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Abstract

Linnik’s large sieve provides a bound for the sifted set X constructed by removing a positive
proportion of residue classes modulo p. We consider quadratic sieves that classify quadratic
residues and take Boolean variations of that sieve. We show that the number of n ≤ N such
that n and n + k are quadratic residues modulo p for N1/m < p < 2N1/m for some positive
integer m is bounded by (logN)4m+1. We then work with the case where at least one of
n+ki for some set of constants ki is a quadratic residue modulo p for all N1/m < p < 2N1/m,
showing that the asymptotic bound is identical to the case where n must be a quadratic
residue.

Summary

We bound sets related to quadratic residues modulo p, which are elements such that there
exists a square number with the same remainder as the element when divided by p. We begin
by showing that the number of integers n such that n and n + k are quadratic residues for
a set of primes p is as close to a constant as desired. This creates a parallel between the
integers and modular arithmetic for a large number of primes, since there are only finitely
many integers n such that both n and n + k are squares. We then consider integers n such
that at least one of n or n + k is a quadratic residue and show that it is equivalent to the
case where only n has to be a quadratic residue for the same set of primes primes.



1 Introduction

Many of the famous theorems and conjectures of number theory can be rewritten in terms

of estimating the size of some set; for example, the prime number theorem establishes an

asymptotic behavior on the size of the set of primes up to some integer N . Many of these

sets share similar characteristics when viewed in terms of residue classes for some prime p,

suggesting that they can be obtained by considering some set that only preserves specific

elements modulo p that fit certain criteria. This is the essential idea behind sieve theory.

The idea of sieves has existed since Ancient Greece. The Sieve of Eratosthenes [1], which

was first described in the 3rd century BCE, leaves only the primes less than N . Other sieves

have been fruitfully applied to tackle some famous conjectures. For example, Brun’s sieve

settled in the affirmative the convergence of the sum of reciprocals of twin primes [2], while

Chen’s theorem showed that there are infinitely many primes p such that p + 2 is either a

prime or a semiprime (a multiple of two primes).

The large sieve was first formalized by Linnik [3] in 1941 to study least quadratic non-

residues. Since then, the theory of large sieves has been employed as a method in analytic

number theory. For example, Rényi [4] used large sieves in 1948 to show that for large enough

n, we can write 2n = p + Pk, where p is some prime and Pk is some product of at most k

primes. Further work using the large sieve [5] obtained a value of k = 2, which remains one

of the strongest results regarding the famous Goldbach’s conjecture. Large sieves remain an

area of modern research interest.

In this paper, we bound the sifted sets resulting from Boolean variations of the quadratic

large sieve. Quadratic large sieves leave only the integers that are a quadratic residue for

every prime in some set of primes. We begin with “algebraically impossible” sets, which

are sets with conditions satisfied by only finitely many integers when considered over Z.
However, these conditions may have infinitely many solutions in modular arithmetic. For

example, while no positive integer can satisfy x2 + 1 being a perfect square, it is possible

that x2+1 is a quadratic residue modulo p for some set of primes p; for instance, 1 and 2 are

consecutive quadratic residues for all primes p that are 1 or 7 modulo 8. We also consider less

restrictive variants of the quadratic sieve. Specifically, we can consider the sifted set where

for some fixed constants k1, . . . , ka, the number n is sifted only if every n+ ki is a quadratic

non-residue for some prime p.

We begin in Section 2 by introducing the notation used in the paper, then establish the

preliminary lemmas and motivating theorems in Section 3. Then, in the next two sections,

we bound sifted sets from Boolean variations of the quadratic large sieve. In Section 4, we
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bound sets with algebraically impossible conditions and show that they remain improbable

to achieve in modular arithmetic. Lastly, in Section 5, we bound the sifted set with the

condition that at least one n+ ki for some set of constants ki is a quadratic residue for each

prime.

2 Definitions

In this section, we introduce the notation that we use throughout the paper. We begin

by recalling notation in number theory. We write Z/nZ, the set of residue classes modulo n,

as Zn. Moreover, we write [N ] := {1, . . . , N}. We now define notation regarding squares and

quadratic residues.

Definition 2.1. Let d be an integer. Then, d is square-free if k2 | d implies k = 1. We call

d the square-free part of n if n = c2d for d square-free.

For ease of notation, we will write a = □ to mean that a is a square number and a ̸= □

to mean that a is not a square number. We now introduce the Legendre symbol, which

states whether an integer is a quadratic residue modulo p, as well as its extension, the Jacobi

symbol.

Definition 2.2. Let n ∈ Z and let p be an odd prime. We define the Legendre symbol as

(
n

p

)
=


0 if p | n,

1 if p ∤ n and n ≡ x2 mod p for some x,

−1 if else.

