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Abstract

Dynamic Bayesian Networks (DBNs) have received much attention over the past few decades,
with potential application in fields like medicine for the inference of conditions, environmen-
tal modeling for risk assessment, machine learning, and many other fields. However, the
problem of parameter estimation within these networks remains an open problem. This pa-
per focuses on this problem, particularly the weights defining node interactions over time.
We derive Maximum Likelihood Estimators (MLEs) for the linear Gaussian case, proving
that the optimal weights satisfy a system of equations involving empirical moments. We
further establish non-asymptotic bounds on estimation error and prove convergence at the
rate of O( \/LN) under sub-Gaussian assumptions. We develop a general framework for nonlin-
ear update rules, showing that parameter estimates can be obtained for any general update
function. Simulations validate these theoretical findings and show how graph structure and
sample size affect estimation accuracy. Our results provide insight into the role of network
structure in parameter learning and point toward future directions for extending these meth-
ods to nonlinear or non-Gaussian settings.



1 Introduction

In many complex real-world systems, such as longitudinal brain imaging [I], environ-
mental modeling [2], and aviation [3], there are many interconnected aspects and variables.
Capturing and understanding how each component affects the system is important for ex-
planation and prediction in these domains.

Dynamic Bayesian Networks (DBNs) provide a method to model these interactions, in
which each node evolves over time based on its neighbors’ past states [4, [5]. However, given
observations of a complex system, it is difficult to infer how strong or in what way variables
will influence each other. To do so, researchers have used various statistical algorithms, such
as Maximum Likelihood Estimation (MLE) or Bayesian estimation [6, [7, &§]. For example,
Koller and Friedman 2009 [9] established foundational results for parameter learning in Gaus-
sian Bayesian Networks, showing the feasibility of learning conditional dependencies from
data. Building on this, Kungurtsev et al. 2024 [8] applied variational inference to dynamic
models, offering scalable estimation approaches. However, they did not investigate the case
of DBNs, bounding the error of estimates, or extending the models into the general case.
In this paper, we study the problem of parameter influence in these networks: given certain
observations of node states for a fixed graph, are we able to estimate certain parameters
on each node? Understanding these parameters has significant implications for applications
across various fields.

We look at a specific type of Dynamic Bayesian Networks: discrete time Gaussian net-
works [9]. Through numerical experiments and statistical analysis, we find that the MLE
method performs similarly to Bayesian estimation in estimating parameters. Furthermore,
we also demonstrate certain cases where the MLE is likely to break down due to the non-
invertibility of covariance matrices.

In Section 2, we outline some necessary proofs and definitions related to Dynamic Bayesian
networks. Next, in Section 3, we consider the linear gaussian case, where each node is sam-
pled from a distribution centered at the weighted average of the node’s parents, and prove a
Maximum Likelihood Estimate for the weights; we also look at bounding the estimate for the
weights. Then, in Section 4, we look at more general update functions for the mean and find
a method for estimating weights in the general case. Then, in Section 5, we run simulations
that test the accuracy of our estimators for a variety of graphs by finding how the error in
our estimates changes as a function of sample size. Lastly, in Section 6, we present ideas for

the future direction of our work.



2 Preliminaries

We start with some essential definitions and theorems.

2.1 Probability Foundations

A random variable is a variable that can take on different values, each with an associated
probability. For example, a coin flip can be modeled by a random variable X where P(X =
heads) = 0.5.

The following is an important law in probability that we use to define dependence rela-

tions between random variables in Dynamic Bayesian Networks.

Theorem 2.1 (Law of Total Probability). For random variables X,Y1,...,Y,,
P(X)=) Y PXYi=w.....Ya =p)PYVi=01..... Y, = ).
Y1 Yn

This theorem tells us how to compute the marginal probability of a variable X by aver-
aging over the possible values of variables Y7, ...,Y,, that influence it. This is a key tool in
Bayesian modeling, where we often wish to determine how one variable depends on others.

To model how variables influence each other, we use a mathematical structure called a
graph. In classical graph theory, a graph is defined as a pair (V, E) where V is the set of
vertices (nodes), and E C V x V' is the set of directed or undirected edges.

Definition 2.1 (Weighted Directed Graph). A weighted directed graph with n nodes is a
pair (V, E) where V' C R" is a set of vertices, and £/ € RLj" is a non-negative matrix. The
entry E;; > 0 indicates a directed edge from node ¢ to node j, with weight F;; representing

the strength of that connection.

