to study the Hilbert space of the real bundle, that is,
the part of Bun𝐺(𝐶) invariant under the canonical real structure. Now the subgroup of
real points of GL2(C) is U(R), which is compact group, and any unitary representation
of a compact group is fintite-dimensional. Plancherel decompositions of a compact group
are given by completed direct sums. So the Hilbert space of the real bundle is a completed
direct sum over irreducible finite-dimensional representations. Since representations are
finite-dimensional, invariant vectors can be described very explicitly. Then the pairing is
just a finite sum, rather than the integral, so the eigenfunction can be written explicitly in
polynomial form. Thus the existence of eigenfunctions is immediate, and does not depend
on the convergence of an integral.

Example 9.2. For the graph of two vertices connected by three edges, all directed the
same way, the integral is∫︁

|𝑥1 − 𝑥2|𝑚(− 1
2
+𝑖𝑠1+𝑖𝑠2−𝑖𝑠3)|𝑥1 − 𝑥3|𝑚(− 1

2
+𝑖𝑠1−𝑖𝑠2+𝑖𝑠3)|𝑥2 − 𝑥3|𝑚(− 1

2
−𝑖𝑠1+𝑖𝑠2+𝑖𝑠3)
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|𝐴𝑥1 −𝐵𝑥2|𝑚(− 1
2
−𝑖𝑠1−𝑖𝑠2+𝑖𝑠3)|𝐴𝑥1 − 𝐶𝑥3|𝑚(− 1

2
−𝑖𝑠1+𝑖𝑠2−𝑖𝑠3)|𝐵𝑥2 − 𝐶𝑥3|𝑚(− 1

2
+𝑖𝑠1−𝑖𝑠2−𝑖𝑠3)d𝑥𝑚1 d𝑥

𝑚
2 d𝑥

𝑚
3

Example 9.3. For the graph of two vertices, each with a self-loop and with an edge
between them, the integral is∫︁

|𝐴𝑥1 − 𝑥1|𝑚(− 1
2
−𝑖𝑠2)|𝐴𝑥1 − 𝑥3|𝑚(− 1

2
−2𝑖𝑠1+𝑖𝑠2)|𝑥1 − 𝑥3|𝑚(− 1

2
+2𝑖𝑠1+𝑖𝑠2)

|𝐶𝑥2 − 𝑥2|𝑚(− 1
2
+𝑖𝑠2)|𝐶𝑥2 −𝐵𝑥3|𝑚(− 1

2
+2𝑖𝑥−𝑖𝑠2)|𝑥2 −𝐵𝑥3|(−

1
2
−2𝑖𝑠3−𝑖𝑠2)

|𝐴21𝑥1 + 𝐴22|𝑚(−1−2𝑖𝑠1)|𝐶21𝑥2 + 𝐶22|𝑚(−1−2𝑖𝑠2)|𝐵21𝑥3 +𝐵22|𝑚(−1−2𝑖𝑠3)d𝑥𝑚1 d𝑥
𝑚
2 d𝑥

𝑚
3 .

Theorem 9.4. For generic values of matrices 𝐴𝑒, the integral (9.1) converges absolutely.

Proof. As before, we denote d𝑥𝑒d𝑥𝑒 by simply d𝑥2𝑒 in the complex case, allowing for more
consistent notation. The integral of the absolute value is∫︁ (︃∏︁

𝑣∈𝑉

∏︁
cyc

|𝐴𝑒1𝑣
𝑥𝑒1𝑣 − 𝐴𝑒2𝑣

𝑥𝑒2𝑣 |
− 1

2
𝑚

)︃(︃∏︁
𝑒∈𝐸

|(𝐴𝑒)21𝑥𝑒 + (𝐴𝑒)22|−𝑚

)︃∏︁
𝑒∈𝐸

d𝑥𝑚𝑒 .

Expanding the factors of the first product in terms of matrix elements and canceling out
with factors in the second product gives∫︁ (︃∏︁

𝑒,𝑓

|((𝐴𝑒)11𝑥𝑒 + (𝐴𝑒)12)((𝐴𝑓 )21𝑥𝑓 + (𝐴𝑓 )22)− ((𝐴𝑓 )11𝑥𝑓 + (𝐴𝑓 )12)((𝐴𝑒)21𝑥𝑒 + (𝐴𝑒)22)|−
1
2
𝑚

)︃
∏︁
𝑒∈𝐸

d𝑥𝑚𝑒

=

∫︁ (︃∏︁
𝑒,𝑓

|((𝐴𝑒)11(𝐴𝑓 )21 − (𝐴𝑒)21(𝐴𝑓 )11)𝑥𝑒𝑥𝑓 + ((𝐴𝑒)11(𝐴𝑓 )22 − (𝐴𝑒)21(𝐴𝑓 )12)𝑥𝑒

− ((𝐴𝑒)22(𝐴𝑓 )11 − (𝐴𝑒)12(𝐴𝑓 )21)𝑥𝑓 + (𝐴𝑒)12(𝐴𝑓 )22 − (𝐴𝑒)22(𝐴𝑓 )12|−
1
2
𝑚

)︃
∏︁
𝑒∈𝐸

d𝑥𝑚𝑒 .