Definition 2.3. Let n ∈ Z and let q = pa11 . . . pakk be odd. We define the Jacobi symbol as

(
n

q

)
=

k∏
i=1

(
n

p

)ai

.

Notice that the Jacobi symbol is equivalent to the Legendre symbol when q is prime. The

Jacobi symbol is a Dirichlet character, which we now define.

Definition 2.4. Consider a function χm : Z → C. Then, the function χm is a Dirichlet

character modulo m if for all integers a and b, we have

1. χm(ab) = χm(a)χm(b)
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2. χm(a) = 0 if and only if gcd(a,m) > 1

3. χm(a+m) = χm(a).

The most simple Dirichlet character is the primitive character.

Definition 2.5. The character χm,0 : Z → {0, 1} such that

χm,0(a) =

0 if gcd(a,m) > 1,

1 if gcd(a,m) = 1

is called the primitive character.

Notice that the Jacobi symbol is a Dirichlet character [6].

2.1 Sieves

We now define the sieve. Broadly, a sieve removes some set of residue classes for some

set of primes from the original set, leaving us with the sifted set.

Definition 2.6. Let N ∈ N, let P be a set of primes, and let Ep be a set of residue classes

modulo p. Then, we define the sifted set X as

X = {n ∈ [N ] | n ̸≡ k (mod p) for any k ∈ Ep for any p ∈ P}.

In this paper, we study sieves that remove a positive proportion of the residue classes

modulo p for each prime.

Remark. We often write our sifted sets in terms of the elements x ∈ X rather than in terms

of the sets Ep. One may note that it is possible to state every sifted set in this paper in the

form of Definition 2.6.

An example of a sieve is the sieve that removes all quadratic nonresidues for every prime

p, which results in the sifted set being the set of squares. Given some value of N , the size of

this sifted set is approximately N1/2. We now formalize this estimate following the notation

of [7].

Definition 2.7 ([7]). Consider functions f, g : N → R+. Then, we write f ≍ g if and only

if there exist positive constants c and C such that cg(n) ≤ f(n) ≤ Cg(n) for all n ∈ N.
Similarly, we write f ≪ g if there exists a constant C such that f(n) ≤ Cg(n) for all n ∈ N
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and f ≫ g if there exists a constant c such that f(n) ≥ Cg(n) for all n ∈ N. If f ≪ g, we

write f = O(g).

We also work with primes bounded by a constant factor of M .

Definition 2.8. Let M ∈ Z. We define PM := {p prime | M ≤ p ≤ 2M}.

Remark. The bound of M and 2M for PM are not significant and can be replaced by cM

and CM , respectively.

With the established notation, we now present bounds for sifted sets of quadratic residues.

Other definitions and notation necessary for algebraically impossible quadratic sieves, which

have properties satisfied by only finitely many integers over Z, are later introduced in Section

4.

3 Preliminary Lemmas

In this section, we introduce the preliminary lemmas and other results that are used later

in the paper.

3.1 Quadratic Reciprocity

We begin by presenting the general version of quadratic reciprocity.

Lemma 3.1 ([6]). Let P and Q be odd numbers such that gcd(P,Q) = 1. Then,(
P

Q

)(
Q

P

)
= (−1)

P−1
2

Q−1
2 .

Moreover, we have (
2

P

)
= (−1)

P2−1
8

The version of quadratic reciprocity presented above, however, means that(
P

Q

)
= −

(
Q

P

)
when P,Q ≡ 3 (mod 4). We wish to find some character such that it is always equal to

the value of
(

P
Q

)
for all P and Q, which would, for example, allow us to switch from a

complicated modulus to a simpler one. To do this, we define a new character.
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Definition 3.2. We define the function χ4n : Z → {−1, 0, 1} as

χ4n(q) =


(

n
q

)
if q ≡ 1 (mod 2),

0 if q ≡ 0 (mod 2).

Lemma 3.3. The function χ4n is a non-primitive Dirichlet character modulo 4n.

Proof. We begin by noticing that χ4n(q) = 0 if and only if gcd(4n, q) > 1. Indeed, if q is

even then χ4n(q) = 0 by definition, and if gcd(n, q) > 1 then χ4n(q) =
(

n
q

)
= 0. Moreover,

it is multiplicative, since for gcd(4n, p) = gcd(4n, q) = 1, we have

χ4n(p)χ4n(q) =

(
n

p

)(
n

q

)
=

(
n

pq

)
= χ4n(pq).

Now, we show that χ4n is 4n-periodic. First, let n = 22km with m odd. Then, it follows from

Lemma 3.1 that

χ4n(q) =

(
22km

q

)
=

(
m

q

)
=
( q

m

)
(−1)

q−1
2

m−1
2 .