Note that in this work, we assume that the edge connections £ are known. The weights
on the edges F;; are parameterized with o’s, which are stored alongside the adjacency matrix
of the graph.

To understand Bayesian networks, we must explain Directed Acyclic Graphs.

Definition 2.2 (Directed Acyclic Graphs). A Directed Acyclic Graph (DAG) is a graph
with all directed edges, and with no cycles (any path from a node that leads back to itself).

DAGs are essential in probabilistic models because they allow us to factor joint probability
distributions using conditional independence.

The main object in this study are Bayesian Networks, and we define them as follows:
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Definition 2.3 (Bayesian Networks). A Bayesian Network (BN) Structure G is a DAG
where each node 7 is assigned a random variable X;, where each X; € V is sampled from a
probability distribution Pg. This is denoted by the notation V' ~ Pg.

A direct consequence of the Law of Total Probability is that Bayesian networks entirely
contain the information of the conditional probability distributions between random vari-
ables. [9]

Example. Consider a 3-node Bayesian Network where X; influences X5, and both X;
and X5 influence X3. The DAG is shown in Figure [I| and the joint probability factors as:

P(X1,Xs, X3) = P(X1)P(Xy | X1)P(X3 | X1, X5).

(=)
S

Figure 1: Example of a 3-node Bayesian Network.

Definition 2.4 (Independence). Random variables X and Y are said to be independent if
P(X|Y) = P(X).

Bayesian networks provide a convenient way to depict these independencies: if there is no
edge between two nodes, the two nodes are independent. There are also additional hidden
independencies that may be present in BNs. While these independencies are not important

to this study, they are still important to general Bayesian Networks nonetheless [4], [9].

2.2 Graph Theory Foundations

We now provide the key definitions and notation used throughout this paper.
We use standard graph-theoretic notation. For a directed graph G = (V, E), we write
Pa(i) for the set of parents of node i. Nodes with no incoming edges are called roots; nodes

with no outgoing edges are called leaves.

Definition 2.5 (Neighbors). The neighbors of a node X are the set of all nodes directly

connected to it by an edge in either direction: that is, its parents and children.
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Definition 2.6 (Dynamic Bayesian Models). A Dynamic Bayesian Model is a BN dependent

on an additional variable ¢:
V(t) ~ Pr(t).

In a discrete case, we have V (tx) ~ Pg(tx). In this work, we specifically focus on 1st order
Markovian discrete time DBNs. This means that for A; € R”,

PIVEV (teet) = Apt, V(teos) = Aj_a,...] = PV(£)|V (ko) = A].

This Markovian assumption allows us to decompose time dependent DBNs nicely using
the law of total probability: P[V/ H PV (t;)|V(ti—1)]P[V (to)]. Of course, we are able

to write each distribution on the graph as a function of the conditional probabilities of each
node in the graph.
Note: In this case, Markovian DBNs are mathematically equivalent to having many sam-

ples of a Bayesian network.

Definition 2.7 (Gaussian Networks). Gaussian Networks are Bayesian Networks where all

conditional distributions are Gaussian. Mathematically:

P(Xi|Pa(X)) =N [ i+ Y ay(X; — py), 07

jePa(i)

for each node 1.

3 The Linear Gaussian Case

Consider a Dynamic Bayesian network with n vertices and variables X1, ..., X,,. We use
the following convention to refer to random variables and their values: random variables are
capitalized, and the corresponding lowercase letters denote their instantaneous value. We
assign each node a weight «; that characterizes the strength of influence from parent nodes.

We make the following assumptions:



1. Node z; is updated based on the distribution

1
Iz(t) ~ ./\/ d_ Z Oéjl’j(f — 1) + C7;70'2

 jePal(i)

d; is the number of parents of node i, 02 is the predefined variance of the distribution,

and ¢; is a constant bias term.

2. The roots of the graph are not sampled from the same distribution because they have
no parents. In this case, in order to avoid complications, we can just assume they
are sampled from the standard normal distribution, or from the normal distribution

centered at their corresponding weights.

3. Data that corresponds to the probability distributions in the graph is collected ahead

of time and contains many particles sampled over the network’s distribution.
Using these, we derive an approximation for the a’s in a linear gaussian system.

