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1. INTRODUCTION

In stable homotopy theory, spaces or spectra are often equipped with a multipli-
cation operation that satisfies commutativity or associativity only up to homotopy.
These properties are best described with an operad. An important example is an
FE-operad, which encodes an operation that is commutative and associative up
to all higher homotopies. Blumberg and Hill have studied the generalization of
E-operads to the equivariant setting. They define N.-operads [BH15], which is
the equivariant analog of E-operads. We will define N ,-operads in Section 2.1.

A fundamental result in stable homotopy theory is that all E.,-operads are
equivalent. However, this is not true for N.,-operads. Blumberg and Hill found a
map from N.-operads over a group G to indexing systems on G [BH15]. Various
authors including [BBR21] and [Rub21] simplified indexing systems into a combi-
natorial object called transfer systems, and have proved that this map is in fact a
correspondence’.

There are many geometric models of the E..-operad, such as the little cubes
operad and the linear isometries operad. It does not matter which model of F .-
operad one chooses, as all F,-operads are equivalent. For N,-operads over a group
G, we can similarly define the Steiner operad (which is a better-behaved version of
the little cubes operad) and the linear isometries operad for any G-universe U. This
will be defined in Section 2.2. These operads arise naturally in geometric settings.
For example, similar to how the E., little cubes operad acts on the infinite loop
space, the Steiner operad also acts naturally on equivariant infinite loop spaces. The
equivariant linear isometries operad are used to study the multiplicative structures
on G-spectra [BH15].

Even though we have classified the equivalence classes of N.-operads with trans-
fer systems, it is hard to tell a geometric property from the combinatorial data. For
example, given a transfer system, can we identify if it comes from a Steiner operad
or a linear isometries operad? For linear isometries operads, a necessary criterion
called saturation was found in [BH15]. Rubin asked if the converse is true, i.e.,
whether all saturated transfer systems over a group are realized by a linear isome-
tries operad. Rubin found that it is true for cyclic groups of order p™ and of order
pq when p,q > 3 [Rub21l], and MacBrough [Mac23] identified for which abelian
groups it is true. Our goal is to investigate this question for non-abelian p-groups.

1technically speaking, an equivalence of the homotopy categories
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2. Basic NOTIONS

2.1. Ny-operads and transfer systems. We will give some basic definitions
in this section. Before defining an equivariant operad, we will start with a non-
equivariant operad.

Definition 2.1. A (symmetric) operad O is a sequence of spaces Op, O1, . .., where
O,, has an action of the symmetric group X,,, together with the data

(i) composition functions Ok X (Op, X «++ X On,) = Onygevtngs
(ii) unit * — O,

that satisfy certain coherence axioms.

Definition 2.2. An E -operad is an operad O such that ¥, acts freely on O,
and all O,, are contractible.

Think of O as acting on some space X. Each point in O,, is an n-ary operation
X™ — X, and the operations can be composed with the composition functions. The
unit is the identity idx : X — X. Then, in an F-operad, all n-ary operations are
homotopy equivalent. This is (loosely speaking) why an E.,-operad describes an
operation associative and commutative up to all higher homotopies.

We would like to generalize this to the equivariant setting. That is, adding in
the action of a group G.

Definition 2.3. A G-operad O is a sequence of spaces O,, with a G x X, action,
together with a G-fixed unit element and G-equivariant composition functions.

The analog of an F..-operad is an N.,-operad, defined by Blumberg and Hill
[BH15).

Definition 2.4. An N -operad is a G-operad O such that

e the action of ¥,, on O, is free,
e the fixed space O is empty or contractible for every I' C G x %,,,
e 0% is non-empty for every n.

All E-operads are equivalent, but Blumberg and Hill [BH15] showed that there
are inequivalent N..-operads by defining a functor from the category of N..-operads
to the poset of indexing systems on G. They conjectured that this functor is an
equivalent of homotopy categories. Rubin [Rub21] defined a combinatorial object
called transfer systems, which are equivalent to indexing systems, and proved the
conjecture by Blumberg and Hill. Thus, the Ny -operads on a group G can be
understood via the transfer systems on G. We will denote by Tr(O) the transfer
system corresponding to O.

Definition 2.5. A transfer system on a group G is a partial relation — on the
subgroups of GG, such that

e K — H only if K is a subgroup of H,
e if K — H, then for any g € G, gKg~! — gHg™ !,
e if K — H, then for any subgroup L of H, we have L N K — L.