Since
(

q
m

)
is m-periodic and (−1)

q−1
2 is 4-periodic, the function χ4n(q) is 4m-periodic. Since

m | n, the function χ4n(q) is also 4n-periodic.

Now, let n = 22k+1m with m odd. Then, it follows from Lemma 3.1 that

χ4n(q) =

(
22k+1m

q

)
=

(
2

q

)(
m

q

)
=
( q

m

)
(−1)

q−1
2

n−1
2

+ q2−1
8 .

Since
(

q
m

)
ism-periodic and (−1)

q−1
2

n−1
2

+ q2−1
8 is 8-periodic, the function χ4n(q) is 8m-periodic.

Since 8m | 4n, the function χ4n(q) is also 4n-periodic. ■

Moreover, χ4n follows the same orthogonality property as the Jacobi symbol.

Lemma 3.4. The character χ4nχ4m is primitive if and only if nm is a square number.

Proof. Notice that

χ4nχ4m(q) =

(
nm

q

)
=

(
4nm

q

)
,

so χ4nχ4m is primitive if and only if χq,2(4nm) = 1 for all q with gcd(q, nm) = 1. However,

this means that nm must be a square number, so χ4nχ4m is primitive if and only if nm = k2

for some k ∈ Z. ■
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This is analogous to the fact that
(

n
q

)
= 1 for all n with gcd(n, q) = 1 if q is a square

number.

3.2 Quadratic Sieves

We now look at quadratic sieves, which has the sifted set X as

X =

{
n ∈ [N ] |

(
n

p

)
= 1 for all p ∈ PM

}
for some M . Recall that PM is the set of primes such that M ≤ p ≤ 2M . We begin by

presenting two large sieve inequalities due to Linnik [3].

Theorem 3.5 ([3]). Let N ∈ Z and consider all primes p < N1/2. Moreover, let ε ∈ R be a

fixed constant and let |Ep| > εp for all p. Then the set S sifted by Ep has size |S| ≪ N1/2.

Theorem 3.6 (Linnik multiplicative large sieve [3]). Let P,Q ∈ Z. Moreover, let f : N → C
be a function with f(n) = 0 for all n > N and let φ denote the Euler totient function. Then,

∑
q≤Q

q

φ(q)

∑
χ ̸=χ0
mod q

∣∣∣∣∣
N∑

n=1

f(n)χq(n)

∣∣∣∣∣
2

≤ (N +Q2)∥f∥2L2 .

The multiplicative large sieve inequality allows us to find the distribution of quadratic

residues modulo p for all primes p ∈ PM . We wish to show that the set of quadratic residues

is similar in size to the set of squares, which is the statement of Theorem 3.7. The following

theorem follows from Lemma 6.1 in [8].

Theorem 3.7. Let N ∈ Z and M = N1/m for some m ∈ Z with m ≥ 1. Consider the set

[N ] and all primes p ∈ PM . Then, the set

X =

{
n ∈ [N ] |

(
n

p

)
= 1 for all p ∈ PM

}
has size |X| ≪ N1/2(logN)2m.

Proof. We begin by considering the set Y ⊆ X defined as

Y = {n ∈ X | n square-free}.
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Since there are at most N1/2 squares less than N , we have |X| ≪ N1/2|Y |, so it is sufficient

to show that |Y | ≪ (logN)2m. Now, consider the set

L =

{
q ∈ Z | q =

2m∏
i=1

pi, pi ̸= pj for i ̸= j, pi ∈ PM

}
,

where q < 22mN2 for any q ∈ L from pi ≤ 2N1/m. It follows from the prime number theorem

that |L | ≍
(

M
logM

)2m
. Since n ∈ Y implies that

(
n
q

)
=
∏2m

i=1

(
n
pi

)
= 1 for all q ∈ L , we

add over all q ∈ L to get (
M

logM

)2m

1Y (n) ≪

∣∣∣∣∣∑
q∈L

(
n

q

)∣∣∣∣∣ .
After squaring both sides and summing over all square-free n, it follows that

(
M

logM

)4m

|Y | ≪
N∑

n=1
n square-free

∣∣∣∣∣∑
q∈L

(
n

q

)∣∣∣∣∣
2

.

By the statement of quadratic reciprocity in Lemma 3.3, we have
(

n
q

)
= χ4n(q). Then, we

can rewrite the sum over q ∈ L as a sum from 1 to 22mN2 and use an indicator function on

L , from which we have

(
M

logM

)4m

|Y | ≪
N∑

n=1
n square-free

∣∣∣∣∣
22mN2∑
ℓ=1

1L (ℓ)χ4n(ℓ)

∣∣∣∣∣
2

.