Theorem 3.1. Under the above assumptions, the mazimum likelihood estimates for the
parameters 0., = {ay,...,ag, ¢;} of node i with parents Uy, ..., Uy are given by the solution

to the linear system
1 X
E(X-U;))=cEU)+ Y aBEU-U;), j=1,...k
i =

Proof. There is a somewhat well-known proof of this fact [9], which we will reiterate with
different techniques. In order to best approximate the parameters 0,, = {«y, ... as}, we will
use Maximum Likelihood Estimation (MLE). Firstly, we simplify the normal distribution by
taking the log-likelihood function of the sum over the M samples, or particles, of a node
X, which is just the logarithm of the overall probabilities for a certain sample from given
parameters and a prior, which we treat as uniform for the time being. We denote the mth
sample of the jth node at time ¢ by w;(t)[m].

We use the measurements for all U; € Pa(X) at time ¢ = 0, as well as the measurements
for X made at ¢t = 1. Because of the Markovian assumption that each node depends only on

its parents, taking a large number of samples is equivalent to taking a large number of time



steps. The log-likelihood simplifies as

1
log L,,(0,, : D logHN 7 Z ajui(t — 1)[m] + ¢;, 0

' jePa(i)

2
1
S

We assume that our likelihood is log-concave, to find the maximum value of the log-likelihood.
First differentiating both sides with respect to ¢;, then setting the equation equal to 0, we

obtain

2
0 1 1 1
= 50 Zm: log ——=— 5 (ci + E;ajuj[m] - x[m])

1
= —— | Me +

Rearranging and multiplying both sides by ”—A;, we find

%;x[m]—ci—l—ozl]wldi;ul[m]—|—...+ak]wldi;uk[m]. (1)

Notice that because expected value is defined as

then we may substitute into equation (1) to obtain

E(X) = C; +041E (%) + - +OékE (Zk)

If, rather than differentiating with respect to ¢;, we differentiate with respect to some «;,

then similar arithmetic yields



At this point, we have k 4 1 linear equations for the k£ + 1 unknowns «;, and so we are able

to solve for the parameters 6, . O

We can also derive a bound on the estimation error of the vector « = {ay,as, ...}, as

shown below.

E(UUy) E(ULUY) . E(XU,)
Let A = | E(UyUy) KR ,and b = : . Then, the weights satisfy

: E(UUy) E(XUy)
the equation Aa = b.

Proposition 3.2. Suppose a = A7'b are the true parameters and & = A1 is the empirical

estimates. Then, the following bound applies:

AT (D = bl + (| A — Alfflee])

6 —af < T
L= Al A= Al

, where we take the 2-norm.

Proof. Suppose that A=A+ 65A and b= 6b are the empirical estimates.

Initially, we have Ao = b and Aé =1b. Subtracting, we obtain

Ad—Aa=b—1b
(A+6A)a — Aa = b
Ala — o) = 5(b— Aa)
a—a=A"0b— Ad).

We rewrite 0 A& as 0A(& — a + a) = dAa + JA(& — «) Plugging this back in, we obtain

& —a=A"10b—0Aa —dA(G — a))
(I+A15A) (& —a)= A1 (6b— §Aa)
G—a=(I+AT6A)TA(6b - 0Aa).

Because ||(I + A710A)
[1a1),

1
1 < T A 04| if |A7*5A]] < 1 (For more information, see

LA CllODI + NS A ee]l)

v —all <
o= el = = A




Substituting back A = A — A and 6b = b — b, we conclude that

1AM (D — bl + 1A — Alfj))

6~ af < ST
L A4 - 4]

]

A significant result can be obtained by looking at the bound in relation to the particle

sample size.

Theorem 3.3. The estimation error decreases at a rate of

Ja-al=0, ().

Proof. We aim to bound the estimation error in

~

N
. R 1 “ 1

N - 41 _ T _

a=A"b a=A""b, WhereA—NE UU., b—NE X;U;,

and A=E[UU"], b = E[XU].
Assume that each U; € R* is a centered sub-Gaussian vector, and X; is a centered sub-
Gaussian scalar, independent of Us.
We define
X, =UU" —EUU", Y= XU —E[XU].

Then, we can represent the error of the expectation matrices as

A—A—iXN:X- B—b—iZY-
—Nz':l ; _N }

We apply the Matrix Bernstein Inequality [I1] to A — A. The conditions are that X; are
independent, centered, symmetric random matrices, and that there exists a constant L such
that ||.X;|| < L almost surely.

