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CHAPTER 5

COHOMOLOGY VIA FORMS

5.1 The DeRham cohomology groups of a manifold

In the last four chapters we’ve frequently encountered the question:
When is a closed k-form on an open subset of RY (or, more generally
on a submanifold of RY) exact? To investigate this question more
systematically than we’ve done heretofore, let X be an n-dimensional
manifold and let

(5.1.1) ZFX) = {weQfX);dw=0}

and

(5.1.2) B¥(X) = {wefX);wind2*H(X)}

be the vector spaces of closed and exact k-forms. Since (1.1.2) is a
vector subspace of (1.1.1) we can form the quotient space

(5.1.3) H*(X) = z*(X)/B*(X),

and the dimension of this space is a measure of the extent to which
closed forms fail to be exact. We will call this space the k** DeRham
cohomology group of the manifold, X. Since the vector spaces (1.1.1)
and (1.1.2) are both infinite dimensional there is no guarantee that
this quotient space is finite dimensional, however, we’ll show later in
this chapter that it is in lots of interesting cases.

The spaces (1.1.3) also have compactly supported counterparts.
Namely let

(5.1.4) ZEX) = {weQf(X);dw=0}
and
(5.1.5) B¥YX) = {wefX),wind1(X)}.

Then as above B¥(X) is a vector subspace of Z*(X) and the vector
space quotient

(5.1.6) HE(X) = Z:(X)/Bé(X)
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is the k™ compactly supported DeRham cohomology group of X.

Given a closed k-form, w € Z*(X), we will denote by [w] the image
of w in the quotient space (1.1.3) and call [w] the cohomology class
of w. We will also use the same notation for compactly supported
cohomology. If w is in Z¥(X) we’ll denote by [w] the cohomology
class of w in the quotient space (1.1.6).

Some cohomology groups of manifolds we’ve already computed in
the previous chapters (although we didn’t explicitly describe these
computations as “computing cohomology”). We’'ll make a list below
of some of the things we’ve already learned about DeRham cohomol-

ogy:

1. If X is connected, H°(X) = R. Proof: A closed zero form is
a function, f € C*°(X) having the property, df = 0, and if X is
connected the only such functions are constants.

2. If X is connected and non-compact H?(X) = {0}. Proof: If f
is in C§°(X) and X is non-compact, f has to be zero at some point,
and hence if df = 0 it has to be identically zero.

3. If X is n-dimensional,
OM(X) = Q(X) = {0}
for k less than zero or k greater than n, hence
H*(X) = H{(X) = {0}
for k less than zero or k greater than n.

4. If X is an oriented, connected n-dimensional manifold, the in-
tegration operation is a linear map

(5.1.7) / QX)) - R

and, by Theorem 4.8.1, the kernel of this map is BY(X). Moreover, in
degree n, Z(X) = Q2(X) and hence by (1.1.6), we get from (1.1.7)
a bijective map

(5.1.8) Ix:H!X)—R.
In other words

(5.1.9) H'(X) =R.
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5. Let U be a star-shaped open subset of R”. In §2.5, exercises 4—
7, we sketched a proof of the assertion: For k > 0 every closed form,
w € ZF(U) is exact, i.e., translating this assertion into cohomology
language, we showed that

(5.1.10) H*U) = {0} for k> 0.

6. Let U C R" be an open rectangle. In §3.2, exercises 4-7, we
sketched a proof of the assertion: If w € QF(U) is closed and k is less
than n, then w = du for some (k — 1)-form, p € QF~1(U). Hence we
showed

(5.1.11) HFU)=0for k<n.

7. Poincaré’s lemma for manifolds: Let X be an n-dimensional
manifold and w € Z¥(X), k > 0 a closed k-form. Then for every
point, p € X, there exists a neighborhood, U of p and a (k — 1)-form
p € QF=1(U) such that w = du on U. Proof: For open subsets of R"
we proved this result in §2.3 and since X is locally diffeomorphic at
p to an open subset of R™ this result is true for manifolds as well.

8. Let X be the unit sphere, S”, in R**!. Since S™ is compact,
connected and oriented

(5.1.12) H°(S") = H™(S™) = R.

We will show that for k #£,0,n
(5.1.13) H*(S™) = {0}.

To see this let w € QF(S™) be a closed k-form and let p = (0,...,0,1) €
S™ be the “north pole” of S™. By the Poincaré lemma there exists
a neighborhood, U, of p in S™ and a k — 1-form, u € Q¥~Y(U) with
w= dponU. Let p e C3°(U) be a “bump function” which is equal
to one on a neighborhood, Uy of U in p. Then

(5.1.14) w1 =w — dpp

is a closed k-form with compact support in S™ — {p}. However stere-
ographic projection gives one a diffeomorphism

v :R" — S™ — {p}
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(see exercise 1 below), and hence ¢*w; is a closed compactly sup-
ported k-form on R™ with support in a large rectangle. Thus by
(1.1.14) ¢*w = dv, for some v € QF~1(R"), and by (1.1.14)

(5.1.15) w= dpp+ ("))

with (p~1)*v € Q~1(S" — {p}) C QF(S™), so we've proved that for
0 < k < n every closed k-form on S™ is exact.

We will next discuss some “pull-back” operations in DeRham the-
ory. Let X and Y be manifolds and f : X — Y a C* map. For
w € QF(Y), df*w = f*dw, so if w is closed, f*w is as well. Moreover,
if w= du, ffw = df*pu, so if w is exact, f*w is as well. Thus we have
linear maps

(5.1.16) f*Z8Y) — ZFX)
and
(5.1.17) f*: B¥Y) - BF(X)

and comparing (1.1.16) with the projection

7 ZF(X) — ZF(X)/B*(X)
we get a linear map
(5.1.18) zZkY) — HY(X).

In view of (1.1.17), B¥(Y) is in the kernel of this map, so by Theo-
rem 1.2.2 one gets an induced linear map

(5.1.19) Y RN Y) - HRYY),

such that f%o 7 is the map (1.1.18). In other words, if w is a closed
k-form on Y f* has the defining property

(5.1.20) FHw] = [f*w].

This “pull-back”operation on cohomology satisfies the following
chain rule: Let Z be a manifold and g : Y — Z a C* map. Then if
w is a closed k-form on Z

(gof)w=fg'w
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by the chain rule for pull-backs of forms, and hence by (1.1.20)
(5.1.21) (g0 /W] = FA(gFlw) -

The discussion above carries over verbatim to the setting of com-
pactly supported DeRham cohomology: If f : X — Y is a proper
C® map it induces a pull-back map on cohomology

(5.1.22) ffHRNY) - HF(X)

andif f: X - Y and g:Y — Z are proper C*> maps then the chain
rule (1.1.21) holds for compactly supported DeRham cohomology as
well as for ordinary DeRham cohomology. Notice also that if f :
X — Y is a diffeomorphism, we can take Z to be X itself and g to
be f~1, and in this case the chain rule tells us that the maps (1.1.19)
and (1.1.22) are bijections, i.e., H*(X) and H*(Y) and H*(X) and
HE(Y') are isomorphic as vector spaces.

We will next establish an important fact about the pull-back op-
eration, f*; we’ll show that it’s a homotopy invariant of f. Recall
that two C* maps

(5.1.23) fi: X—=Y, i=0,1
are homotopic if there exists a C°>° map
F:Xx[0,1] =Y

with the property F(p,0) = fo(p) and F(p,1) = fi(p) for all p € X.
We will prove:

Theorem 5.1.1. If the maps (1.1.23) are homotopic then, for the
maps they induce on cohomology

(5.1.24) =yt

Our proof of this will consist of proving this for an important
special class of homotopies, and then by “pull-back” tricks deducing
this result for homotopies in general. Let v be a complete vector field
on X and let

fi: X=X, —o<t<x

be the one-parameter group of diffeomorphisms it generates. Then

F:Xx[0,1 =X, Fpt)= fi(p),
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is a homotopy between fy and f1, and we’ll show that for this ho-
motopic pair (1.1.24) is true. Recall that for w € QF(X)

(% ft*w> (t=0) = L, = 1(v) dw + di(v)w

and more generally for all ¢

d d
Eft*w = <£f:+tw> (s =0)

— (4o sw) s=0

— (ghfw) =0 = (45) =0
— [ Lw
= ) de t dff o).

Thus if we set

(5.1.25) Qu = fuv)w

we get from this computation:

(5.1.26) %f*w = dQ; + Q¢ dw
and integrating over 0 < ¢ < 1:

(5.1.27) filw — fow = dQuw + Q dw
where

Q: QF(Y) — QF1(X)

is the operator

1
(5.1.28) Qw:/ Quw dt .
0

The identity (1.1.24) is an easy consequence of this “chain homo-
topy” identity. If w is in Z¥(X), dw = 0, so

filw— fow = dQuw
and
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filw] = filw] = [fiw - fow] = 0.
Q.E.D.
We’ll now describe how to extract from this result a proof of The-

orem 1.1.1 for any pair of homotopic maps. We’ll begin with the
following useful observation.

Proposition 5.1.2. If f; : X — Y, i = 0,1, are homotopic C*®
mappings there exists a C*° map

F: XxR—=Y

such that the restriction of F to X x [0,1] is a homotopy between f
and fi.

0, be a bump function which is supported

and is positive at t = % Then

= [ oo / [ otoras

is a function which is zero on the interval ¢t < %, is one on the interval
t> %, and, for all ¢, lies between 0 and 1. Now let

Proof. Let p € C3°(R), p

>
on the interval, % <t< %

G: X x[0,1] =Y

be a homotopy between fy and fi; and let F': X X R — Y be the
map

(5.1.29) F(x,t) = Gz, x(t)) .
This is a C*° map and since

F(z,1) = G(z,x(1)) = G(z,1) = fi(z)
and

F(x,0) = G(z,x(0)) = G(x,0) = fo(z),

it gives one a homotopy between fy and fi.
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We’re now in position to deduce Theorem 1.1.1 from the version
of this result that we proved above.
Let
Y : X XR—->XXxR, —oco<t<x

be the one-parameter group of diffeomorphisms
Y(x,a) = (r,a + 1)

and let v = 9/0t be the vector field generating this group. For k-
forms, u € QF(X x R), we have by (1.1.27) the identity

(5.1.30) M —yop=dlp+Tdp
where

sasy e [ (o(2))

Now let I, as in Proposition 1.1.2, be a C*° map
F:XXxR->Y

whose restriction to X x [0, 1] is a homotopy between fy and f1. Then
for w € QF(Y)

(5.1.32) NF'w =y Ffw=dl'F'u+TF*du

by the identity (1.1.29). Now let + : X — X x R be the inclusion,
p — (p,0), and note that

(Fomou(p) =F(p,1) = fi(p)

and
(Fovot)(p)=F(p,0) = fo(p)
ie.,
(5.1.33) Foyior =fi
and

(5.1.34) Fovyoir =fy.
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Thus
Ve = Frw) = fiw = fow

and on the other hand by (1.1.31)

(M Fw = Fw) = dU'TF'w+ JTF dw.
Letting
(5.1.35) Q: (YY) — QLX)
be the “chain homotopy” operator
(5.1.36) Qw = TF*w
we can write the identity above more succinctly in the form
(5.1.37) fiw— fiw = dQuw + Q dw

and from this deduce, exactly as we did earlier, the identity (1.1.24).
This proof can easily be adapted to the compactly supported set-
ting. Namely the operator (1.1.36) is defined by the integral

1
(5.1.38) Qu :/ vy <L <%> F*w> dt .
0

Hence if w is supported on a set, A, in Y, the integrand of (1.1.37)
at t is supported on the set

(5.1.39) {peX, F(pt)ecA}
and hence Qw is supported on the set
(5.1.40) T(F71(A)NnX x[0,1])

where 7 : X x[0,1] — X is the projection map, w(p,t) = p. Suppose
now that fy and f; are proper mappings and

G:Xx|[0,1]—-Y

a proper homotopy between fy and fi, i.e., a homotopy between fj
and f1 which is proper as a C* map. Then if F' is the map (1.1.30) its
restriction to X x [0, 1] is also a proper map, so this restriction is also
a proper homotopy between fo and fi. Hence if w is in Q(Y") and
A is its support, the set (1.1.39) is compact, so Qw is in QF~1(X).
Therefore all summands in the “chain homotopy” formula (1.1.37)
are compactly supported. Thus we’ve proved
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Theorem 5.1.3. If f; : X — Y, i = 0,1 are proper C* maps
which are homotopic via a proper homotopy, the induced maps on
cohomology

fiHE(Y) — HE(X)
are the same.