We now apply the Linnik multiplicative large sieve inequality and clear constants to get(
M

logM

)4m

|Y | ≪ N2
∑
ℓ

|1L (ℓ)|2 = N2

(
M

logM

)2m

.

Since M = N1/m and logN ≍ logM , this gives that |Y | ≪ (logN)2m, so

|X| ≪ N1/2(logN)2m. ■

Remark. Another approach to bounding the quadratic sieve is to use the Linnik additive

7



large sieve. If m is even, the additive large sieve can result in a bound of

|X| ≪ N1/2(logN)m/2,

resulting in savings of (logN)3m/2. However, if m = 2k + 1, the additive large sieve gives a

bound of

|X| ≪ N
k+1
2k+1 (logN)k.

This bound is especially bad for small m. For example, when M = N1/3, the additive bound

is N2/3(logN), significantly larger compared to the multiplicative bound of N1/2(logN)6.

Notice that the number of square-free elements that are a quadratic residue for all primes

p ∈ PM is some power of logN , and is thus smaller than N ε for any ε. This suggests that the

structure of squares is largely maintained even when considered modulo p, since the property

that x is square-free and square-like is only satisfied by a small proportion of integers. In the

next section, we demonstrate that other algebraically impossible properties are also highly

improbable when considered modulo p.

4 Algebraically Impossible Quadratic Sieves

We now turn to the case of “algebraically impossible” quadratic sieves. Recall that “al-

gebraically impossible” conditions are only satisfied by finitely many integers. Specifically,

one such condition is that x2 + k is a square number for some fixed k ∈ Z. While there are

only finitely many solutions over the integers, there may be more integers x that fit this

criteria if we consider the case where x and x + k are both quadratic residues modulo p.

In fact, by Theorem 3.7, we know that there are O(N1/2(logN)2m) values of x such that x

is a quadratic residue for all primes p ∈ PM , where M = N1/m. Comparatively, there are

only O(N1/2) squares in the integers. To find such pairs x and x+ k, we begin by reviewing

quadratic Diophantine equations.

4.1 Ideals in Rings of Quadratic Integers

In this section, we work with quadratic integers over Z[
√
D] for some square-free D.

It is well known that for most values of D, the ring Z[
√
D] no longer preserves unique

factorization for primes [9]. However, if we instead consider ideal factorization, we regain

unique factorization. This section culminates in relating the number of ideal divisors to the
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number of divisors over the integers.

Definition 4.1. A complex number z is called a quadratic integer if it is the solution of

z2 + bz + c, where b, c ∈ Z. Every quadratic integer lies in a uniquely defined quadratic field

Q[
√
D] where D satisfies b2 − 4c = Dk2 for some integer k. The set of quadratic integers

that lie in Q[
√
D] is called the ring of integers of Q[

√
D] and denoted OD.

While OD is closely related to Z[
√
D], they are not necessarily equal.

Lemma 4.2 ([9]). Let r ∈ OD and let

ω =


√
D if D ≡ 2, 3 (mod 4),

1+
√
D

2
if D ≡ 1 (mod 4).

Then r = x+ yω for some x, y ∈ Z.

We also define the conjugate of r by sending
√
D to −

√
D. We denote this by r. One

may observe that this is identical to complex conjugation when D < 0. This then allows us

to define the conjugate ideal I as the image of an ideal I under conjugation.

Notice that every ideal is generated by at most two elements. Indeed, for any r1, r2, r3 ∈
OD, there exist c1, c2, c3 ∈ OD such that c1r1 + c2r2 + c3r3 = 0 by OD being generated by

two linearly independent elements. Thus, if I = (r, s) then I = (r, s). Conjugate ideals allow

us to split principal ideals generated by primes.

Lemma 4.3 ([9]). Let p be a prime and consider the ideal (p) of OD. Then, either (p) is a

prime ideal or there exists some prime ideal π such that

ππ = (p).

In order to factor ideals, we write I | J if and only if I ⊃ J . The next lemma shows that

ideal factorization is indeed unique.

Lemma 4.4 (Unique Prime Ideal Factorization [9]). Let I be an ideal in OD. Then, there

exist prime ideals P1, . . . , Pk such that

I = P1P2 · · ·Pk.

This factorization is unique up to ordering.
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It is possible that the prime ideal and its conjugate are not distinct; that is, π = π. While

it is possible to explicitly state the prime ideal π, it is unnecessary for the purposes of this

paper. The following lemma bounds the number of ideal divisors.

Lemma 4.5. Let n ∈ Z. Then, the set of all ideals π such that π | (n) has size at most

d(n)2.