where the first product is over edges 𝑒, 𝑓 incoming into a single vertex (where edges are
directed and we count both edges of the original quiver and their dual edges). Let 𝐹𝑒𝑓 be
the polynomial in 𝑥𝑒, 𝑥𝑓 in the product, so that the integral becomes∫︁ ∏︁

𝑒,𝑓

|𝐹𝑒𝑓 |−
1
2
𝑚
∏︁
𝑒∈𝐸

d𝑥𝑚𝑒 . (9.2)

We prove that this converges locally with respect to every affine chart, which will prove
that it converges over all C𝑛.

Consider the change of coordinates in which 𝑥𝑒 is replaced by 𝑥′𝑒 =
1
𝑥𝑒

and 𝑥𝑓 for 𝑓 ̸= 𝑒

is replaced by 𝑥′𝑓 =
𝑥𝑓

𝑥𝑒
. This corresponds to taking a different affine chart of (CP)𝑛.

Letting 𝑔 be the genus of the quiver 𝑄 and recalling that there are 3𝑔− 3 edges, and thus
3𝑔 − 3 variables, the Jacobian has determinant 1

𝑥3𝑔−3+1
𝑒

, so the integrand is multiplied by

𝑥
𝑚(−3𝑔+3−1)
𝑒 . Now to make 𝐹𝑓𝑔(𝑥

′
𝑓 , 𝑥

′
𝑔) a polynomial, we must multiply by 𝑥2𝑒. Doing this

for each factor multiplies the integrand by 𝑥
1
2
𝑚·2(6𝑔−6)

𝑒 , because we have 6𝑔 − 6 equations
coming from the 2𝑔 − 2 vertices of 𝑄. This leaves a factor of 𝑥𝑚(3𝑔−3−1)

𝑒 in the integrand.
We are interested in the behavior near 𝑥𝑒 = 0. At the origin, poles generically come only
from factors of the form 𝐹𝑓𝑔 = 𝑥𝑓 − 𝑥𝑔, which become of the form 𝑥𝑒𝑥𝑓 − 𝑥𝑒𝑥𝑔 after the
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coordinate change. There are at most 3𝑔−3 such factors because they correspond to pairs
of edges directed away from a single vertex of 𝑄. In 𝑥𝑒, this leaves a factor of at worst
𝑥
𝑚(3𝑔−3−1− 1

2
(3𝑔−3)

𝑒 = 𝑥
𝑚( 1

2
(3𝑔−3)−1

𝑒 , and since 𝑔 ≥ 2, this is at worst 𝑥−
1
2

𝑒 , which converges. In
other variables, we possible have independent factors of the form |𝑥𝑓−𝑥𝑔|−

1
2
𝑚|𝑥𝑔−𝑥ℎ|−

1
2
𝑚,

which also converge (this can be seen by a change of coordinates).
Now consider poles not at the origin. Thus some 𝑥𝑓 is not equal to zero. Setting 𝑥𝑓

to be a constant, the transformed 𝐹 s once again are polynomials. Integrating locally in
𝑥𝑓 then reduces the problem to proving that the integral (9.2) converges locally under
the assumption that each 𝐹𝑒𝑓 is a polynomial in 𝑥𝑒 and 𝑥𝑓 , with coefficients depending
on parameters 𝐴𝑒 and 𝐴𝑓 (we may absorb the choice of nonzero 𝑥𝑓 into these) in a way
dictated by the graph structure of 𝑄. We proceed to prove that (9.2) does indeed converge.

We consider the integral around hypersurfaces where some of the 𝐹 are equal to zero.
Namely, for 𝑘 ≥ 1 consider a set of unordered pairs {(𝑒𝑗, 𝑓𝑗)}𝑘𝑗=1 such that there is a
nonempty set of points with all 𝐹𝑒𝑗𝑓𝑗 equal to zero, and assume that {(𝑒𝑗, 𝑓𝑗)}𝑘𝑗=1 is maxi-
mal with this property for the given set of common zeroes. Consider an open set containing
the common zeroes of the 𝐹𝑒𝑗𝑓𝑗 , which form a hypersurface, and remove neighborhoods
of points on this curve at which other 𝐹 s are zero. Let {𝑔𝑗}𝑚𝑗=1 = {𝑒𝑗}𝑘𝑗=1 ∪ {𝑓𝑗}𝑘𝑗=1 as
a set. We will prove that

∫︀ ∏︀𝑘
𝑗=1 𝐹𝑒𝑗𝑓𝑗

∏︀𝑚
𝑗=1 d𝑥𝑔𝑗 and the corresponding complex integral

converge near the origin; it will then follow that the integral (9.2) converges locally.
Consider a graph Γ with vertices {𝑥𝑔𝑗}𝑚𝑗=1 and undirected edges corresponding to 𝐹𝑒𝑗𝑓𝑗