We'll conclude this section by noting that the cohomology groups,
H k(X ), are equipped with a natural product operation. Namely,
suppose w; € QF(X), i = 1,2, is a closed form and that ¢; = [w]
is the cohomology class represented by w;. We can then define a
product cohomology class c; - co in H***+*2(X) by the recipe

(5.1.41) cl-Cy = [wl VAN wg] .

To show that this is a legitimate definition we first note that since
ws is closed

d(wl AN wg) = dwi Nws + (—1)k1w1 A dwy =0,

SO0 w1 A wo is closed and hence does represent a cohomology class.
Moreover if we replace wy by another representative, wy + du; = o/,
of the cohomology class, ¢;

Wi Aws = w1 Awg + duy Aws .
But since ws is closed,

duy N wg = d(,u1 AN OJQ) + (—1)k1,u1 A dwsg
= d(p1 Aws)
SO

wi/\wgzwl/\wg—kd(,ul /\WQ)

and [w] Aws] = [w1 Aws]. Similary (1.1.41) is unchanged if we replace
wa by wo + dug, so the definition of (1.1.41) depends neither on the
choice of wy nor wy and hence is an intrinsic definition as claimed.
There is a variant of this product operation for compactly sup-
ported cohomology classes, and we’ll leave for you to check that
it’s also well defined. Suppose ¢; is in H¥(X) and ¢y is in H*2(X)
(i.e., c1 is a compactly supported class and ¢y is an ordinary coho-
mology class). Let w; be a representative of ¢; in QF1(X) and wo
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a representative of ¢y in Q%2(X). Then wy A wy is a closed form in
QF+k2(X) and hence defines a cohomology class

(5.1.42) c1-C = [wl N wg]

in H¥1+F2(X). We'll leave for you to check that this is intrinsically
defined. We'll also leave for you to check that (1.1.43) is intrinsically
defined if the roles of ¢; and ¢y are reversed, i.e., if ¢; is in H" (X)
and ¢y in H*2(X) and that the products (1.1.41) and (1.1.43) both
satisfy

(5.1.43) Cl - Cy = (—1)k1k202 cCq .

Finally we note that if Y is another manifold and f: X — Y a C*®
map then for w; € QF (V) and ws € QF2(Y)

frlwr Awa) = frwr A frws
by (2.5.7) and hence if wy and wy are closed and ¢; = [wj]

(5.1.44) Fier - ca) = fler - fles.

Exercises.

1. (Stereographic projection.) Let p € S™ be the point, (0,0,...,0,1).
Show that for every point x = (z1,...,%,+1) of S™ — {p} the ray

tr+(1—t)p, t>0

intersects the plane, z,1.1 = 0, in the point

1

1_xn+l( 1 ) n)

V()
and that the map
7St ={p} = R,z —(2)
is a diffeomorphism.

2. Show that the operator

Qr: QM(Y) — Q" 1(X)
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in the integrand of (1.1.38), i.e., the operator,

Quw = 1" vf (L (%) F*w>

has the following description. Let p be a point of X and let ¢ = f;(p).
The curve, s — f(p) passes through ¢ at time s = ¢. Let v(q) € T,Y
be the tangent vector to this curve at ¢. Show that

(5.1.45) (Quw)(p) = (df)pt(vg)wq -

3. Let U be a star-shaped open subset of R", i.e., a subset of R”
with the property that for every p € U the ray, tp, 0 <t < 1,isin U.

(a) Let v be the vector field

0
U:Z:EZO—:L‘Z

and 9 : U — U, the map p — tp. Show that for every k-form,
w € QF)

w= dQw + Q dw

where

dt

1
Qu :/0 ’yﬁ(v)wT.

(b) Show that if
w= Z ar(x) dxy

then

(5.146) Qu = Z( / tk_l(—l)r_la:iraz(tx)dt) g,
Ir

where

d:L'[T = d:L'il/\"'aEir/\"'dl‘ik.
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4. Let X and Y be oriented connected n-dimensional manifolds,
and f: X — Y a proper map. Show that the linear map, L, in the
diagram below

R —_— R
is just the map, t € R — deg(f)t.

5. Let X and Y be manifolds and let idx and idy be the identity
maps of X onto X and Y onto Y. A homotopy equivalence between
X and Y is a pair of maps

f: X—>Y

and

g:Y —X

such that g o f is homotopic to idx and f o g is homotopic to idy.
Show that if X and Y are homotopy equivalent their cohomology
groups are the same “up to isomorphism”, i.e., there exist bijections

H*(X) — H*Y).

6.  Show that R™ — {0} and S"~! are homotopy equivalent.

7. What are the cohomology groups of the n-sphere with two
points deleted? Hint: The n-sphere with one point deleted is R"™.

8. Let X and Y be manifolds and f; : X — Y, i =0,1,2, C*®
maps. Show that if fo and f; are homotopic and f; and fo are ho-
motopic then fy and fy are homotopic.

Hint: The homotopy (1.1.20) has the property that
F(p,t) = fi(p) = fo(p)

for0<t< % and
F(p,t) = fi(p) = fr(p)
3

for 4 <t < 1. Show that two homotopies with these properties: a
homotopy between fy and f; and a homotopy between f; and fo,
are easy to “glue together” to get a homotopy between fy and fs.
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9. (a) Let X bean n-dimensional manifold. Given points p; € X,
i = 0,1,2 show that if pg can be joined to p; by a C* curve, vy :
[0,1] — X, and p; can be joined to py by a C* curve, v : [0,1] — X,
then pg can be joined to ps by a C* curve, 7 : [0,1] — X.

Hint: A C* curve, v :[0,1] — X, joining pp to ps can be thought
of as a homotopy between the maps

Vpo:ptﬁX7 pt—’pO
and

Yoo Pt — X, pt—p
where “pt” is the zero-dimensional manifold consisting of a single
point.
(b) Show that if a manifold, X, is connected it is arc-wise con-

nected: any two points can by joined by a C* curve.

10. Let X be a connected n-dimensional manifold and w € Q'(X)
a closed one-form.

(a) Show that if v : [0,1] — X is a C* curve there exists a partition:
0=ap < ay <---<ay=1of the interval [0, 1] and open sets U; in
X such that v ([a;—1,a;]) C U; and such that w|U; is exact.

(b) In part (a) show that there exist functions, f; € C*°(U;) such
that w|U; = df; and f; (v(a;)) = fir1 (v(a;)).
(¢c) Show that if pyp and p; are the end points of v

1
Fulo1) — Fi(po) = /0 Y.

(d) Let
(5.1.47) 1[0, > X, 0<s<l1

be a homotopic family of curves with v5(0) = po and (1) = ps.
Prove that the integral
1
/ Tsw
0

is independent of so. Hint: Let sg be a point on the interval, [0, 1].
For v = 4, choose a;’s and f;’s as in parts (a)—(b) and show that
for s close to sg, vs[ai—1,a;] C U;.



5.2 The Mayer—Victoris theorem 231

(e) A manifold, X, is simply connected if, for any two curves, ~; :
[0,1] — X, i = 0,1, with the same end-points, py and p, there exists
a homotopy (1.1.43) with v5(0) = pp and ~vs(1) = p1, i.e., o can be
smoothly deformed into 1 by a family of curves all having the same
end-points. Prove

Theorem 5.1.4. If X is simply-connected H'(X) = {0}.

11. Show that the product operation (1.1.41) is associative and
satisfies left and right distributive laws.

12. Let X be a compact oriented 2n-dimensional manifold. Show
that the map
B:H"(X)x H"(X)—R

defined by
B(Cl,Cg) = Ix(Cl . C2)

is a bilinear form on H™(X) and that it’s symmetric if n is even and
alternating if n is odd.

5.2 The Mayer—Victoris theorem

In this section we’ll develop some techniques for computing coho-
mology groups of manifolds. (These techniques are known collec-
tively as “diagram chasing” and the mastering of these techniques is
more akin to becoming proficient in checkers or chess or the Sunday
acrostics in the New York Times than in the areas of mathematics
to which they're applied.) Let C?, i = 0,1,2,..., be vector spaces
and d : C* — C**! a linear map. The sequence of vector spaces and
maps

(5.2.1) o4t d o2

is called a complex if d> = 0, i.e., if for a € C¥, d(da) = 0. For
instance if X is a manifold the DeRham complex

d

< ol(x) 4

(5.2.2) Q(X) L 04X) = -

is an example of a complex, and the complex of compactly supported
DeRham forms

(5.2.3) QX)L l(x) % Q2(X) - -
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is another example. One defines the cohomology groups of the com-
plex (1.2.1) in exactly the same way that we defined the cohomology
groups of the complexes (1.2.2) and (1.2.3) in §1.1. Let

ZF ={a e C*; da =0}

and

B¥={aeCF;acdct 1}

i.e., let a be in B* if and only if a = db for some b € C*~!. Then
da = d?b = 0, so B* is a vector subspace of Z*, and we define
H*(C) — the k'™ cohomology group of the complex (1.2.1) — to be
the quotient space

(5.2.4) H*(C) = z*/B".

Given ¢ € Z* we will, as in §1.1, denote its image in H*(C) by []
and we’ll call ¢ a representative of the cohomology class [c].

We will next assemble a small dictionary of “diagram chasing”
terms.

Definition 5.2.1. Let V;, ¢ = 0,1,2,..., be vector spaces and «; :
Vi — Viqq linear maps. The sequence

(5.2.5) W33 n3s...

is an exact sequence if, for each i, the kernel of ;1 is equal to the
mmage of «;.

For example the sequence (1.2.1) is exact if Z; = B; for all i, or,
in other words, if H*(C) = 0 for all i. A simple example of an exact
sequence that we’ll encounter a lot below is a sequence of the form

(5.2.6) {0} - vi B v, B vz — {0},

a five term exact sequence whose first and last terms are the vector
space, Vo = V4 = {0}, and hence g = a3 = 0. This sequence is
exact if and only if

1. o is injective,

2. the kernel of oy equals the image of oy, and
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3. a9 is surjective.

We will call an exact sequence of this form a short exact sequence.
(We'll also encounter a lot below an even shorter example of an exact
sequence, namely a sequence of the form

(5.2.7) {0} - 1 BV, — {0}.

This is an exact sequence if and only if «; is bijective.)