Then by Tropp’s matrix Bernstein inequality [I1], for all ¢ > 0,

22
>t | <2k S e
IP’( _t>_2k exp( 02+Lt/3)’

N

>

=1




N

> ELX7]

i=1

where ¢? =

- 1
To translate this to the average A — A = N > X, we write

> Nt) < 2k - exp (—%) )

P (fi-a] =) -2 (|5

To simplify the exponent, we use the inequality

(Nt)? [t
7 >N -
o2+ LNt = T R R )

for some constant ¢ > 0 and a bound K = max (\/J_N’ L).

. (ot
P<||A—A||Zt>§2k‘exp —cN min 7))

A similar vector Bernstein inequality [12] applies to b — b, yielding the same type of

2
P <||b —b|| > t) < 2k exp (—cNmin (%, %)) :

These imply that the rates of convergence of both ||A — A| and ||b — b|| are O,(1/v/N),

since for any fixed € > 0, there exists a constant C' > 0 such that:

. C
Pl||A-All >—] <e.
(” ! m) )

Finally, plugging into the bound in Proposition 3.2, we conclude that ||a—al|| = O,(1/V'N)

as well. ]

Hence,

bound:

Remark 3.4. The constants ¢ and K appearing in these inequalities depend on the sub-
exponential norms of the random variables above. While these constants do not impact
the convergence rate, they may impact finite-sample performance of estimation. In appli-
cations, these constants can sometimes be computed, but they rely on quantities like the

sub-exponential norm ||U;]|4,, and so may be difficult to compute.

A promising area for future work in improving this bound is through the use of total

variance bounds.



Bhattacharyya et al. 2022 [I3] present a general framework for bounding the error of
distributions by controlling the change in total variation. In particular, Theorem 3.1 implies
a bound on the total variation for a given Bayesian Network. Suppose G is a fixed DAG on
n variables with in-degree at most d. For £,d € (0,1), and given O(nd,,,e 2 - log (nd~!) for
an unknown Bayesian network P over G, then with probability at least 1 — §, we recover a
Bayesian network @ over G in O(n?d?,,de~2-log (6 ')) time such that dry (P, Q) < &, where

avg

drv(P,Q) = /|P )| dz.

In the setting of estimators, if one can bound the change in the distribution of & as the

underlying distribution changes from g to fiy, then one may derive bounds on [|& — «f|.

Conjecture 3.5. For a Linear Gaussian DBN with true distribution P and MLE estimate

Q, the parameter error is bounded by the Total Variation distance:
|6 — a3 < C - dry(P, Q)

where C' depends on the spectral properties of the covariance matriz A.

4 The Non-Linear Case

A natural extension of the linear model is to consider non-linear relationships between
parent and child nodes. Instead of linear combinations, we can use parameterized functions
to represent dependencies.

Firstly, for simplicity, consider a node X with parents X; and X,. We introduce functions

f(a) and g(«) parameterized by the weight vector «, giving the update rule:

z = fle)r1 + g(@)z,

This is still linear in x, but gives us a start into using general functions.

We obtain a result for the estimation of the a’s in this case under some key assumptions.

Theorem 4.1. The MLE estimates for the non-linear model for 2 parents satisfy

{ E(XXy) = fE(X?) 4+ gB(X1X,)
E(XX5) = fE(X1Xo) + gE(X3).
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Proof. Using MLE in a similar method to the linear case and taking the derivative, we obtain

the equation

0=> (z— f(@ar — g(@)ws)(Vf(@)1 + Vg(@)ws).

To simplify notation, we let f = f(&@) and ¢ = g¢(&). Expanding this equation and

rearranging, we obtain

Za:me +xxoVg = Z fVfrt+gVgrs+ (fVg+ gV f)zizs.
1
Again letting E(X) = MZx[m], we obtain

E(XX\)Vf+ E(XX,)Vg=EX3fVf+EX2gVg+ EX 1 X5)(fVg+gVf).

We can write this in matrix form as g

E(XX1)
E(XX5)

E(X?) B(X1Xa)
E(X3X,) E(X22)_

f
g

o 55] (26550 < fer vy

Here, we assume that [V f Vg} is invertible. We also assume that |V f Vg} is a square
matrix so we can take the inverse: thus, we assume that dim & = Pa(i).
Then, we can cancel the gradients from both sides, and we are left with a system of two

equations:

{ E(XX,) = fE(X?) + gE(X1 X))
E(XX,) = fE(X1Xs) + gB(X3).
From the system of equations, we are able to solve for the values of f and ¢. If we know

the forms of f and ¢ as a function of a; and as, we may be able to solve for a; and s,

assuming that the system of equations is solvable. O

These equations can be easily extended into higher dimensions. Consider a node with n
parents Uy, Us, ..., U, and functions fi,..., f,. Then, there is a system of n equations with

1< <n:
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Remark 4.2. This system may not be solvable if the functions f; are linearly dependent

upon one another, as presented in the next example.