Definition 2.6. A transfer system is saturated if whenever K — H and K C L C
H, we have L — H. (We also have K — L by the third condition in Definition
2.5.)
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2.2. Linear isometries operad. The Steiner operad K(U) and the linear isome-
tries operad L£(U) are two important examples of N.-operads in equivariant ho-
motopy theory. They are defined for a G-universe U. We will only define the linear
isometries operad here. Both of their definitions can be fonud in [BH15].

From now on, let G be a finite group. Let Irr(G) denote the set of irreducible
C-representations of G, and let 1 denote the trivial representation.

Definition 2.7. A G-universe U is an infinite dimensional real representation of
G such that each finite dimensional subrepresentation of U appears as a direct
summand infinitely many times, and U has a nonzero point fixed by every element
of G.

Let Sy C Irr(G) be the set of irreducible representations that embed in U Qg C.

Then U is given by
U= ( &P V) :

VeSy
Thus, a G-universe U corresponds to a Gal(C/R)-invariant subset Sy C Irr(G) that
contains 1. Let Ug be the set of all such subsets, and Vg be the set of all subsets
of Irr(G). If H is a subgroup of G and S € Vg, then

i (@) - (@)

for some T' € Vi. We will denote the map Vg — Vg, S +— T with res%. Likewise,
Indg denotes the usual induction of representations, while indg denotes the map
Vi — Va.

Definition 2.8. The linear isometries operad L(U) is given by L(U),, = L(U®",U),
where L(U®™,U) is the space of (not necessarily G-equivariant) linear isometries
from U®™ to U. G acts on L(U®",U) by changing coordinates on both U®™ and
U, and ¥,, acts by permuting the summands in U®".

The transfer system that corresponds to a linear isometries operad is computed
in [BH15].

Theorem 2.9. Let U be a G-universe. Then K — H in Tr(L(U)) if and only if
there is an H -equivariant embedding

Ind® Res§ U — Res§ U.

The existence of this embedding can be checked on each irreducible subrepre-
sentation. In other words, this becomes a condition on the subset Sy of Irr(G),
namely

ind% res§ Sy C res% Sy

2.3. The saturation conjecture. The homotopy equivalence classes of N,-operads
are classified by the transfer systems. On the other hand, the N.-operads that ap-
pear naturally usually arise from a geometrical context, such as the Steiner operad
and the linear isometries operad. It is then natural to ask: which transfer sys-
tems correspond to a Steiner operad or a linear isometries operad? The question
for Steiner operads has been answered by Rubin [Rub21]. For linear isometries
operads, Rubin found the following necessary condition.
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Theorem 2.10. The transfer system Tr(L(U)) is saturated for any universe U.

Rubin [Rub21] found that this condition is sufficient for cyclic groups of order
p" and for cyclic groups of order pg when p,q > 3. They also found that there
are saturated transfer systems not realized by linear isometries operads for some
small non-abelian groups such as 33 and Qg. Rubin conjectured that for abelian
groups whose prime divisors of the order are sufficiently large, all saturated transfer
systems correspond to a linear isometries operad. More generally, we will say that
a group G satisfies the saturation conjecture if all saturated transfer systems on G
correspond to a linear isometries operad.

MacBrough [Mac23] showed that the saturation conjecture holds for cyclic groups
whose order is coprime to 6 and for rank 2 abelian groups whose prime divisors of
the order are very large. They also proved that the saturation conjecture is false
for abelian groups of rank at least 3.

In the following sections, we will consider the case for a non-abelian p-group.

3. NON-ABELIAN p-GROUPS

From now on, let G be a non-abelian p-group, where p is an odd prime. First,
we state a direct consequence of Theorem 2.9, which will be repeatedly throughout
this section.

Lemma 3.1. The arrow 1 — H is in Tr(L(U)) if and only if res§; Sy = Irr(H).

Proof. By Theorem 2.9, if the arrow 1 — H is in the transfer system, then
res? Sy 2 ind! res§ Sy, Clearly res¢ Sy = {1}, and ind¥ {1} = Irr(H), so this is
true if and only if res$ Sy O Trr(H). O

Our goal is to find a saturated transfer system not realized by a linear isometries
operad. Let’s demonstrate this with an example.