Another basic notion in the theory of diagram chasing is the notion
of a commutative diagram. The square diagram of vector spaces and
linear maps

ALB

ZT Tj
c 42D

is commutative if f o¢ = j o g, and a more complicated diagram
of vector spaces and linear maps like the diagram below

A Ay As
[ [ [
B By B;
[ [ |
Ch Oy Cy

is commutative if every subsquare in the diagram, for instance the

square, 5 5
2 — b3

[

Cy —— Cj
is commutative.
We now have enough “diagram chasing” vocabulary to formulate
the Mayer—Victoris theorem. For r = 1,2, 3 let

(5.2.8) {0y >0 4ot b2

T

be a complex and, for fixed k, let

(5.2.9) {0} — ¢k 4 ok L ok {0}
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be a short exact sequence. Assume that the diagram below com-
mutes:

! | !
0 — CFt oot Lot
d d d

(52100 0 — Cf — Cf — Cf — 0

1 1 -1 J _
0 — ot oot oot o

i.e., assume that in the left hand squares, di = id, and in the right
hand squares, dj = jd.

The Mayer—Victoris theorem addresses the following question: If
one has information about the cohomology groups of two of the three
complexes, (1.2.8), what information about the cohomology groups
of the third can be extracted from this diagram? Let’s first observe
that the maps, ¢ and j, give rise to mappings between these cohomol-
ogy groups. Namely, for = 1,2,3 let Z* be the kernel of the map,
d:CF — CF1 and BF the image of the map, d : C¥~1 — CF. Since
id = di, i maps Bf into B§ and ZF into Z§, therefore by (1.2.4) it
gives rise to a linear mapping

iy : HE(Cy) — H*(Cy).

Similarly since jd = dj, j maps B§ into B§ and Zé“ into Zéf, and so
by (1.2.4) gives rise to a linear mapping

ik Hk(Cg) — Hk(Cg).

Moreover, since j o¢ = 0 the image of #4 is contained in the kernel of
Ji- We'll leave as an exercise the following sharpened version of this
observation:

Proposition 5.2.2. The kernel of jy equals the image of iy, i.e., the
three term sequence

(5.2.11) HE(C) % BN Cy) 2 R O)

1s exact.
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Since (1.2.9) is a short exact sequence one is tempted to conjecture
that (1.2.11) is also a short exact sequence (which, if it were true,
would tell us that the cohomology groups of any two of the complexes
(1.2.8) completely determine the cohomology groups of the third).
Unfortunately, this is not the case. To see how this conjecture can be
violated let’s try to show that the mapping jj is surjective. Let c’§ be
an element of Z¥ representing the cohomology class, [¢§], in H3(Cs).
Since (1.2.9) is exact there exists a 012€ in C’g which gets mapped by j
onto &, and if ¢§ were in Z§ this would imply

jeles] = [jch] = [c5],
i.e., the cohomology class, [c’?f], would be in the image of jy. However,
since there’s no reason for CS to be in Z§, there’s also no reason for
(k] to be in the image of j;. What we can say, however, is that

jdck = djck = dck = 0 since ¢} is in Z%. Therefore by the exactness
of (1.2.9) in degree k + 1 there exists a unique element, ¢f+1 in O+

with property

(5.2.12) dck = ick+t,

Moreover, since 0 = d(dck) = di(c¥™) = idcf™! and i is injective,
alc’lngl =0, i.e.,

(5.2.13) Kt ezt

Thus via (1.2.12) and (1.2.13) we’ve converted an element, c&, of Z¥

into an element, c]fH, of Zf“ and hence set up a correspondence

5.2.14 ke gk Ftl ¢ gkt
3 3 1 1

Unfortunately this correspondence isn’t, strictly speaking, a map
of Z§ into Z¥*1; the ¢f in (1.2.14) isn’t determined by ¢ alone
but also by the choice we made of c'2f. Suppose, however, that we
make another choice of a clg with the property j (cg) = c’?f . Then the
difference between our two choices is in the kernel of j and hence,
by the exactness of (2.5.8) at level k, is in the image of 7. In other
words, our two choices are related by

(Cg)new = (Cg)old + Z(C]f)
for some ¢} in CF, and hence by (1.2.12)

(C]f+1)new = (C]f+1)old + dclf .
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Therefore, even though the correspondence (1.2.14) isn’t strictly
speaking a map it does give rise to a well-defined map

(5.2.15) 75 — HY(C), o — [T,

Moreover, if c’?f is in Béf, ie., c’?f = alc'?f_1 for some c'?f_l € C’;f_l, then
by the exactness of (1.2.8) at level k — 1, ¢k~ = j(c™!) for some
b=l € ¢! and hence & = j(dcE™?). In other words we can take
the c§ above to be dey ™! in which case the ¢f ™! in equation (1.2.12)
is just zero. Thus the map (1.2.14) maps B% to zero and hence by

Proposition 1.2.2 gives rise to a well-defined map

(5.2.16) 6 H*(C3) — HFY(0y)
mapping [c§] — [c}T!]. We will leave it as an exercise to show that
this mapping measures the failure of the arrow j; in the exact se-
quence (1.2.11) to be surjective (and hence the failure of this se-
quence to be a short exact sequence at its right end).

Proposition 5.2.3. The image of the map j; : H*(Cy) — H*(C3)
is equal to the kernel of the map, § : H*(C3) — HFTL(CY).

Hint: Suppose that in the correspondence (1.2.14) c’f“ isin Bf“.
Then clfH = dc’f for some c’f in C’f. Show that
ok k k
ez —i(er)) = c3
and

d(cs —i(c})) =0
ie., ck —i(ch) is in Z§ and hence jy[ck —i(c})] = [ch].
Let’s next explore the failure of the map, iy : H*1(Cy) — H*1(Cy),
to be injective. Let clfH be in Zf“ and suppose that its cohomol-
ogy class, [c’f“], gets mapped by i into zero. This translates into

the statement
(5.2.17) i) = dck
for some c§ € C¥. Moreover since de§ = i(cit1), j(dck) = 0. But if

(5.2.18) kL k)
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then dck = dj(ck) = j(dck) = j(i(F™)) = 0, so ¢k is in Z§, and by
(1.2.17), (1.2.18) and the definition of §

(5.2.19) [h 1] = §ck].

In other words the kernel of the map, iy : H*1(Cy) — H*1(Cy) is
contained in the image of the map & : H*(C3) — H**1(Cy). We will
leave it as an exercise to show that this argument can be reversed to
prove the converse assertion and hence to prove

Proposition 5.2.4. The image of the map 6 : H*(Cy) — HFTY(Cy)
is equal to the kernel of the map iy : H*T1(Cy) — H*(Cy).

Putting together the Propositions 1.2.2-1.2.4 we obtain the main
result of this section: the Mayer—Victoris theorem. The sequence of
cohomology groups and linear maps

(5:2.20) -+ 5 HHC) % HNC) B HNCy) S B (C-1) B

1s exact.

Remark 5.2.5. In view of the “--7’s this sequence can be a very
long sequence and is commonly referred to as the “long exact se-
quence in cohomology” associated to the short exact sequence of com-
plezes (2.5.9).

Before we discuss the applications of this result, we will introduce
some vector space notation. Given vector spaces, V; and Vo we’ll
denote by V1 & V5 the vector space sum of Vi and V5, i.e., the set of
all pairs

(up,uz), u; €V,

with the addition operation
(uy,uz) + (vi +va) = (ug + vy, ug + va)
and the scalar multiplication operation
AMuy,uz) = (Aug , Aug).

Now let X be a manifold and let U; and Us be open subsets of X.
Then one has a linear map

(5.2.21) OF (U, UU,) 5 QF(UY) @ QF(U,)
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defined by
(5.2.22) w — (w|U1 s w|U2)

where w|U; is the restriction of w to U;. Similarly one has a linear
map

(5.2.23) QO (Uy) @ Q% (Us) L QF (UL N Ty)
defined by

(5.2.24) (wi,w2) — wi|Up NUy — we|Uy NU;.
We claim

Theorem 5.2.6. The sequence
(5.2.25)

{0} — QF(Uy UUY) 5 QF(Th) ® QF (L) & Q% (Uy NU,) — {0}
s a short exact sequence.

Proof. 1f the right hand side of (1.2.22) is zero, w itself has to be
zero so the map (1.2.22) is injective. Moreover, if the right hand side
of (1.2.24) is zero, wy and we are equal on the overlap, U; N Uy, so
we can glue them together to get a C* k-form on U; U Us by setting
w = w; on U; and w = wy on Us. Thus by (1.2.22) i(w) = (w1,w2),
and this shows that the kernel of j is equal to the image of i. Hence
to complete the proof we only have to show that j is surjective,
i.e., that every form w on QF(U; NUy) can be written as a difference,
w1|Uy NUs — wo|Uy NUs, where wy is in QF(U7) and ws in in QF(U5).
To prove this we’ll need the following variant of the partition of unity
theorem.

Theorem 5.2.7. There exist functions, g, € C*°(U1UUZ), a = 1,2,
such that support v, ts contained in U, and ¢1 + o = 1.

Before proving this let’s use it to complete our proof of Theo-
rem 1.2.6. Given w € QF(U; N Us) let

pow on U; NUs;

(5.2.26) w1 =19 on U —U NUs

and let
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(5.2.27) g = {—gplw on UiNU;

0 on Uy —UinNnUs,.

Since ¢y is supported on Us the form defined by (1.2.26) is C*° on Uy
and since 7 is supported on U; the form defined by (1.2.27) is C*
on U and since ¢ +@o = 1, wy — wa = (¢1 + @2)w = w on U; N Uhs.

U

To prove Theorem 1.2.7, let p; € C3°(U; U Us), i = 1,2,3,...
be a partition of unity subordinate to the cover, {U,, a = 1,2} of
Uy U Uy and let 1 be the sum of the p;’s with support on Uy and
2 the sum of the remaining p;’s. It’s easy to check (using part (b)
of Theorem 4.6.1) that ¢, is supported in U, and (using part (c) of

Theorem 4.6.1) that ¢; + w2 = 1. O
Now let
(5.2.28) 0y >t Lol 4oz,

be the DeRham complex of Uy U Us, let

(5.2.29) -4t Lo
be the DeRham complex of U; N Us and let
(5.2.30) {0y >cd Lol b2

be the vector space direct sum of the DeRham complexes of U; and
Us, i.e., the complex whose k' term is

Cy = QF(Uy) @ QF(Uy)

with d : C§ — CE*! defined to be the map d(u1, u2) = (du1, dus).
Since CF = QF(U; U Us) and C% = QF(U; N Us) we have, by Theo-
rem 1.2.6, a short exact sequence

(5.2.31) {0} — ok L ek L ok - {0},
and it’s easy to see that ¢ and j commute with the d’s:

(5.2.32) di = id and dj = jd.
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Hence we’re exactly in the situation to which Mayer—Victoris applies.
Since the cohomology groups of the complexes (1.2.28) and (1.2.29)
are the DeRham cohomology group. H*(U; UUs,) and H*(U; N Uy),
and the cohomology groups of the complex (1.2.30) are the vector
space direct sums, H*(Uy) @ H*(Us), we obtain from the abstract
Mayer—Victoris theorem, the following DeRham theoretic version of
Mayer—Victoris.

Theorem 5.2.8. Letting U = U; UUy and V = Uy NUsy one has a
long exact sequence in DeRham cohomology:
(5.2.33)

i

MUY B N0 @ BRO) B HR ) S o) B

This result also has an analogue for compactly supported DeRham
cohomology. Let

(5.2.34) i: QEULNUs) — HE(Uy) @ QE(Ua)
be the map

(5.2.35) i(w) = (w1, w2)

where

(5.2.36) w:{“’ o tints

0 on U;—UiNUy.