Example 4.1. Suppose f = ayas and g = 2aaa. Then, if the MLE estimates yields f = 1

and g = 2 after solving, then f and g are dependent and the system is not solvable for c.

Example 4.2. Take the case when f(d) = a1 - ay and g(@) = ay + ao. Then, we obtain
x = (qag)xy + (o + ag) o, which is solvable. For this case, we simulated data in Figure@ to
approximate oy and s, which converged to the true values as sample size increased, similar

to the established bounds.

Non-linear Alpha Estimation Error for Child
f=oixaz, g = ataz

1014 —e— Parent 0 - Node 2 (al)
\ —o— Parent 1 - Node 2 (a2)
1072 4

i \/

104 4

|Estimated a - True o

1075 4

10t 102 103 10*
Sample Size (N)

Figure 2: Logarithmic plot of the errors of a’s when f(&) = a1 - ap and g(d@) = a3 + az.m

We can also consider a more general function of the form f(«;, z;), where the correspond-

ing distribution of a node X would be sampled according to the distribution
zi(t) ~ N (f(ozi,xi),a2) )

Theorem 4.3. The Mazximum Likelthood estimates for the parameters o in the general case

are given by

& = arg minz (z; — f(ai,u))?.
Proof. The Log-Likelihood function of the normal distribution with mean f(«;, ;) is simply

1 1

o 27r_rf2

([m] = f(aw,x:))"

log Ly, (04, : D) = ) | [log

12



In order to maximize the log-likelihood, we must minimize the residual squared loss

function of (z[m] — f(a;, x;))°, and so the result follows:

& = arg minz (zi — flou, Uz))Q :

For the Bayesian estimator, the prior is also introduced into the distribution.

Corollary 4.1. Assume the prior estimates for o are sampled from the normal distribution

N (11, 8?). The Bayesian estimates for the parameters « in the general case are given by
. 2y O 2
& = argmin 3 (s — (e, u))? + o =l
Proof. We start with a prior on our «, such that a ~ p(«). Then, by Bayes’ rule,

p(a|data) o« p(data|«a) p(a).

In our case, p(data|a) = p(z; | us, o).

Taking the logarithm of both sides, the posterior becomes

log p(a|data) = (z; — flau,u;))” + log p(a) + const.

202 £
(A

If we use a gaussian prior,

1
log p(a) = _2_32”a - pl?,

and so this simplifies to the desired result.
m

Remark 4.4. If the uniform distribution is used for the priors in this case, then p(a) =
1

Hz‘(bi —a;)

if ; € [a;, b;]. Thus, the prior term would become

—> i log (bi —ai), « € a;, by

logp(a) =4 ¢ lab]

13



5 Numerical Simulations and Validation

In practice, we solved the parameter estimation problem using gradient-based optimiza-
tion methods, such as L-BFGS, to minimize the negative log-likelihood derived in Section 4.
We worked in a well-parameterized regime, meaning that the global minimizer of the loss
function exists within the function space considered. This assumption ensures that the opti-
mization procedure converges to a meaningful set of parameters.

Conceptually, the implementation follows these steps:

1. Initialize parameters « for each edge in the network.

2. Define a loss function corresponding to the residual squared error between observed

and predicted node values under the chosen nonlinear update rule.

3. Iteratively update o using a quasi-Newton optimization method until convergence.

We validated our theoretical results through numerical simulations on synthetic Dynamic
Bayesian Networks with known parameters, and both linear and non-linear functions. We
generated data through Python, based on a pre-defined graph and adjacency matrix, a weight
vector, and sample sizes. For the Linear Gaussian case, we calculated the error of the alpha

estimates for each sample size of data and plotted it, as shown below in Figure

Alpha Estimation Error for Node 2

10t
—— Parent 0 - Node 2

Parent 1 - Node 2
10° 4 —— Parent 3 - Node 2

10-1 4

1072 4

103 4

|Estimated a - True of

1074 4

107 4

10° 10t 10?2 103 104
Sample Size (N)