Ezample. Suppose that G = (x,y | 2P’ = yP = 1,yzy~t = 2P*1). This is one of the
non-abelian groups of order p? known as the extraspecial group of order p3. Its
center is Z = (aP), which is also its commutator subgroup. The center has order
p, and by the class equation, there are p?> — 1 conjugacy classes of size p besides
the center. There are p? characters of G of dimension 1 and p — 1 characters of
dimension p. The p-dimensional characters evaluate to pq7 for some integer i at
g € Z, and evaluate to 0 at g ¢ Z.

Now, suppose that the transfer system of a linear isometries operad £(U) con-
tains the arrow 1 — Z. Then, by the previous lemma, res$ Sy = Irr(Z). Sy has to
contain a p-dimensional representation, since the restrictions of the 1-dimensional
representations on Z are trivial. Now, consider the arrow 1 — (y). From the
character table, it’s not hard to see that the restriction of any of the p-dimensional
representation on (y) is the regular representation. Thus, resgﬁ Sy = Irr({y)),
which means the arrow 1 — (y) is in the transfer system as well. This shows that
the transfer system containing only the arrow 1 — (2P) cannot be realized by a
linear isometries operad.

In the general case, let G’ be the commutator subgroup of G. Let Irry(G) C
Irr(G) be the subset consisting of the 1-dimensional representations, and Irrs (G) =

Irr(GQ) \ Irr1 (G).
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Lemma 3.2. Suppose that G’ is abelian. Let H be an abelian subgroup of G such
that G' C H and [G : H] = p. If res§ S = Irr(H), then S D Irr=1(G).

Proof. Suppose |G| = p™ and |G’| = p™. Then |Irt1 (G)| = |G/G'| = p™~™, and

> dy=pt—pt,
Velrrs:1(G)
where dy, is the dimension of V.

Since H is abelian, the irreducible representations of H are all 1-dimensional
characters, and there are |H| = p"~! characters of H in total. For each H-character
X, let V be an irreducible subrepresentation of Ind$ y. Then (y,ResG V) =
(Ind$ x, V) > 0, so x embeds in Res% V for some V € Irr(Q).

The characters of H that embed in Res$ V for some V' € Irr; (G) must be equal
to Resg V. These characters are 1 on G’, so they correspond to characters of
H/G'. Thus, there are |H/G'| = p"~'=™ such characters. This leaves p"~1 —

p"~1=™ remaining characters of H. They must all embed in EBVGIH>1(G) Resg V.

Comparing the dimensions gives

Z dy > pn—l _pn—l—m.
Velrrs1(G)

Notice that dy divides |G| = p™ and is greater than 1, so dy > p. This shows
that equality must be reached. Each irreducible representation V' € Irrs1(G) must
be p-dimensional, so Resg V factors as a direct sum of p characters. Each character
of H that is nontrivial on G’ appear in a factorization of Resg V for some V exactly
once. Thus, since res$; S contains all these characters, we get S D Irr~1(G). g

Lemma 3.3. Let K be a subgroup of G such that K 2 G'. Then res% Irr~1(G) =
Irr(K).

Proof. Let x be a character of K. We will show that x € res% Irrs1(G).

If x is not 1-dimensional, or if x is 1-dimensional but is not trivial on K N G,
then let V be any irreducible subrepresentation of Ind?( x. By Frobenius reciprocity,
(x,Res& V) = (Ind% x, V) > 0, so x is a subrepresentation of Res$ V. If V is 1-
dimensional, x would also be 1-dimensional and is equal to Resf( V', so x is trivial on
G', which is a contradiction. Thus, V € Irrs1(G), so res% Irr~1(G) D resG ({V}) 2
X-

If x is 1-dimensional and is trivial on K NG, it induces a character ¥ on K /(KN
G') = KG'/G'. Again, if a 1-dimensional representation of G is a subrepresenation
of Ind% X, then it has to restrict to x on K. Let’s count the number of 1-dimensional
representations of G that restricts to xy on K. Since 1-dimensional representations
of G are just characters of G/G’, this is the same as the number of characters of
G/G' that restricts to ¥ on KG'/G'. This is [G/G' : KG'/G'] = |G : KG'] <
(G : K]. On the other hand, dimInd$ x = [G : K], which shows that Ind%
has a irreducible subrepresentation V' that is not 1-dimensional. Again, we have
res Trr51(G) D res({V}) 2 x.