(Since w is compactly supported on U; N Us the form defined by
(1.2.34) is a C*™ form and is compactly supported on U;.) Similarly,
let

(5.2.37) Qi) @ QF(Ua) — QE(U U TY)
be the map

(5.2.38) Jlwi,wa) = Wy — wo

where:

TN

As above it’s easy to see that i is injective and that the kernel of j
is equal to the image of i. Thus if we can prove that j is surjective
we’ll have proved
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Theorem 5.2.9. The sequence
(5.2.40)

{0} — QE(UL NT) 5 QF(Uy) @ QF(Us) L QU1 N Uy) — {0}
is a short exact sequence.

Proof. To prove the surjectivity of j we mimic the proof above. Given
w in QF (U UTL) let

(5.2.41) w=pw|U;
and
(5.2.42) w2 = —gpgw|U2 .

Then by (1.2.36) w = j(w1,wa).
U

Thus, applying Mayer—Victoris to the compactly supported ver-
sions of the complexes (1.2.8), we obtain:

Theorem 5.2.10. Letting U = U1 UUy and V = Uy NUsy there exists
a long exact sequence in compactly supported DeRham cohomology
(5.2.43)

LS gk vy B ROy @ HEU,) B HEWU) S HE (V) B

Exercises

1.  Prove Proposition 1.2.2.
2. Prove Proposition 1.2.3.
3.  Prove Proposition 1.2.4.

4. Show that if Uy, Us and U; N Uy are non-empty and connected
the first segment of the Mayer—Victoris sequence is a short exact
sequence

{0} —» H(U, UU,) — HY(Uy) @ H(Uy) — H°(U; N U) — {0}.
5. Let X = S™ and let U; and Us; be the open subsets of S"

obtained by removing from S™ the points, p; = (0,...,0,1) and
P2 = (0,...,0,—1).
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(a) Using stereographic projection show that Uy and Us are diffeo-
morphic to R".

(b) Show that U; U Uy = S™ and Uy N Uy is homotopy equivalent
to "1, (See problem 5 in §1.1.) Hint: Uy N Uy is diffeomorphic to
R™ — {0}.

(c) Deduce from the Mayer—Victoris sequence that HT!(S") =
H{(S" 1) for i > 1.
(d) Using part (c) give an inductive proof of a result that we proved

by other means in §1.1: H*(S™) = {0} for 1 < k < n.

6. Using the Mayer—Victoris sequence of exercise 5 with cohomol-
ogy replaced by compactly supported cohomology show that

HER' —{0}) =R

for k=1andn and

HY(R" - {0}) = {0}

for all other values of k.

5.3 Good covers

In this section we will show that for compact manifolds (and for lots
of other manifolds besides) the DeRham cohomology groups which
we defined in §1.1 are finite dimensional vector spaces and thus, in
principle, “computable” objects. A key ingredient in our proof of this
fact is the notion of a good cover of a manifold.

Definition 5.3.1. Let X be an n-dimensional manifold, and let
U={Uy,acT}

be a covering of X by open sets. This cover is a good cover if for
every finite set of indices, oy € I, i = 1,...,k, the intersection
UaiN---NUaqy is either empty or is diffeomorphic to R™.

One of our first goals in this section will be to show that good
covers exist. We will sketch below a proof of the following.

Theorem 5.3.2. Every manifold admits a good cover.
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The proof involves an elementary result about open convex subsets
of R™,

Proposition 5.3.3. If U is a bounded open convex subset of R™, it
is diffeomorphic to R™.

A proof of this will be sketched in exercises 1-4 at the end of this
section.

One immediate consequence of this result is an important special
case of Theorem 1.3.2.

Theorem 5.3.4. Every open subset, U, of R™ admits a good cover.

Proof. For each p € U let U, be an open convex neighborhood of p
in U (for instance an e-ball centered at p) . Since the intersection of
any two convex sets is again convex the cover, {U,,p € U} is a good
cover by Proposition 1.3.3.

O

For manifolds the proof of Theorem 1.3.2 is somewhat trickier.
The proof requires a manifold analogue of the notion of convexity
and there are several serviceable candidates. The one we will use is
the following. Let X C RY be an n-dimensional manifold and for
p € X let T, X be the tangent space to X at p. Recalling that 7, X
sits inside TpRN and that

T,RY = {(p,v), v € R"}
we get a map
TPXHTPRN—)RN7 (p7$)—>p+$>

and this map maps 7, X bijectively onto an n-dimensional “affine”
subspace, L, of RN which is tangent to X at p. Let T X — L,
be, as in the figure below, the orthogonal projection of X onto L.
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p ™, ()

Definition 5.3.5. An open subset, V, of X is convex if for every
p €V the map m, : X — L, maps V diffeomorphically onto a convex
open subset of L,,.

It’s clear from this definition of convexity that the intersection of
two open convex subsets of X is an open convex subset of X and
that every open convex subset of X is diffeomorphic to R™. Hence
to prove Theorem 1.3.2 it suffices to prove that every point, p, in X
is contained in an open convex subset, U, of X. Here is a sketch of
how to prove this. In the figure above let B¢(p) be the ball of radius €
about p in L, centered at p. Since L, and T}, are tangent at p the
derivative of 7, at p is just the identity map, so for € small 7, maps a
neighborhood, Uy of p in X diffeomorphically onto B¢(p). We claim

Proposition 5.3.6. For e small, US is a convex subset of X.

Intuitively this assertion is pretty obvious: if ¢ is in Uy and € is

small the map
-1
Bs™ U L,

is to order €2 equal to the identity map, so it’s intuitively clear that
its image is a slightly warped, but still convex, copy of B¢(p). We
won’t, however, bother to write out the details that are required to
make this proof rigorous.

A good cover is a particularly good “good cover” if it is a finite
cover. We'll codify this property in the definition below.
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Definition 5.3.7. An n-dimensional manifold is said to have finite
topology if it admits a finite covering by open sets, Uy, ...,Un with
the property that for every multi-index, I = (i1,...,1), 1 < i3 <
ig--- < i < N, the set

(5.3.1) Ur=UiiN---NUi

is either empty or is diffeomorphic to R™.

If X is a compact manifold and U = {U, , a € T} is a good cover
of X then by the Heine-Borel theorem we can extract from U a finite
subcover

Ui:Uai,aiEI,izl,...,N,

hence we conclude
Theorem 5.3.8. Every compact manifold has finite topology.

More generally, for any manifold, X, let C be a compact subset of
X. Then by Heine-Borel we can extract from the cover, U, a finite
subcollection

Ui;=Uy, o€, t=1,...,N

that covers C, hence letting U = | U;, we’ve proved

Theorem 5.3.9. If X is an n-dimensional manifold and C' a com-
pact subset of X, then there exists an open neighborhood, U, of C' in
X having finite topology.

We can in fact even strengthen this further. Let Uy be any open
neighborhood of C' in X. Then in the theorem above we can replace
X by Uy to conclude

Theorem 5.3.10. Let X be a manifold, C' a compact subset of X
and Uy an open neighborhood of C in X. Then there exists an open
neighborhood, U, of C' in X, U contained in Uy, having finite topol-
0gy.

We will justify the term “finite topology” by devoting the rest of
this section to proving

Theorem 5.3.11. Let X be an n-dimensional manifold. If X has
finite topology the DeRham cohomology groups, H*(X), k=0,...,n
and the compactly supported DeRham cohomology groups, Hf(X ),
k=0,...,n are finite dimensional vector spaces.
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The basic ingredients in the proof of this will be the Mayer—
Victoris techniques that we developed in §5.2 and the following ele-
mentary result about vector spaces.

Lemma 5.3.12. Let V;, i = 1,2,3, be vector spaces and

(5.3.2) T AR 74

an exact sequence of linear maps. Then if V1 and V3 are finite di-
mensional, so is V5.

Proof. Since V3 is finite dimensional, the image of § is of dimension,
k < 00, so there exist vectors, v;, ¢ = 1,...,k in V5 having the
property that

(5.3.3) Image 8 = span{8(v;), i=1,...,k}.

Now let v be any vector in V5. Then ((v) is a linear combination

k

Bv) =) ciB(vi) c€eR

i=1

of the vectors (v;) by (1.3.3), so

k
(5.3.4) vVi=v-— Z Civi
i=1

is in the kernel of 8 and hence, by the exactness of (1.3.2), in the im-
age of a. But Vj is finite dimensional, so «(V}) is finite dimensional.
Letting vi41,...,Vm, be a basis of a(V;) we can by (1.3.4) write v as
a sum, v = 27;1 ¢;v;. In other words vy,...,v,, is a basis of V5.

O

We’ll now prove Theorem 1.3.4. Our proof will be by induction on
the number of open sets in a good cover of X. More specifically let

U={U;,i=1,...,N}

be a good cover of X. If N =1, X = U and hence X is diffeomorphic
to R"”, so
H*(X) = {0} for k>0
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and H*(X) = R for k = 0, so the theorem is certainly true in
this case. Let’s now prove it’s true for arbitrary N by induction.
Let U be the open subset of X obtained by forming the union of
Us,...,Un. We can think of U as a manifold in its own right, and
since {U;, i =2,...,N} is a good cover of U involving only N — 1
sets, its cohomology groups are finite dimensional by the induction
assumption. The same is also true of the intersection of U with Uj.
It has the N — 1 sets, UNU;, i = 2,...,N as a good cover, so its
cohomology groups are finite dimensional as well. To prove that the
theorem is true for X we note that X = U; UU and that one has an
exact sequence

oYU nU) S R X) % HE Oy @ HRU)

by Mayer—Victoris. Since the right hand and left hand terms are finite
dimensional it follows from Lemma 1.3.12 that the middle term is
also finite dimensional. O

The proof works practically verbatim for compactly supported co-
homology. For N =1

HE(X) = HE(Ur) = HE (R")

so all the cohomology groups of H*(X) are finite in this case, and
the induction “N — 1”7 = “N” follows from the exact sequence

HYUy) & HYU) & HYX) S BN (0,0 U) .

Remark 5.3.13. A careful analysis of the proof above shows that
the dimensions of the H¥(X)’s are determined by the intersection
properties of the U;’s, i.e., by the list of multi-indices, I, for which
th intersections (1.3.1) are non-empty.

This collection of multi-indices is called the nerve of the cover,
U={U;,i=1,...,N}, and this remark suggests that there should
be a cohomology theory which has as input the nerve of U and as
output cohomology groups which are isomorphic to the DeRham
cohomology groups. Such a theory does exist and a nice account of it
can be found in Frank Warner’s book, “Foundations of Differentiable
Manifolds and Lie Groups”. (See the section on Cech cohomology in
Chapter 5.)
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Exercises.

1. Let U be a bounded open subset of R". A continuous function
Y : U — [0, 00)

is called an exhaustion function if it is proper as a map of U into
[0,00); i.e., if, for every a > 0, 9~1([0,a]) is compact. For = € U let

d(x) =inf{lz —y|, yeR"-U},

i.e., let d(z) be the “distance” from z to the boundary of U. Show
that d(z) > 0 and that d(x) is continuous as a function of z. Conclude
that 19 = 1/d is an exhaustion function.

2. Show that there exists a C*° exhaustion function, @g : U —
[0, 00), with the property o > 92 where 1 is the exhaustion func-
tion in exercise 1.