Figure 3: Estimation error versus sample size for a node with 3 parents. The error
1
decreases at rate O (\/—N>, consistent with Theorem 3.3. Each curve represents a different

parent’s weight estimate.
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We tested the models on graphs categorized by connectivity and number of root nodes.
Figure 4] shows the four types of graphs that we used in our simulation, highly connected
graphs with a high number of roots, highly connected graphs with a low number of roots, not
highly connected graphs with a high number of roots, and not highly connected graphs with
a low number of roots. These were chosen in order to test whether different graph structures
and extra details would confound the parameter estimation model in any way. Figure |5 shows

the graph of sample size vs the 2-norm of the difference between the vectors & and «a.

(1)

(=)
OROENO )

()

)

d) Lo

(a) Highly connected, (b) Highly connected, (c) Low connected, 1 ( w connected, 6
1 root 4 roots root (tree) roots

Figure 4: The 4 different graph topologies used, with varying connectivity and root count.

In Figure 5, we used a Gaussian prior centered very close to the true value of a, with
0% = s? = 0.01%2. However, in real-world scenarios, this may be overly optimistic. When we
center the priors on the value of the MLE estimation from the previous step, we obtain a

result much more similar to the MLE, as shown in Figure [0]
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Alpha Error Norm/Num alphas

Alpha Error Norm/Num alphas

MLE vs MAP Estimation Error for highly connected, low root graph MLE vs MAP Estimation Error for highly connected, high root graph

10 —e- MLE —o— MLE
—=- Gaussian Priors 107 ~=- Gaussian Priors
~#-~ Uniform Distribution ~#-~ Uniform Distribution

Alpha Error Norm/Num alphas

10t 10? 10° 104 10t 10? 10° 104
sample size (N) Sample size (N)

(a) Highly connected, low root (b) Highly connected, high root

MLE vs MAP Estimation Error for low connected, low root graph MLE vs MAP Estimation Error for low connected, high root graph
—e— MLE

= Gaussian Priors
—#- Uniform Distribution

—e— MLE
=~ Gaussian Priors 1071
—#- Uniform Distribution

Alpha Error Norm/Num alphas

e

10! 10? 10° 104 10t 102 10° 10¢
Sample size (N) Sample size (N)

(c) Low connected, low root (tree) (d) Low connected, high root

Figure 5: Log plots of error norm for different graph topologies used in simulations.

MLE vs MAP Estimation Error for a graph with 15 nodes, linear sum, mean at 8

—o— MLE
~#- Gaussian Priors
~e— Uniform Distribution
107

"

8

2

s

©

3

5

3

E

2

Z 02

510

fri

©

2

s

<

1072

10! 102 10°
Sample size (N)

Figure 6: MAP Gaussian prior centered at the MLE estimates: note the similarity.

Figure |5/ shows that the MLE and Bayesian methods of estimation for « are very similar

16



in accuracy, when the priors for the Bayes are from a uniform distribution. All four graphs
converged at a similar rate to 0 as sample size increased, showing the effectiveness of weight
estimation in accurately predicting the parameters in an asymptotically exponential time.
The difference in graph structure appears to play a lesser role in

We also tested the effect of graph size on estimates, with both results for 40 and 100
node graphs showing a better performance for the uniform distribution for low sample sizes,

while MLE matched its performance for higher sample sizes, as shown in Figure [7]

MLE vs MAP Estimation Error for graph with 40 nodes, mean at 2 MLE vs MAP Estimation Error for graph with 100 nodes, mean at 2

—o— MLE
Uniform Distribution

Alpha Error Norm/Num alphas
5
Alpha Error Norm/Num alphas

10t 102 10° 10t
sample size (N) sample size (N)

(a) Simulations on graphs with 40 (b) Simulations on graphs with 100
Nodes Nodes

Figure 7: Results of MLE vs MAP Estimation for graphs with high node count. Note that
fewer sample sizes were ran for 100 nodes, due to the computational intensive nature of the
algorithm. Graphs created by the student researcher using Python, 2025.

When testing more, complicated non-linear functions, we found interesting results with
the uniform prior. In particular, when updating the means on a logistic curve from the
parents of a node, the uniform priors, with the priors set between 0 and 1, performed much
better than the MLE, as shown in Figure [8]
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MLE vs MAP Estimation Error for a graph with 15 nodes, logistic function, mean at 8

Alpha Error Norm/Num alphas

-P

Figure 8: Simulation results after using a logistic update function. Graph created by the
student researcher using Python, 2025.