Proof. Let n = pa11 · · · pamm for distinct primes pi with ai > 0 for all i. Then, we have (n) =

(p1)
a1 · · · (pm)am . For each 1 ≤ i ≤ m, either (pi) is prime or (pi) = πiπi for some prime ideal

π. If (pi) is prime, there are ai + 1 ideals that divide (pi)
ai . If (pj) = πjπj, we have

(pj)
aj = π

aj
j πj

aj

and there are (aj + 1)2 ideals that divide (pj)
aj . Therefore, since (ai + 1)2 > (ai + 1), we

upper bound the number of divisors of (n) as

m∏
i=1

(ai + 1)2 =

(
m∏
i=1

(ai + 1)

)2

= d(n)2. ■

This bound is not generally sharp, especially when there are many prime divisors of n

that form prime ideals in OD. However, this bound is sufficient for our purposes, as d(n)2 is

a constant when n is fixed.

4.2 Generalized Pell Equations

We now turn our attention to generalized Pell equations. The structure of positive solu-

tions, that is, x, y > 0, to the Pell equation

x2 −Dy2 = 1 (1)

for D not a square number have been understood since the 12th century [10]. Specifically,

the Indian mathematician Bhāskara II devised a method to find all solutions to Eq. (1). We

restate the result as a corollary of Dirichlet’s unit theorem, as stated in Chapter 13 of [11].

Definition 4.6. Consider some r ∈ OD and write r = x +
√
Dy for appropriate choices of

x and y. We define the norm on OD by

N(r) = x2 −Dy2.
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Moreover, r is a positive element if x, y > 0.

Lemma 4.7 ([11]). There exists an element u0 such that for all u ∈ OD with N(u) = 1,

there exists some k such that u = ±uk
0.

Similarly, the solutions to the generalized Pell equation

x2 −Dy2 = n

for some integer n are also well-understood. We present the structure of such solutions in

terms of elements of OD.

Lemma 4.8 ([12]). Let u0 ∈ OD be the same as u0 from Lemma 4.7 and consider all r ∈ OD

such that N(r) = n. Then, there exists a set {ν1, . . . , νm} such that

r = ±νiu
k
0

for some i and k, but

νi ̸= ±νju
k
0

for any i ̸= j and k ∈ Z.

Therefore, the solutions to the generalized Pell equation can be partitioned into equiva-

lence classes given by [νi] := {r ∈ OD | r = ±νiu
k
0}. In each equivalence class, it is clear that

the size of the positive solutions grows exponentially. However, to bound the total number of

solutions, we must also bound the number of equivalence classes. The following result uses

Lemma 4.5 and applies it for the equation x2 −Dy2 = n.

Lemma 4.9. Consider the equation

x2 −Dy2 = n (2)

and consider the set S = {ν1, . . . , νm} from Lemma 4.8. Then,

|S| ≤ d(n)2.

Proof. We show that there exists an injective mapping from the equivalence classes [νi] to

ideals π that divide (k). Indeed, consider mapping each [νi] to the ideal (νi) and notice that

[νi] ⊂ (νi).
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Then, if (νi) = (νj), there exists some r ∈ OD such that νi = νjr. However, we have

N(νi) = N(νj), which implies that N(r) = 1. By Lemma 4.7, we have r = ±uk
0 for some

k ∈ Z, so νi = ±νju
k
0. By Lemma 4.8, this implies that i = j. Thus, the mapping is injective

and |S| ≤ d(k)2. ■

We are ready to prove the bound on the number of bounded solutions.

Theorem 4.10. Let x, y be positive integers such that x2 − Dy2 = k and x +
√
Dy < n.

Then, there are at most O(log n) solutions.

Proof. We show that for each equivalence class [νi], there are at most log n solutions. Indeed,

since x+
√
Dy < n, it follows that the element νiu

k
0 must satisfy

νiu
k
0 < (

√
D + 1)n.

Since νi and u0 are both greater than 1, we have

k <
log n

log u0

≪ log n

since log u0 > log 2. Therefore, there are at most O(log n) choices for k for each equivalence

class. By Lemma 4.9, we know that the number of equivalence classes is at most d(k)2. Thus,

the total number of solutions is at most d(k)2O(log n) = O(log n), as desired. ■

4.3 Algebraic Near-Impossibility

The generalized Pell equation is one type of quadratic form, which is any polynomial of

the type ax2 + bxy + cy2 with a, b, c ∈ Z. We consider the form ax2 − cy2 for a, c > 0.

Lemma 4.11. Let (u, v) be a positive solution to u2A − v2B = C with A,B,C ∈ Z and

A,B,C > 0 and let m = u
√
A+ v

√
B. Then, N(m2) = C2.