Hints: For 1 = 2,3,... let

C’i:{a:eU, lSd(m)S.l }
1

and

1 1

Let p; € C3°(U;), pi > 0, be a “bump” function which is identically
one on C; and let pg = > i%p; + 1.

3. Let U be a bounded open convex subset of R” containing the
origin. Show that there exists an exhaustion function

v:U—R, ¢(0)=1,

having the property that v is a monotonically increasing function of
t along the ray, tx, 0 <t <1, for all points, x, in U. Hints:

(a) Let p(x), 0 < p(x) <1, be a C*® function which is one outside
a small neighborhood of the origin in U and is zero in a still smaller
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neighborhood of the origin. Modify the function, ¢q, in the previous
exercise by setting ¢(x) = p(z)po(x) and let

1 ds
vie) = [ el +1
Show that for 0 <¢ <1
d
(5.3.5) d—f(m) R

and conclude from (1.3.4) that 1) is monotonically increasing along
the ray, tx, 0 <t < 1.

(b) Show that for 0 < e < 1,

P(z) = ep(y)
where y is a point on the ray, tz, 0 < ¢ <1 a distance less than €|z|
from X.
(¢c) Show that there exist constants, Cy and C7, C; > 0 such that

Sub-hint: In part (b) take € to be equal to 3 d(z)/|.

4.  Show that every bounded, open convex subset, U, of R™ is dif-
feomorphic to R™. Hints:

(a) Let ¢(z) be the exhaustion function constructed in exercise 3
and let
f:U—-R"

be the map: f(z) = ¢(x)x. Show that this map is a bijective map of
U onto R™.

(b) Show that for x € U and v € R"

(df)ov = Y(x)v + dipg(v)x

and conclude that df, is bijective at z, i.e., that f is locally a diffeo-
morphism of a neighborhood of z in U onto a neighborhood of f(x)
in R™.
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(¢) Putting (a) and (b) together show that f is a diffeomorphism
of U onto R™.

5.  Let U C R be the union of the open intervals, k < x < k + 1,
k an integer. Show that U doesn’t have finite topology.

6. Let V C R? be the open set obtained by deleting from R?
the points, p,, = (0,n), n an integer. Show that V' doesn’t have finite
topology. Hint: Let v, be a circle of radius % centered about the point
pn- Using exercises 16—17 of §2.1 show that there exists a closed C*°-
one-form, w, on V with the property that f% wy = 1 and fﬁ/m wp =0
for m # n.

7. Let X be an n-dimensional manifold and U = {U;, i = 1,2} a
good cover of X. What are the cohomology groups of X if the nerve
of this cover is

(a) {1}, {2}
(b) {1}, {2}, {1,2}7

8. Let X be an n-dimensional manifold and U ={U;,i=1,2,3,}
a good cover of X. What are the cohomology groups of X if the
nerve of this cover is

(a) {1}, {2}, {3}

(b) {1}, {2}, {3}, {1,2}

(c) {1} {2}, {3}, {1,2}, {1,3}

(d) {1}, {2}, {3}, {1,2}, {1.3}, {2,3}

(e) {1} {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}7

9. Let S! be the unit circle in R? parametrized by arc length:

(z,y) = (cosf,sind). Let Uy be the set: 0 < 6 < 2, U the set:
%<9<37”,andU3theset: —%”<9<§.

a) Show that the U;’s are a good cover of S.

(b) Using the previous exercise compute the cohomology groups of
St
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10. Let S? be the unit 2-sphere in R®. Show that the sets
U; = {(z1, 22, 23) € S? . x> 0}
1=1,2,3 and
U; = {(z1, 22, 23) € S? ., xiig < 0},
i=4,5,6, are a good cover of S2. What is the nerve of this cover?

11. Let X and Y be manifolds. Show that if they both have finite
topology, their product, X x Y, does as well.

12. (a) Let X be a manifold and let U;, i = 1,..., N, be a good
cover of X. Show that U; xR, 7 =1,..., N, is a good cover of X xR
and that the nerves of these two covers are the same.

(b) By Remark 1.3.13,
H*(X xR) = H¥(X).

Verify this directly using homotopy techniques.
(¢) More generally, show that for all £ > 0

(5.3.6) H*(X xRY) = H*(X)

(i) by concluding that this has to be the case in view of the
Remark 1.3.13 and

(ii) by proving this directly using homotopy techniques.

5.4 Poincaré duality

In this chapter we’ve been studying two kinds of cohomology groups:
the ordinary DeRham cohomology groups, H*, and the compactly
supported DeRham cohomology groups, H*. It turns out that these
groups are closely related. In fact if X is a connected, oriented n-
dimensional manifold and has finite topology, H?~*(X) is the vector
space dual of H*(X). We’ll give a proof of this later in this section,
however, before we do we’ll need to review some basic linear alge-
bra. Given two finite dimensional vector space, V and W, a bilinear
pairing between V and W is a map

(5.4.1) B:VxW-—-R
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which is linear in each of its factors. In other words, for fixed w € W,
the map

(5.4.2) ly:V—=R, v— B(v,w)

is linear, and for v € V, the map

(5.4.3) b, : W —-R, w— B(v,w)

is linear. Therefore, from the pairing (1.4.1) one gets a map
(5.4.4) LW =V w—4l,

and since lyy, + Ly, (V) = B(v,w1 + w2) = Ly, +w,(V), this map is
linear. We'll say that (1.4.1) is a non-singular pairing if (1.4.4) is
bijective. Notice, by the way, that the roles of V and W can be
reversed in this definition. Letting B*(w,v) = B(v,w) we get an
analogous linear map

(5.4.5) Lgi:V—W*

and in fact

(5.4.6) (L (v))(w) = (Lp(w))(v) = B(v,w).
Thus if

(5.4.7) 0V (V)

is the canonical identification of V' with (V*)* given by the recipe

for ve V and ¢ € V*, we can rewrite (1.4.6) more suggestively in
the form

(5.4.8) Ly = (L)

i.e., Lp and Lp; are just the transposes of each other. In particular
Lp is bijective if and only if Ly is bijective.

Let’s now apply these remarks to DeRham theory. Let X be a
connected, oriented n-dimensional manifold. If X has finite topology
the vector spaces, H? *(X) and H¥(X) are both finite dimensional.
We will show that there is a natural bilinear pairing between these
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spaces, and hence by the discussion above, a natural linear mapping
of H*(X) into the vector space dual of H? '(X). To see this let
c1 be a cohomology class in H?*(X) and ¢ a cohomology class
in H*(X). Then by (1.1.43) their product, c; - ¢, is an element of
H'(X), and so by (1.1.8) we can define a pairing between ¢; and ¢y
by setting

(5.4.9) B(Cl,Cg) = Ix(Cl . C2) .

Notice that if w; € QP 7%(X) and wy € QF(X) are closed forms
representing the cohomology classes, ¢; and cg, then by (1.1.43) this
pairing is given by the integral

(5.4.10) B(Cl,CQ) :/ w1 ANwa.
X

We’'ll next show that this bilinear pairing is non-singular in one
important special case:

Proposition 5.4.1. If X is diffeomorphic to R™ the pairing defined
by (1.4.9) is non-singular.

Proof. To verify this there is very little to check. The vector spaces,
HF(R™) and H?~*(R™) are zero except for k = 0, so all we have to
check is that the pairing

H"(X) x H'(X) - R

is non-singular. To see this recall that every compactly supported
n-form is closed and that the only closed zero-forms are the constant
functions, so at the level of forms, the pairing (1.4.9) is just the
pairing
(w,c) € Q"(X) xR—»c/ w,
X
and this is zero if and only if ¢ is zero or w is in dQ2?~!(X). Thus at
the level of cohomology this pairing is non-singular.
O

We will now show how to prove this result in general.

Theorem 5.4.2 (Poincaré duality.). Let X be an oriented, con-
nected n-dimensional manifold having finite topology. Then the pair-
ing (1.4.9) is non-singular.
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The proof of this will be very similar in spirit to the proof that
we gave in the last section to show that if X has finite topology its
DeRham cohomology groups are finite dimensional. Like that proof,
it involves Mayer—Victoris plus some elementary diagram-chasing.
The “diagram-chasing” part of the proof consists of the following
two lemmas.

Lemma 5.4.3. Let Vi, Vo and V3 be finite dimensional vector spaces,

and let Vi 5 Vs LA V3 be an exact sequence of linear mappings. Then
the sequence of transpose maps

Vi SV S
18 exact.
Proof. Given a vector subspace, Ws, of V5, let
Wit ={teVy; f(w) =0 forwe W}.

We'll leave for you to check that if W5 is the kernel of 3, then Ws" is
the image of 3* and that if Wy is the image of o, W is the kernel
of a*. Hence if Ker § = Image «, Image 5* = kernel o*.

O

Lemma 5.4.4 (the five lemma). Let the diagram below be a com-
mutative diagram with the properties:

(i)  All the vector spaces are finite dimensional.
(ii) The two rows are exact.
(iii) The linear maps, v;, i = 1,2,4,5 are bijections.

Then the map, 3, is a bijection.

A — Ay 2 Ay B Ay 2 A5

[ [ s [ s

B, B1 B, B2 Bs B3 B, B4 B .

Proof. We’ll show that ~s is surjective. Given a3 € As there exists
a by € By such that v4(by) = as(ag) since 4 is bijective. More-
over, v5(84(bs)) = as(as(az)) = 0, by the exactness of the top row.
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Therefore, since 75 is bijective, 54(bs) = 0, so by the exactness of the
bottom row by = (3(bs) for some bg € Bs, and hence

az(v3(b3)) = 74(B3(b3)) = 7a(bs) = a3(as) .

Thus as(as — v3(b3)) = 0, so by the exactness of the top row

az — v3(b3) = az(az2)

for some as € Ao. Hence by the bijectivity of v there exists a by € Bo
with ag = v2(by), and hence

a3 —73(b3) = az(az) = az(v2(b2)) = v3(B2(b2)) -

Thus finally
az = v3(bs + B2(b2)) -

Since ag was any element of Az this proves the surjectivity of ;.
One can prove the injectivity of 3 by a similar diagram-chasing
argument, but one can also prove this with less duplication of effort
by taking the transposes of all the arrows in Figure 5.4.1 and noting
that the same argument as above proves the surjectivity of v3 : A5 —
B;.
O

To prove Theorem 1.4.2 we apply these lemmas to the diagram
below. In this diagram U; and Us are open subsets of X, M is U1 UUs
and the vertical arrows are the mappings defined by the pairing
(1.4.9). We will leave for you to check that this is a commutative
diagram “up to sign”. (To make it commutative one has to replace
some of the vertical arrows, 7, by their negatives: —v.) This is easy
to check except for the commutative square on the extreme left. To
check that this square commutes, some serious diagram-chasing is
required.

> an(kfl)(M) . ank(Ul ﬂUz)* . ank(Ul)* ey ank(Uz)* . ank(M)* >
A A A A
— HEH(M) —= HE(Ur N Uz) —= HE(U) & HE(Uz) —= HE(M) —=

Figure 5.4.2
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By Mayer—Victoris the bottom row of this figure is exact and by
Mayer—Victoris and Lemma 1.4.3 the top row of this figure is exact.
hence we can apply the “five lemma” to Figure 5.4.2 and conclude:

Lemma 5.4.5. If the maps
(5.4.11) H*(U) — H'*U)*

defined by the pairing (1.4.9) are bijective for Uy,Us and Uy N Uy,
they are also bijective for M = Uy U Us,.