This result is interesting, as it has implications for instances where the weights in graphs
are mapped to a limited interval or finite space, such as in uses of the sigmoid function in
machine learning. In these cases, implementing a uniform prior for estimation may prove

more accurate than a simple MLE estimate, especially for limited sample sizes.

5.1 Real-World Application: European Temperature Data

We applied our method to daily temperature measurements from the ECA&D (European
Climate Assessment & Dataset) [14] spanning 87 data points across 80 weather stations in
the United Kingdom from 2015-2016. Temperature in particular was chosen due to daily
mean temperature is often being close to normal.

We constructed a Dynamic Bayesian Network where each node represents a weather
station, and bi-directional edges connect geographically proximate stations. For a distance
of 0.5 degrees, 80 edges were drawn between stations. We also assumed a linear Gaussian
model for simplicity.

After applying the MLE and MAP model to the ECA&D data, we measured the signif-
icance of these results with a p-value test. More specifically, standard errors and p-values
were computed using observed Fisher information (the inverse Hessian of the negative log-
likelihood), approximated with the Gauss-Newton relation

Cov(a) = 6*(J"J) ",
where J is the Jacobian of model predictions with respect to a, and 62 is the residual

variances of the model. The z-statistic z = &, /SE(dy) was used to obtain 2-sided p-values.
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As observed in Figure [9] larger-magnitude « values corresponded to smaller p-values,
suggesting that stronger inter-station dependencies were estimated more precisely, with the
Least Squared Regression Line yielding an equation of

p = 0.749 — 0.761a.

The strong R? value of 0.850 also indicates that the correlation between |@| and standard

error further supports that stronger connections were estimated more precisely.

Least Squares Regression: p-value vs &

® ° o Data
o & —— p=0.749 +-0.761«
084 ©

0.6

0.4 4

p-value

0.2 1

0.0 1

—-0.21

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Alpha estimate (d&)

Figure 9: Relationship between & and p-values. Graph created by the student researcher
using Python, 2025.

To interpret the network geographically, we plotted each weather station at its latitude-
longitude positions with the cartopy module and drew edges colored corresponding to the
sign and magnitude of each &4, as shown in Figure This visualization highlights clusters
of stations with strong positive coupling, particularly in densely sampled regions such as
central and southern England. The accuracy of predictions of future temperatures can also

be added from these as, but have been omitted here.
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ECAD Alpha Estimates with Significance

Figure 10: Geographical locations of each station with graphical edges. Graph created by
the student researcher using Python, 2025.

6 Discussion and Future Work

We have developed a maximum likelihood framework for parameter estimation in Dy-
namic Bayesian Networks, providing closed-form solutions for the linear Gaussian case and
extensions to non-linear functional relationships.

There are some key points for future research that can be explored. Firstly, the effect of
the invertibility of the covariance matrix A warrants investigated. In certain cases, the true
value of A can be non-invertible, but in simulations, these cases appeared to still approximate
the a’s well, potentially due to perturbations in the matrix due to randomness. Exploring
why this is the case is a remaining open problem. Additionally, refining the bound estimate
by using the definition of Total Variation present in Bhattacharyya et al. 2022 [13] to get a
bound in terms of the distribution. A lower bound for the error in A can be obtained by the
methods present in Devroye et al. 2023 [15], but the issue with extending this to the error
with « is that there is no direct inequality relating the total variation to a.

The problem of dynamical alphas is also a potential area of research. In some real-world
scenarios, the weights of the graph may change on the values in the graph in a dynamical
method, and modeling this is also an open problem.

This work has applications across fields where understanding temporal dependencies is
crucial. In climate modeling, our methods enable measuring strengths of spatial correla-

tions between monitoring stations, improving extreme weather prediction. as shown through
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our application to ECA&D data. In healthcare, they could identify the relative influence of
risk factors on disease progression, helping with clinical treatments. In neuroscience, map-
ping interactions between brain regions could be useful in understanding neural circuits and
detecting disorders early. More broadly, any domain with time-evolving systems, such as
financial networks, ecological systems, or social dynamics, can use these methods to learn
interaction strengths from data By providing both theoretical guarantees and efficient al-
gorithms, this work makes Bayesian network parameter learning accessible across scientific

disciplines.
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