Proof. We have

m2 = (u2A+ v2B) + 2uv
√
AB.

Therefore, it follows that

N(m2) = (u2A+ v2B)2 − 4u2v2AB

= (u2A− v2B)2

= C2. ■
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Since the squaring map is injective for positive m, we know that every solution to u2A−
v2B = C corresponds uniquely to a solution to x2 − ABy2 = C2.

Lemma 4.12. Consider the set of all solutions (u, v) to Au2 −Bv2 = C such that u, v < n.

Then, the size of this set is at most O(log n).

Proof. Let m = u
√
A+v

√
B be a solution. Then, since u, v < n, we have m < n(

√
A+

√
B),

so m2 < n2(
√
A +

√
B)2. Then, by Theorem 4.10, we know that the size of the solution set

is at most

O(log(n2(A+B + 2
√
AB)) = O(log n). ■

We now connect the solutions to Au2 − Bv2 = C to solutions of (ya2 + k)(yb2 + k) = ℓ2

for some l ∈ Z, which we state in terms of their square-free parts. Specifically, we know that

if (ya2 + k)(yb2 + k) = ℓ2 then ya2 + k and yb2 + k must share the same square-free part.

Lemma 4.13. Let d ∈ Z and let [d] be the set of all a < N such that ya2 + k have the same

square-free part d. Then, the size of [d] is O(logN).

Proof. Let ya2 + k has square-free part d. Then, we can rewrite it as ya2 + k = dc2 for some

c. Since n < N , we have a, c < N , so by Lemma 4.12, there are at most O(log n) choices for

a, as desired. ■

We are now ready to bound the “algebraically impossible” sifted set.

Theorem 4.14. Let N, k ∈ Z and let M = N1/m. Consider the set [N ] and all primes

p ∈ PM for some m ∈ Z with m ≥ 1. Then, the set

X =

{
n ∈ [N ] |

(
n

p

)
=

(
n+ k

q

)
= 1 for all p ∈ PM

}
has size |X| ≪ (logN)4m+1.

Proof. We begin by classifying n based on its square-free part y. Let

Y =

{
y square-free |

(
y

p

)
= 1 for all p ∈ PM

}
.

If
(

n
p

)
= 1 for all p ∈ PM then there exists some y ∈ Y such that n = ya2 for some a ∈ Z.

Let

Xy =

{
ya2 | a ≤

√
N

y

}
∩X

13



and notice that X =
⋃

y∈Y Xy. We claim that |Xy| ≪ (logN)2m+1. Consider the set

L =

{
q ∈ Z | q =

2m∏
i=1

pi, pi ̸= pj for i ̸= j, pi ∈ PM

}
,

the same set as in the proof of Theorem 3.7. For n + k = ya2 + k to also be a quadratic

residue, it must satisfy
(

ya2+k
p

)
= 1 for all p ∈ PM . Then, since χ is multiplicative, we know

that (
M

logM

)2m

1Xy(n) ≪

∣∣∣∣∣∑
q∈L

(
ya2 + k

q

)∣∣∣∣∣ .
After taking the square of both sides and summing over a <

√
N
y
, it follows that

(
M

logM

)4m

|Xy| ≪
∑

a<
√

N
y

∣∣∣∣∣∑
q∈L

(
ya2 + k

q

)∣∣∣∣∣
2

.

Lemma 3.3 implies that
(

ya2+k
q

)
= χ4(ya2+k)(q). Further notice that instead of summing over

q ∈ L , we may equivalently sum over 1 through 22mN2 and use an indicator function to

pick out q ∈ L . As a result,

(
M

logM

)4m

|Xy| ≪
∑
a

∣∣∣∣∣
22mN2∑
ℓ=1

1L (ℓ)χ4(ya2+k)(ℓ)

∣∣∣∣∣
2

.

Now, we split a into equivalence classes [d] as defined in Lemma 4.12. Let D denote the set

of all possible options for the square-free part d. Then,

(
M

logM

)4m

|Xy| ≪
∑
d∈D

∑
a∈[d]

∣∣∣∣∣
22mN2∑
ℓ=1

1L (ℓ)χ4(ya2+k)(ℓ)

∣∣∣∣∣
2

.

We can then switch the order of summation. Let
∑∗

n denote the sum over all n such that

each n is in a unique class [d]. By Lemma 4.12, there are at most O(log n) elements in [d].

Thus, we have

(
M

logM

)4m

|Xy| ≪ logN
∑∗

a

∣∣∣∣∣
22mN2∑
ℓ=1

1L (ℓ)χ4(ya2+k)(ℓ)

∣∣∣∣∣
2

.