Thus to prove Theorem 1.4.2 we can argue by induction as in § 1.3.
Let Uy,Us,...,Un be a good cover of X. If N = 1, then X = U;
and, hence, since Up is diffeomorphic to R™, the map (1.4.12) is
bijective by Proposition 1.4.1. Now let’s assume the theorem is true
for manifolds involving good covers by k open sets where k is less
than N. Let U/ = U; U---UUy_1 and U” = Uy. Since

U/ﬂUUZUlﬂUNU”’UUN_lﬂUN

it can be covered by a good cover by k open sets, k < IV, and hence
the hypotheses of the lemma are true for U’, U” and U’ N U". Thus
the lemma says that (1.4.12) is bijective for the union, X, of U’ and
u”. O

Exercises.

1. (The “push-forward” operation in DeRham cohomology.) Let
X be an m-dimensional manifold, ¥ an n-dimensional manifold and
f: X — Y a(C* map. Suppose that both of these manifolds are
oriented and connected and have finite topology. Show that there
exists a unique linear map

(5.4.12) fy s HVHX) — HYR(Y)
with the property
(5.4.13) By (fsc1,c2) = Bx(cu, fﬁC2)

for all ¢; € H™*(X) and ¢ € H*¥(Y). (In this formula By is the
bilinear pairing (1.4.9) on X and By is the bilinear pairing (1.4.9)
onY.)
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2. Suppose that the map, f, in exercise 1 is proper. Show that
there exists a unique linear map

(5.4.14) fi H"H(X) — HH(Y)
with the property
(5.4.15) By (c1, fyc2) = (=1 By (fier, ca)

for all ¢; € HF(Y) and ¢; € H™ *(X), and show that, if X and
Y are compact, this mapping is the same as the mapping, f;, in
exercise 1.

3.  Let U be an open subset of R” and let f : U x R — U be the
projection, f(x,t) = x. Show that there is a unique linear mapping

(5.4.16) fo : QFFLU x R) — QF(D)

with the property

(5.4.17) / f*u/\yz/ wA fruv
U UxR
for all u € QFH(U x R) and v € Q" *(U).
Hint: Let x1,...,x, and t be the standard coordinate functions

on R™ x R. By §2.2, exercise 5 every (k + 1)-form, w € Q¥ (U x R)
can be written uniquely in “reduced form” as a sum

w=>_ frdtAder+> gsdzy

over multi-indices, I and J, which are strictly increasing. Let
(5.4.18) faw = Z (/ fr(z,t) dt> dxy .
7 R

4.  Show that the mapping, f,, in exercise 3 satisfies f, dw = df.w.

5. Show that if w is a closed compactly supported k& + 1-form on
U x R then

(5.4.19) [few] = fylw]

where f; is the mapping (1.4.13) and f, the mapping (1.4.17).
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6. (a) Let U be an open subset of R” and let f : U x R — U
be the projection, f(x,t) = z. Show that there is a unique linear
mapping

(5.4.20) fo s YU x RY) — QF(D)

with the property

(5.4.21) /Uf*u ANv = /UxRe wA fv

for all u € QF4(U x RY) and v € Q" F(U).
Hint: Exercise 3 plus induction on 4.
(b) Show that for w € QF4(U x RY)

dfsw = fedw .

(¢) Show that if w is a closed, compactly supported k + ¢-form on
X x R¢

(5.4.22) Aol = ]
where f; : H¥H(U x R®) — HF(U) is the map (1.4.13).

7.  Let X be an n-dimensional manifold and Y an m-dimensional
manifold. Assume X and Y are compact, oriented and connected,
and orient X x Y by giving it its natural product orientation. Let

f: X XY =Y
be the projection map, f(z,y) =y. Given
we QX xY)

and p €Y, let

(5.4.23) faw(p) = / Lpw
X
where ¢, : X — X x Y is the inclusion map, ¢,(z) = (z,p).

(a) Show that the function f,w defined by (1.5.24) is C*°, i.e., is in
QO(Y).
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(b) Show that if w is closed this function is constant.
(¢) Show that if w is closed

[few] = felw]
where f; : H(X x Y) — H(Y) is the map (1.4.13).

8. (a) Let X be an n-dimensional manifold which is compact,
connected and oriented. Combining Poincaré duality with exercise 12
in § 1.3 show that

HMY(X xRY = HE(X) .

(b) Show, moreover, that if f : X x R — X is the projection,
f(z,a) = x, then

fi s HFYY(X x RY) — HF(X)
is a bijection.

9. Let X and Y be as in exercise 1. Show that the push-forward
operation (1.4.13) satisfies

fii (e - frea) = fuer -2
for ¢; € H¥(X) and ¢y € HY(Y).

5.5 Thom classes and intersection theory

Let X be a connected, oriented n-dimensional manifold. If X has
finite topology its cohomology groups are finite dimensional, and
since the bilinear pairing, B, defined by (1.4.9) is non-singular we
get from this pairing bijective linear maps

(5.5.1) Lp: H' (X)) — H(X)*
and
(5.5.2) Ly : HVF(X) — HFNX)".

In particular, if £ : H*(X) — R is a linear function (i.e., an element
of H¥(X)*), then by (1.5.1) we can convert £ into a cohomology class

(5.5.3) L) € HF(X),
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and similarly if £, : H*(X) — R is a linear function, we can convert
it by (1.5.2) into a cohomology class

(5.5.4) (L)~ (0) € H"F(X).

One way that linear functions like this arise in practice is by in-
tegrating forms over submanifolds of X. Namely let Y be a closed,
oriented k£ dimensional submanifold of X. Since Y is oriented, we
have by (1.1.8) an integration operation in cohomology

Iy : H*Y) - R,

and since Y is closed the inclusion map, ty, of Y into X is proper,
so we get from it a pull-back operation on cohomology

(y)F: HI(X) — HE(Y)

and by composing these two maps, we get a linear map, fy = Iy o
(ty)¥, of H*(X) into R. The cohomology class

(5.5.5) Ty = L' (ty) € H¥(X)

associated with ¢y is called the Thom class of the manifold, ¥ and
has the defining property

(5.5.6) B(Ty,c) = Iy (iL¢)

for c € H¥(X). Let’s see what this defining property looks like at the
level of forms. Let 7y € Q" %(X) be a closed k-form representing
Ty. Then by (1.4.9), the formula (1.5.6), for ¢ = [w], becomes the
integral formula

(5.5.7) /Ty/\w:/ Lyw.
X Y

In other words, for every closed form, w € Q?~%(X) the integral of
w over Y is equal to the integral over X of 7v Aw . A closed form,
Ty, with this “reproducing” property is called a Thom form for Y.
Note that if we add to 7y an exact (n — k)-form, p € dQ"*~1(X),
we get another representative, 7y 4+ pu, of the cohomology class, Ty,
and hence another form with this reproducing property. Also, since
the formula (1.5.7) is a direct translation into form language of the



5.5 Thom classes and intersection theory 261

formula (1.5.6) any closed (n — k)-form, 7y, with the reproducing
property (1.5.7) is a representative of the cohomology class, Ty .
These remarks make sense as well for compactly supported coho-
mology. Suppose Y is compact. Then from the inclusion map we get
a pull-back map
(Ly)ﬁ : Hk(X) — Hk(Y)

and since Y is compact, the integration operation, Iy, is a map of
HF (Y) into R, so the composition of these two operations is a map,

ly : H¥(X) = R
which by (1.5.3) gets converted into a cohomology class
Ty = L' (by) € H*(X).

Moreover, if 7y € Q77%(X) is a closed form, it represents this coho-
mology class if and only if it has the reproducing property

(5.5.8) /Ty /\w:/ 1y w
b's Y

for closed forms, w, in Q" *(X). (There’s a subtle difference, how-
ever, between formula (1.5.7) and formula (1.5.8). In (1.5.7) w has
to be closed and compactly supported and in (1.5.8) it just has to
be closed.)

As above we have a lot of latitude in our choice of 7y: we can
add to it any element of d?~*~1(X). One consequence of this is the
following.

Theorem 5.5.1. Given a neighborhood, U, of Y in X there exists
a closed form, Ty € Q?_k(U) , with the reproducing property

(5.5.9) /Ty /\w:/ Lyw
U Y

for closed forms, w € QF(U).

Hence in particular, 7y has the reproducing property (1.5.8) for
closed forms, w € Q"*(X). This result shows that the Thom form,
Ty, can be chosen to have support in an arbitrarily small neighbor-
hood of Y. To prove Theorem 1.5.1 we note that by Theorem 1.3.8
we can assume that U has finite topology and hence, in our defini-
tion of 7y, we can replace the manifold, X, by the open submanifold,



262 Chapter 5. Cohomology via forms

U. This gives us a Thom form, 7y, with support in U and with the
reproducing property (1.5.9) for closed forms w € Q"*(U).
O

Let’s see what Thom forms actually look like in concrete examples.
Suppose Y is defined globally by a system of £ independent equations,
i.e., suppose there exists an open neighborhood, O, of Y in X, a C*
map, f: O — R and a bounded open convex neighborhood, V, of
the origin in R™ such that

(i) The origin is a regular value of f.
(5.5.10) (i) f7Y(V)is closed in X .
(i) Y = f~40).
Then by (i) and (iii) Y is a closed submanifold of O and by (ii) it’s

a closed submanifold of X. Moreover, it has a natural orientation:
For every p € Y the map

dfy : T,X — ToR"

is surjective, and its kernel is 7},Y, so from the standard orientation
of TyR? one gets an orientation of the quotient space,

T,X/T,Y

and hence since 7, X is oriented, one gets, by Theorem 1.9.4, an
orientation on T,Y. (See §4.4, example 2.) Now let p be an element
of Q4(X). Then f*u is supported in f~1(V) and hence by property
(ii) of (1.5.10) we can extend it to X by setting it equal to zero
outside 0. We will prove

Theorem 5.5.2. If

(5.5.11) / w=1,
1%
f*u is a Thom form forY.

To prove this we'll first prove that if f*u has property (1.5.7) for
some choice of p it has this property for every choice of pu.

Lemma 5.5.3. Let py and po be forms in Q4(V) with the property
(1.5.11). Then for every closed k-form, v € QF(X)

/f*ulAVZ/ frfua Av.
X X
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Proof. By Theorem 3.2.1, p1 — pp = df for some 3 € Q7 1(V),
hence, since dv =0

(ffur— frfue) Av=df*BAv=d(f*BAV).

Therefore, by Stokes theorem, the integral over X of the expression
on the left is zero.
O

Now suppose pu = p(x1,...,x¢)dzi A--- A dxy, for p in C§°(V'). For
t<1let
1 Ty

_g .. ...
(5.5.12) ,ut—t,o< o t> dry N--- dxy.

This form is supported in the convex set, tV, so by Lemma 1.5.3

(5.5.13) /Xf*,ut/\yz/xf*,u/\y

for all closed forms v € QF(X). Hence to prove that f*u has the
property (1.5.7) it suffices to prove

(5.5.14) Limtﬁo/f*ut/\uz/ Ly
Y

We’ll prove this by proving a stronger result.

Lemma 5.5.4. The assertion (1.5.14) is true for every k-form v €
QF(X).