(thus self-loops and repeated edges are allowed). We may assume without loss of generality
that the resulting graph is connected (otherwise the integral factors, reducing to a smaller
problem). Each edge determines one variable 𝑥 in terms of another, up to a set of finite
points (self-loops determine a single 𝑥 up to finitely many options). We wish to use the
nonemptiness of the solution set to constrain the structure of the graph in the generic case.
Thus in particular we wish to constrain which 𝐹𝑒𝑓 can be independent of the matrices;
we call edges correspond to such 𝐹𝑒𝑓 bad edges.

First, we note that 𝐹𝑒𝑓 is independent of the 𝐴 only if it is of the form ±(𝑥𝑒 − 𝑥𝑓 ),
corresponding to when 𝑒 and 𝑓 are outgoing from a single vertex in the trivalent quiver
𝑄. Thus if there are two bad edges sharing a vertex, we may assume they form a triangle,
since the constraints 𝑥𝑒−𝑥𝑓 = 0 = 𝑥𝑓 −𝑥𝑔 imply 𝑥𝑒−𝑥𝑔 = 0, and are not adjacent to any
other bad edges. Now we contract our graph along all bad edges, giving a graph Γ′. Now
no bad edges of Γ′ can share a vertex, since then they would correspond to bad edges of Γ
sharing a vertex or adjacent to a triangle. We claim that Γ′ has genus at most 1. Suppose
otherwise. Then there are two edges which can be removed so that Γ′ remains connected,
in which case the values of the 𝑥𝑔𝑗 can be parametrized in terms of a single one, giving
an algebraic curve of solutions. Adding in one of the removed edges restricts this down
to a set of finite points. Then if the remaining edge is not bad, a generic choice will yield
that no solutions exist, a contradiction. So it must be the case that both removed edges
are bad. Thus any non-bridge of Γ′ is bad. But since Γ′ has a cycle and by the constraint
on adjacency of bad edges some edge of the cycle is not bad, this is a contradiction.

We now go back to the original graph Γ, which is obtained by replacing some vertices
of the genus ≤ 1 graph Γ′ with triangles. We introduce a change of coordinates. Fix a
vertex 𝑒 of Γ such that, if Γ′ is of genus 1, the image of 𝑒 in Γ′ is in a cycle. For each
edge (𝑥𝑓 , 𝑥𝑔) of Γ which maps to an edge of Γ′, introduce the local coordinate 𝐹𝑓𝑔(𝑥𝑓 , 𝑥𝑔).
For triangles at 𝑥𝑓 , 𝑥𝑔, 𝑥ℎ, introduce coordinates 𝑥𝑓 − 𝑥𝑔, 𝑥𝑔 − 𝑥ℎ. Finally, if Γ has genus
0, keep the coordinate 𝑥𝑒. Up to a factor depending on the Jacobian, this reduces the
integral to a product of independent factors of the form |𝑢𝑣(𝑢+ 𝑣)−

1
2
𝑚| and 𝑦−

1
2
𝑚, which

converge.
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Thus it remains to check that the determinant of the Jacobian is nonzero.
We begin with the case when Γ′ has genus 0, and describe the coordinates more explic-

itly. Arbitrarily delete an edge of each bad triangle, so that Γ becomes a tree. For each
variable 𝑥𝑓 with 𝑓 ̸= 𝑒, let 𝑦𝑓 be the coordinate given by the value of 𝐹𝑓𝑔, where 𝑥𝑔 corre-
sponds to the edge “above” 𝑥𝑓 in the spanning tree. The coordinate change maps 𝑥𝑒 ↦→ 𝑥𝑒,
𝑥𝑓 ↦→ 𝑦𝑓 near the origin (note that this is equivalent to what we described earlier). Up
to a sign, the Jacobian has determinant

∏︀
𝑓 ̸=𝑒

𝜕
𝜕𝑥𝑔

𝐹𝑓𝑔, where implicitly 𝑔 depends on 𝑓 .
The set of zeroes is a curve, and taking the 𝐴 generically, the sets of zeroes of 𝜕

𝜕𝑥𝑔
𝐹𝑓𝑔 and

𝜕
𝜕𝑥𝑓

𝐹𝑓𝑔 will not overlap with each other or with the same sets for other choices of 𝑓 and
𝑔. Thus changing the root of the tree, which we can do because 𝑒 was unconstrained in
the genus 0 case, gives a valid change of coordinates locally at each point on the curve.

Now if Γ′ has genus 1, the set of singularities is a finite set of isolated points, not a
curve. Then a generic choice of the 𝐴 will guarantee that determinant of the Jacobian is
nonzero at this finite set of points, so the change of coordinates is again valid. Thus in
both cases, the integral converges. □
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