14



We now apply the Linnik multiplicative large sieve inequality and clear constants to get

(
M

logM

)4m

|Xy| ≪ (logN)N2

22mN2∑
ℓ=1

|1L (ℓ)|2.

Since |L | ≍
(

M
logM

)2m
and logM ≍ logN , we have

(
M

logM

)4m

|Xy| ≪ (logN)N2 N2

(logN)2m
,

which implies that

|Xy| ≪ (logN)2m+1.

Therefore, by Theorem 3.7, we have |Y | ≪ (logN)2m, so

|X| =
⋃
y∈Y

|Xy| ≪ |Y |(logN)2m+1 ≪ (logN)4m+1,

showing our desired bound. ■

Remark. When m is even, the bound can be sharped to

|X| ≪ (logN)
5
2
m+1

from |Y | ≪ (logN)m/2 for even m. It is likely that the bound can be further sharpened to

|X| ≪ (logN)m+1 through the use of the additive large sieve rather than the multiplicative

large sieve, since the sharper bound for Y was also shown through the additive large sieve.

5 Boolean Quadratic Sieve

In the previous section, we looked at the intersection of two quadratic sieves; that is, the

set with all elements n such that n and n+ k were both quadratic residues modulo p for all

p ∈ PM for M = N1/m. In this section, we consider the union of quadratic sieves. Specifically,

we bound the size of the set

|X| =
{
n ∈ [N ] | for all p ∈ PM , there exists some i such that

(
n+ ki

p

)
= 1

}

15



for some fixed set {k1, . . . , ka} ⊂ Z. We begin by defining a function that replicates the

behavior of the indicator function onX while being mean 0. Specifically, consider the function

fq(n) = 1−
a∏

i=1

(
1−

(
n+ ki

q

))

Notice that fq(n) ≤ 1. Moreover, fq(n) = 1 if and only if there exists some i such that(
n+ki
q

)
= 1, and if

(
n
q

)
= −1 for all q then fq(n) = 1− 2a. Therefore, if we let

La =

{
q ∈ Z | q =

2ma∏
i=1

pi, pi ̸= pj for i ̸= j, pi ∈ PM

}
.

it follows that (
M

logM

)2ma

1X(n) ≪

∣∣∣∣∣∑
q∈La

fq(n)

∣∣∣∣∣ . (3)

We now present a series of lemmas to bound the right-hand side. The following lemma is a

special case of Theorem 11.23 in [7].

Lemma 5.1 ([7]). Consider a polynomial g ∈ Zp[X] with r distinct roots and not a perfect

square. Then, ∣∣∣∣∣
p−1∑
x=1

(
g(x)

p

)∣∣∣∣∣ ≤ (r − 1)p1/2 ≪ p1/2

The above lemma allows us to show a similar result to Lemma 4.12 for the value
∏a

i=1(n+

ki).

Lemma 5.2. Let d ∈ N and let [d] be the set of all n < N such that
∏a

i=1(n + ki) have

square-free part d. Then, the size of [d] is O(N1/2).

Proof. Let g(n) =
∏a

i=1(n+ ki). Then, if n ∈ [d] then(
dg(n)

p

)
= 1

for all primes p. Consider the set

M =

{
m ∈ [N ] |

(
dg(m)

p

)
= 1 for all p < N1/2

}
.
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The set M is the set sifted by Ep =
{
m ∈ Zp |

(
dg(m)

p

)
= −1

}
for all p < N1/2. By Lemma

5.1, we have

|Ep| ≫
p

2
.

Therefore, by Theorem 3.5, we have |M | ≪ N1/2. Since n ∈ [d] implies n ∈ M , the size of

[d] is O(N1/2). ■

Remark. If a = 2, a bound of O(logN) is possible. It is possible that with further work, we

can prove that solutions (x, y) to the equation

d

a∏
i=1

(x+ ki) = y2

grow exponentially, which would give us a bound of O(logN). However, the bound of O(N1/2)

is sufficient for the sake of this paper. Note that this is the best possible bound when a = 1.

With this lemma in hand, we now bound the sum over quadratic characters of the poly-

nomial
∏
(n+ ki). Recall that La =

{
q ∈ Z | q =

∏2ma
i=1 pi, pi ̸= pj for i ̸= j, pi ∈ PM

}
.

Lemma 5.3. Let N ∈ Z, let a, b ∈ N with a < b, let {k1, . . . , ka} ⊂ Z, and let M = N1/m

for some m ∈ Z with m ≥ 1. Then, we have

Sa =
∑
n<N

∣∣∣∣∣∑
q∈Lb

a∏
i=1

(
n+ ki

q

)∣∣∣∣∣
2

≪ N2a+2b+1/2(logN)−2mb.