Proof. The canonical form theorem for submersions (see Theorem 4.3.6)
says that for every p € Y there exists a neighborhood U, of p in Y,

a neighborhood, W of 0 in R", and an orientation preserving diffeo-
morphism ¢ : (W,0) — (Up,p) such that

(5.5.15) foh=m

where 7 : R® — R¢ is the canonical submersion, (X1, ..., 2n) =
(z1,...,2¢). Let U be the cover of O by the open sets, O —Y and
the Up’s. Choosing a partition of unity subordinate to this cover it
suffices to verify (1.5.14) for v in Q¥(O — Y) and v in QF(U,). Let’s
first suppose v is in Q¥(O —Y). Then f(suppv) is a compact subset
of R — {0} and hence for ¢ small f(suppv) is disjoint from ¢V, and
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both sides of (1.5.14) are zero. Next suppose that v is in Q¥(U,,).
Then 9*v is a compactly supported k-form on W so we can write it
as a sum

Yy = th(a:) dxy, hreCg®(W)

the I's being strictly increasing multi-indices of length k. Let Iy =
(0+1,004+2,...,n). Then
1 Ty

and by (1.5.15)

V(e Av) =g APty

and hence since 1 is orientation preserving

* z1 Ty
f/Jt/\V:té/ p<_7"'7_)h10(x17"'7xn)dx
v L\ t

:/ p(xi,...,xo)hr, (txe, ... txe, Togq, ..., o) de

and the limit of this expression as ¢ tends to zero is

/p(:nl,...,xg)hjo(o,...,o, g1,y Tp)dry ... doy

or

(5.5.17) /hI(O, ces 0, gy, ) dapyy - - dag,

This, however, is just the integral of ¥*v over the set 7=1(0) N W.
By (1.5.14) 1 maps this set diffeomorphically onto Y N U, and by
our recipe for orienting Y this diffeomorphism is an orientation-
preserving diffeomorphism, so the integral (1.5.17) is equal to the

integral of v over Y.
O

We’ll now describe some applications of Thom forms to topological
intersection theory. Let Y and Z be closed, oriented submanifolds of
X of dimensions k and ¢ where k + ¢ = n, and let’s assume one
of them (say Z) is compact. We will show below how to define an
“Intersection number”, I(Y,Z), which on the one hand will be a
topological invariant of Y and Z and on the other hand will actually
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count, with appropriate 4-signs, the number of points of intersection
of Y and Z when they intersect non-tangentially. (Thus this notion
is similar to the notion of “degree f” for a C* mapping f. On the
one hand “degree f” is a topological invariant of f. It’s unchanged
if we deform f by a homotopy. On the other hand if ¢ is a regular
value of f, “degree f” counts with appropriate £-signs the number
of points in the set, f~1(q).)

We'll first give the topological definition of this intersection num-
ber. This is by the formula

(5.5.18) 1(Y,Z) = B(Ty, Ty)

where Ty € HY(X) and Ty € H¥(X) and B is the bilinear pairing
(1.4.9). If 7y € QY(X) and 77 € QF(X) are Thom forms representing
Ty and Tz, (1.5.18) can also be defined as the integral

(5.5.19) I(Y,Z):/ Ty NTz
X

or by (1.5.9), as the integral over Y,

(5.5.20) 1Y, 7) = /Y oy

or, since Ty A 7z = (—1)*74 A 1y, as the integral over Z
(5.5.21) I(X,)Y) = (—1)’“/ Uy .

Z

In particular
(5.5.22) I(Y,Z) = (-D)*1(Z,Y7).

As a test case for our declaring I(Y, Z) to be the intersection number
of Y and Z we will first prove:

Proposition 5.5.5. If Y and Z don’t intersect, then I(Y,Z) = 0.

Proof. If Y and Z don’t intersect then, since Y is closed, U = X =Y
is an open neighborhood of Z in X, therefore since Z is compact there
exists by Theorem 1.5.1 a Thom form, 77 in Q4(U). Thus 1y 77 =0,
and so by (1.5.20) I(Y, Z) = 0.

O
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We'll next indicate how one computes I(Y, Z) when Y and Z in-
tersect “non-tangentially”, or, to use terminology more in current
usage, when their intersection is transversal. Recall that at a point
of intersection, p € YNZ, T,Y and T},Z are vector subspaces of T, X.

Definition 5.5.6. Y and Z intersect transversally if for every p €
YNZ, T,Y NT,Z = {0}.

Since n = k+{ = dim7T,Y + dim7,Z = dim T}, X, this condition
is equivalent to

(5.5.23) T,X =T,Y & T,Z,

i.e., every vector, u € T,X, can be written uniquely as a sum,
u =v+w, with veT,Y and w € T,Z. Since X, Y and Z are
oriented, their tangent spaces at p are oriented, and we’ll say that
these spaces are compatibly oriented if the orientations of the two

sides of (1.5.23) agree. (In other words if vi,..., vy is an oriented
basis of T},Y and wi,...,wy is an oriented basis of T},Z, the n vec-
tors, vi,...,Vg, wi,...,wy, are an oriented basis of T),X.) We will

define the local intersection number, I,(Y,Z), of Y and Z at p to be
equal to +1 if X, Y and Z are compatibly oriented at p and to be
equal to —1 if they’re not. With this notation we’ll prove

Theorem 5.5.7. If Y and Z intersect transversally then Y N Z is a
finite set and

(5.5.24) I(V,2)= Y LY, 2)
peEYNZ

To prove this we first need to show that transverse intersections
look nice locally.

Theorem 5.5.8. If Y and Z intersect transversally, then for every
p € YN Z, there exists an open neighborhood, V,,, of p in X, an open
neighborhood, Uy, of the origin in R™ and an orientation preserving
diffeomorphism

Yp:Vp = Up

which maps V, N'Y diffeomorphically onto the subset of U, defined
by the equations: x1 = --- = xy = 0, and maps V N Z onto the subset
of U, defined by the equations: xyyq1 = -+ = x, = 0.
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Proof. Since this result is a local result, we can assume that X is R"
and hence by Theorem 4.2.7 that there exists a neighborhood, V,,, of p
in R" and submersions f : (V,,p) — (R¥,0) and g : (V,,p) — (R¥,0)
with the properties

(5.5.25) V,NY = f710)
and
(5.5.26) vp,NZ =g 0).

Moreover, by (4.3.4)

T,Y = (dfy)~'(0)

and

T,7 = (dg,)"(0).
Hence by (1.5.23), the equations
(5.5.27) dfp(v) = dgp(v) =0
for v.€ T, X imply that v = 0. Now let v, : V,, = R" be the map
(f,9):Vp, » REXRF = R™.

Then by (1.5.27), di, is bijective, therefore, shrinking V}, if necessary,
we can assume that 1, maps V), diffeomorphically onto a neighbor-
hood, U,, of the origin in R", and hence by (1.5.25) and (1.5.26),
Y, maps V, NY onto the set: 1 = --- = 2y = 0 and maps V, N Z
onto the set: xpy; = --- = x, = 0. Finally, if ¢ isn’t orientation
preserving, we can make it so by composing it with the involution,
(1., 2n) = (1,22, ..., Tp_1, —Tp).

O

From this result we deduce:

Theorem 5.5.9. IfY and Z intersect transversally, their intersec-
tion is a finite set.

Proof. By Theorem 1.5.8 the only point of intersection in V), is p
itself. Moreover, since Y is closed and Z is compact, Y NZ is compact.
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Therefore, since the V),’s cover Y NZ we can extract a finite subcover

by the Heine-Borel theorem. However, since no two V),’s cover the

same point of Y N Z, this cover must already be a finite subcover.
O

We will now prove Theorem 1.5.7. Since Y is closed, the map, ¢y :
Y — X is proper, so by Theorem 3.4.2 there exists a neighborhood,
U, of Z in X such that U NY is contained in the union of the open
sets, V), above. Moreover by Theorem 1.5.1 we can choose 7z to
be supported in U and by Theorem 1.3.2 we can assume that U
has finite topology, so we’re reduced to proving the theorem with X
replaced by U and Y replaced by Y NU. Let

o= (Uw)nvu,

let

f:0—-R"

be the map whose restriction to V, N U is 7w o 1), where 7 is, as in
(1.5.15), the canonical submersion of R" onto R, and finally let V'
be a bounded convex neighborhood of R¢, whose closure is contained
in the intersection of the open sets, o, (V,NU). Then f~1(V) is a
closed subset of U, so if we replace X by U and Y by Y NU, the data
(f, 0, V) satisty the conditions (1.5.10). Thus to prove Theorem 1.5.7
it suffices by Theorem 1.5.2 to prove this theorem with

Ty = op(Y)f

on V,NO where 0,(Y) = +1 or —1 depending on whether the orien-
tation of YNV}, in Theorem 1.5.2 coincides with the given orientation
of Y or not. Thus

I(Y,Z) = (-D)*¥1(Z,Y)
=Y av) [ aru
=Y a) [ v

= Z(—l)keap(Y) /va (mopoiz)p.
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But 7o), 01z maps an open neighborhood of p in U, N Z diffeomor-
phically onto V', and p is compactly supported in V so by (1.5.11)

/ L Eet ey =a2) =2

where 0,(Z) = +1 or —1 depending on whether 7 o0, 0 17 is orien-
tation preserving or not. Thus finally

1Y, 2) =) (~1)"0y(Y)op(2).

We will leave as an exercise the task of unraveling these orientations
and showing that

(_1)Mgp(y)gp(z) = 1,(Y,2)

and hence that I(Y,Z) = I,(Y, Z).

Exercises.

1. Let X be a connected, oriented n-dimensional manifold, W a
connected, oriented ¢-dimensional manifold, f: X — W a C* map,
and Y a closed submanifold of X of dimension & = n —£. Suppose Y
is a “level set” of the map, f, i.e., suppose that ¢ is a regular value
of f and that Y = f~!(q). Show that if y is in Q%(Z) and its integral
over Z is 1, then one can orient Y so that 7y = f*u is a Thom form
for Y.

Hint: Theorem 1.5.2.

2. In exercise 1 show that if Z C X is a compact oriented /-
dimensional submanifold of X then

I(Y,Z) = (=1)* deg(f o 1z).

3. Let ¢1 be another regular value of the map, f : X — W, and
let Y7 = f~1(g). Show that

I(Y,Z2) =11, 7).

4. (a) Show that if ¢ is a regular value of the map, fory : Z — W
then Z and Y intersect transversally.
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(b) Show that this is an “if and only if” proposition: If Y and Z
intersect transversally then ¢ is a regular value of the map, fotz.

5. Suppose q is a regular value of the map, f otz. Show that p is
in Y N Z if and only if p is in the pre-image (f o tz)~'(q) of ¢ and
that

I,(X,Y) = (‘UM%

where 0, is the orientation number of the map, foirz, at p,i.e., 0, =1
if f ouy is orientation-preserving at p and o, = —1 if f oz is
orientation-reversving at p.

6. Suppose the map f: X — W is proper. Show that there exists
a neighborhood, V, of ¢ in W having the property that all points of
V' are regular values of f.

Hint: Since ¢ is a regular value of f there exists, for every p €
f~1(q) a neighborhood, Up of p, on which f is a submersion. Con-
clude, by Theorem 3.4.2, that there exists a neighborhood, V', of ¢
with f=4(V) C U U,.

7. Show that in every neighborhood, Vi, of ¢ in V there exists a
point, g1, whose pre-image

Vi=f"Yaq)

intersects Z transversally. (Hint: Exercise 4 plus Sard’s theorem.)
Conclude that one can “deform Y an arbitrarily small amount so
that it intersects Z transversally”.