Thus, we have shown that res§ Irr~.; (G) D Irr(K). Clearly the opposite inclusion
holds, so the two sets are equal. O

Combining the previous lemmas, we get a criterion for which the saturation
conjecture fails.
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Theorem 3.4. If there are subgroups H, K of G such that

G’ and H are abelian,
[G: H] =p,

G'CH,

e G'¢Kand H2 K,

then there is a saturated transfer system of G not realized by any linear isometries
operad.

Proof. Consider the transfer system that has the arrow L; — Lo if and only if
L1 € Ly € Hor L1 = Ly. It is not hard to check that this is a saturated
transfer system (for the closure under conjugation, notice that H is normal since
[G : H] = p). In particular, this contains the arrow 1 — H and does not contain
1 — K. Suppose this transfer system corresponds to the linear isometries operad
L(U). By Lemma 3.1, res% Sy = Irr(H), so by Lemma 3.2, Sy D Irr~1(G). Then
by Lemma 3.3, res Syy D Irr(K), and by Lemma 3.1 again, 1 — K is in the transfer
system that corresponds to £(U), which is a contradiction. ]

With Theorem 3.4, we have reduced disproving the saturation conjecture to
finding certain subgroups. For example, we have the following result.

Corollary 3.5. If all proper subgroups of G are abelian, then there is a saturated
transfer system of G not realized by a linear isometries operad.

Proof. We will use a proposition about the subgroup structure of abelian groups.
Let A be an abelian group and B be a subgroup of A, and suppose |A| = p". If
A is not cyclic, then for every 0 < m < n, there exists a subgroup C of order p™
such that B € C and C' € B. This proposition is easy to check with the structure
theorem of abelian groups.

Recall that for a p-group in general, if G/G’ is cyclic, then G is cyclic. In our
case, this means G/G’ is not cyclic. Another known result in group theory is that
if all maximal subgroups of a p-group G is cyclic, where p is an odd prime, then
G is cyclic. In our case, we can pick a subgroup G’ C A C G, such that A is not
cyclic. Applying the proposition above to A, we can find a subgroup K C A such
that @' € K and K € G'.

By picking K this way, we can ensure that K and G’ do not generate G. Then,
we can use the proposition again on G/G’ to find an index-p subgroup that does
not contain KG'/G’. This corresponds to an index p subgroup of G containing G’,
which can be chosen as H. (]

4. FURTHER QUESTIONS

The groups that satisfy the conditions in Theorem 3.4 and Corollary 3.5 are quite
rare. However, if the answer to the following question is true, then we can show that
the saturation conjecture fails for all non-abelian p-groups. This is because even
though a general non-abelian p-group G does not satisfy the condition of Corollary
3.5, it has a subgroup that does.

Question 4.1. Suppose the saturation conjecture is true for a group G. Is it nec-
essarily true for its normal subgroup H? In particular, is it true for its normal
subgroups of index p?
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This is in fact true when G is abelian. A prove is given in [Mac23]. In short, this is
because a saturated transfer system of the subgroup H can be extend to a saturated
transfer system of G by only adding the arrows K — K. A G-universe whose linear
isometries operad realizes this transfer system restricts to a H-universe that realizes
the original transfer system. However, for non-abelian groups, the closure under
conjugation becomes an extra condition on transfer systems. A transfer system on
H cannot be easily extended to G while still being closed under conjugation.

The next question that I would like to investigate is

Question 4.2. Does our method carry over to non-abelian groups in general (for
groups whose order is not a power of p)?

If we let p be the minimal prime that divides the order of G, most of the proof of
3.2 makes sense. However, our proof heavily depend on the commutator subgroup
being much smaller than G. This becomes a serious problem for non-solvable
groups.

It seems likely to me that the saturation conjecture fails for most, or even for all
non-abelian groups. I have not found any case in which the saturation conjecture
is true. It is proved by MacBrough [Mac23| that the saturation conjecture is false
for all abelian groups of rank at least 3. Then, it is natural for one to ask,

Question 4.3. Are there other criteria that characterize a transfer system corre-
sponding to a linear isometries operad?

Based on our results, it might be possible to find a criterion for the transfer
system involving the commutator subgroup. However, this would still not explain
MacBrough’s result in the abelian case. According to Rubin [Rub21], the satura-
tion condition is the “most promising criterion” for detemining whether a transfer
system corresponds to a linear isometries operad. It would be very challenging to
find a perfect answer to this question.
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