Proof. To ease notation, we write Kn :=
∏a

i=1(n+ ki). We begin by rewriting the sum using

quadratic reciprocity from Lemma 3.3 and the indicator function. Specifically, we have

Sa =
∑
n

∣∣∣∣∣∣
22mbN2b∑

ℓ=1

1Lb
(ℓ)χ4Kn(ℓ)

∣∣∣∣∣∣
2

.

Now, we split the sum over n. Let D be the set of all distinct classes [d] defined in Lemma

5.2. Then, we have

Sa =
∑
d∈D

∑
a∈[d]

∣∣∣∣∣∣
22mbN2b∑

ℓ=1

1Lb
(ℓ)χ4Kn(ℓ)

∣∣∣∣∣∣
2

.

We switch the order of summation. Let
∑∗

n denote the sum over all n such that each n is in

a unique class [d]. Since Lemma 5.2 states that there are at most O(N1/2) elements in [d],
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we have

Sa ≪ N1/2
∑∗

n

∣∣∣∣∣∣
22mbN2b∑

ℓ=1

1Lb
(ℓ)χ4Kn(ℓ)

∣∣∣∣∣∣
2

,

By the Linnik multiplicative large sieve in Theorem 3.6, it follows that

Sa ≪ N1/2N2a

22mbN2b∑
ℓ=1

|1Lb
(ℓ)|2.

Since |Lb| ≍
(

M
logM

)2mb

and logM ≍ logN , we have

Sa ≪ N2a+2b+1/2(logN)−2mb. ■

This allows us to bound the Boolean quadratic sieve.

Theorem 5.4. Let N, ki ∈ Z for 1 ≤ i ≤ a and let M = N1/m for some m ∈ Z with m ≥ 1.

Then, the set

Xa =

{
n ∈ [N ] | for all p ∈ PM , there exists some i such that

(
n+ ki

p

)
= 1

}
has size |X| ≪ N1/2(logN)2ma.

Proof. Consider the set

La =

{
q ∈ Z | q =

2ma∏
i=1

pi, pi ̸= pjfor i ̸= j, pi ∈ M

}
,

the same set as in Lemma 5.3. Equation (3) states that

(
M

logM

)2ma

1X(n) ≪

∣∣∣∣∣∑
q∈La

fq(n)

∣∣∣∣∣ .
We take the L2 norm of both sides and split the right-hand side using the triangle inequality,

giving us

((
M

logM

)4ma

|X|

)1/2

≪
a∑

j=0

(a
j

)∑
n<N

∣∣∣∣∣∑
q∈La

j∏
i=1

(
n+ ki

q

)∣∣∣∣∣
2
1/2

 (4)
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since for any sets of integers {k1, . . . , kj} and {ℓ1, . . . , ℓj}, we have

∑
n<N

∣∣∣∣∣∑
q∈La

b∏
i=1

(
n+ ki

q

)∣∣∣∣∣
2

≍
∑
n<N

∣∣∣∣∣∑
q∈La

b∏
i=1

(
n+ ℓi

q

)∣∣∣∣∣
2

.

We now use the bound from Lemma 5.3, which states that

∑
n<N

∣∣∣∣∣∑
q∈La

j∏
i=1

(
n+ ki

q

)∣∣∣∣∣
2

≪ N2a+2j+1/2(logN)−2ma ≪ N4a+1/2(logN)−2ma.

Substituting the bound into Equation (4), we have((
M

logM

)4ma

|X|

)1/2

≪
a∑

j=0

((
a

j

)
(N4a+1/2(logN)−2ma)1/2

)
.

Since
∑a

b=0

(
a
b

)
= 2a, we can simplify the right-hand side to

((
M

logM

)4ma

|X|

)1/2

≪ 2a(N4a+1/2(logN)−2ma)1/2

After squaring both sides and noting that logM ≍ logN , we get

N4a

(logN)4ma
|X| ≪ N4a+1/2(logN)−2ma,

which implies our desired bound of

|X| ≪ N1/2(logN)2ma. ■

Remark. A better bound is likely possible for even m due to the alternative proof using

additive characters rather than the multiplicative character. In particular, for a = 2, we use

the bound ∑
n<N

∣∣∣∣∣∑
q∈L2

(
n+ k1

q

)(
n+ k2

q

)∣∣∣∣∣
2

≪ (logN)4m+1

mentioned in the Remark following Lemma 5.2. Moreover, by the bound in the Remark
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following Theorem 3.7, we have

∑
n<N

∣∣∣∣∣∑
q∈L2

(
n+ ki

q

)∣∣∣∣∣
2

≪ N1/2(logN)m.

Therefore, using these two bounds, we get that

|X| ≪ N1/2(logN)m.

We conjecture that the same bound is possible for all values of a.
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