8.  (Intersection theory for mappings.) Let X be an oriented, con-
nected n-dimensional manifold, Z a compact, oriented /-dimensional
submanifold, Y an oriented manifold of dimension & = n — ¢ and
f:Y — X a proper C* map. Define the intersection number of f
with Z to be the integral

10.20- [ 12

(a) Show that I(f,Z) is a homotopy invariant of f, i.e., show that
if f;:Y — X,i=0,1 are proper C* maps and are properly homo-
topic, then

I(fo, Z2) = 1(f1,2).



5.6 The Lefshetz theorem 271

(b) Show that if Y is a closed submanifold of X of dimension k =
n—{ and 1ty : Y — X is the inclusion map

Iy, 2)=1(Y,Z).

9. (a) Let X be an oriented, connected n-dimensional manifold
and let Z be a compact zero-dimensional submanifold consisting of
a single point, zp € X. Show that if p is in Q7(X) then p is a Thom
form for Z if and only if its integral is 1.

(b) Let Y be an oriented n-dimensional manifold and f:Y — X
a C* map. Show that for Z = {2y} as in part a

I(f, Z) = deg(f) -

5.6 The Lefshetz theorem

In this section we’ll apply the intersection techniques that we devel-
oped in §1.5 to a concrete problem in dynamical systems: counting
the number of fixed points of a differentiable mapping. The Brouwer
fixed point theorem, which we discussed in §3.6, told us that a C*
map of the unit ball into itself has to have at least one fixed point.
The Lefshetz theorem is a similar result for manifolds. It will tell us
that a C* map of a compact manifold into itself has to have a fixed
point if a certain topological invariant of the map, its global Lefshetz
number, is non-zero.

Before stating this result, we will first show how to translate the
problem of counting fixed points of a mapping into an intersection
number problem. Let X be an oriented, compact n-dimensional man-
ifold and f: X — X a C* map. Define the graph of fin X x X to
be the set

(5.6.1) Ly={(z, f(z)); =e€X}.

It’s easy to see that this is an n-dimensional submanifold of X x X
and that this manifold is diffeomorphic to X itself. In fact, in one
direction, there is a C* map

(5.6.2) v X =Ty, ’Yf(x) = (z, f(z)),

and, in the other direction, a C* map

(5.6.3) m: Ty =X, (2 f(x) — =,
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and it’s obvious that these maps are inverses of each other and hence
diffeomorphisms. We will orient I'y by requiring that v; and 7 be
orientation-preserving diffeomorphisms.

An example of a graph is the graph of the identity map of X onto
itself. This is the diagonal in X x X

(5.6.4) A={(x,x), ze X}
and its intersection with I'; is the set

(5.6.5) {(z,2), f(x) =},

which is just the set of fixed points of f. Hence a natural way to
count the fixed points of f is as the intersection number of I'y and
A in X x X. To do so we need these three manifolds to be oriented,
but, as we noted above, I'y and A acquire orientations from the
identifications (1.6.2) and, as for X x X, we’ll give it its natural
orientation as a product of oriented manifolds. (See §4.5.)

Definition 5.6.1. The global Lefshetz number of X is the intersec-
tion number

(5.6.6) L(f) = I(Ty,A).

In this section we’ll give two recipes for computing this number:
one by topological methods and the other by making transversality
assumptions and computing this number as a sum of local intersec-
tion numbers a la (1.5.24). We'll first show what one gets from the
transversality approach.

Definition 5.6.2. The map, f, is a Lefshetz map if I'y and A in-
tersect transversally.

Let’s see what being Lefshetz entails. Suppose p is a fixed point of
f. Then at ¢ = (p,p) € 'y

(5.67)  TTp) = [y TX = {(v. df,(v)), v € T,X}
and, in particular, for the identity map,
(5.6.8) Ty(A) ={(v,v), ve T,X}.

Therefore, if A and I'y are to intersect transversally, the intersection
of (1.6.7) and (1.6.8) inside T,(X x X) has to be the zero space. In
other words if

(5.6.9) (v, dfp(v)) = (v,v)
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then v = 0. But the identity (1.6.9) says that v is a fixed point of
dfp, so transversality at p amounts to the assertion

(5.6.10) dfp(v) =vev=0,
or in other words the assertion that the map
(5.6.11) (I —dfp) T, X —-T,X

is bijective. We’ll now prove

Proposition 5.6.3. The local intersection number I,(T's, A) is 1 if
(1.6.11) is orientation-preserving and —1 if not.

In other words I,(I'¢, A) is the sign of det(I — df,). To prove this

let e1,...,e, be an oriented basis of T, X and let
(5612) dfp(ez) = Z aji€j -
Now set

vi = (€;,0) € T,(X x X)
and
w; = (0,¢;) € Ty(X x X).
Then by the deifnition of the product orientation on X x X
(5.6.13) Viyeony Viny W1, v, Wy
is an oriented basis of T,,(X x X) and by (1.6.7)
(5.6.14) vi + Z ajiwj ..., vy + Z ajnWj
is an oriented basis of T;I'y and
(5.6.15) Vi + Wi, ...,V + Wy

is an oriented basis of T;A. Thus I,,(I'y,A) = +1 or —1 depending
on whether or not the basis

V1+E aj,iwj,...,vn—i—g AjpW;, Vi +Wi,...,Vyp + Wy
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of T;(X x X) is compatibly oriented with the basis (1.6.12). Thus
I,(I't,A) = 4+1 or —1 depending on whether the determinant of the
2n x 2n matrix relating these two bases:

(5.6.16) [ L4

I.1 } A= lag)

is positive or negative. However, it’s easy to see that this determinant
is equal to det(I — A) and hence by (1.6.12) to det(! —df,). Hint: By
elementary row operations (1.6.16) can be converted into the matrix

I, A
0, T—-A|"

Let’s summarize what we’ve shown so far.

Theorem 5.6.4. The map, f : X — X, is a Lefshetz map if and
only if, for every fized point, p, the map

O

(%) I—df, : T,X - T,X

is bijective. Moreover for Lefshetz maps

(5.6.17) L(f)= Y Ly(f)
=)

where Ly(f) = 41 if (x) is orientation-preserving and —1 if it’s
orientation-reversing.
We'll next describe how to compute L(f) as a topological invariant

of f. Let «r be the inclusion map of I'y into X x X and let Ta €
H"(X x X) be the Thom class of A. Then by (1.5.20)

L(f) = Ir,(:"Ta)

and hence since the mapping, v¢ : X — X x X defined by (1.6.2) is
an orientation-preserving diffeomorphism of X onto I'y

(5.6.18) L(f) = Ix(+}Ta).

To evaluate the expression on the right we’ll need to know some
facts about the cohomology groups of product manifolds. The main
result on this topic is the “Kiinneth” theorem, and we’ll take up the
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formulation and proof of this theorem in §1.7. First, however, we’ll
describe a result which follows from the Kiinneth theorem and which
will enable us to complete our computation of L(f).
Let w1 and 75 be the projection of X x X onto its first and second
factors, i.e., let
i XxX X i=1,2

be the map, m;(x1,22) = ;. Then by (1.6.2)

(5.6.19) T Yy = tdx
and
(5.6.20) Ty =1[.

Lemma 5.6.5. If w; and wy are in Q"(X) then

(5.6.21) [ mennmgon= ([ o) ([ ).

Proof. By a partition of unity argument we can assume that w; has
compact support in a parametrizable open set, V;. Let U; be an open
subset of R™ and ¢; : U; — V; an orientation-preserving diffeomor-
phism. Then

piw=pidry A A dzy,

with p; € C§°(U;), so the right hand side of (1.6.21) is the product
of integrals over R"™:

(5.6.22) / o () da / p() dz.

Moreover, since X x X is oriented by its product orientation, the
map
1[):U1XU2—>V1XV2

mapping (x,y) to (¢1(x), v2(y)) is an orientation-preserving diffeo-
morphism and since m; o ¢ = ;

Y (miwy A Tawa) = piwi A paws
=p1(x)p2(y)dzy A~ Ndxy Ndyy A -+ A dyp

and hence the left hand side of (1.6.21) is the integral over R?" of
the function, pi(x)p2(y), and therefore, by integration by parts, is
equal to the product (1.6.22).

]
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As a corollary of this lemma we get a product formula for coho-
mology classes:

Lemma 5.6.6. If ¢; and cy are in H"(X) then
(5.6.23) [Xxx(ﬂ'fcl 'WSCQ) :IX(Cl)IX(CQ).

Now let dj = dim H*(X) and note that since X is compact,
Poincaré duality tells us that dp = dy when ¢ = n — k. In fact it
tells us even more. Let

/Jf7 Z:Ladk

be a basis of H*(X). Then, since the pairing (1.4.9) is non-singular,
there exists for £ = n — k a “dual” basis

j=1,...,dg

of H'(X) satisfying

(5.6.24) Ix(uf - vh) =6;5.

Lemma 5.6.7. The cohomology classes

(5.6.25) F%Vf : Wg,u';, kE+¢=n

fork=0,...,n and 1 <r,s <dg, are a basis for H"(X x X).

This is the corollary of the Kiinneth theorem that we alluded to
above (and whose proof we’ll give in §1.7). Using these results we’ll
prove

Theorem 5.6.8. The Thom class, Ta, in H"(X x X) is given ex-
plicitly by the formula

di
(5.6.26) Ta= > (-1 wlulf-xhof.
k+l=n i=1

Proof. We have to check that for every cohomology class, ¢ € H™(X x
X), the class, Ta, defined by (1.6.26) has the reproducing property

(5.6.27) Ixux(Ta-c) = IA(LﬁAC)
where ¢ is the inclusion map of A into X x X. However the map

A X —=>XxX, z— ()
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is an orientation-preserving diffeomorphism of X onto A, so it suf-
fices to show that

(5.6.28) Ixxx(Ta - ¢) = Ix(v4c)

and by Lemma 1.6.7 it suffices to verify (1.6.28) for ¢’s of the form

. A
€= TV, THllg .

The product of this class with a typical summand of (1.6.26), for
instance, the summand

(5.6.29) (—1)”7?%? . Wguf, K40 =n,

is equal, up to sign to,

gk 0 4kl
T Mg Vs Tofs = Vi .

Notice, however, that if k # k' this product is zero: For k < k', k' +/
is greater than k + ¢ and hence greater than n. Therefore

pi vp € HOFH(X)

is zero since X is of dimension n, and for k > &/, ¢’ is greater than ¢
and p¥ - Vf/ is zero for the same reason. Thus in taking the product
of Ta with ¢ we can ignore all terms in the sum except for the terms,
k' =k and ¢ = {. For these terms, the product of (1.6.29) with ¢ is

(—1)Rerluk - vl mhpk oL
2

(Exercise: Check this. Hint: (—1)%(—1)*

Ty o= (-0 mbul of - mbgk - of
7

= 1.) Thus

and hence by Lemma 1.6.5 and (1.6.24)

~

Inxx(Ta - ¢) = (=M Inc(uf - o) Ix (uf - vf)
— (_1)]% Z 5@'7"52'3

= (—=1)k5,,.
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On the other hand for ¢ = F%Vﬁ . Wg,ulg

vhe = AAmivE A bk

= (m1-a) vy (o - ya)
= vy
since
T - UA = g - YA = tdx .
So

Ix(vhe) = Ix(v) - ) = (=)
by (1.6.24). Thus the two sides of (1.6.27) are equal.
U

We're now in position to compute L(f) , i.e., to compute the

expression Ix(y;7a) on the right hand side of (1.6.18). Since vl

i=1,...,dg is a basis of H*(X) the linear mapping
(5.6.30) ft  HY(X) — HY(X)

can be described in terms of this basis by a matrix, [f/] with the

defining property
fivi = Z Fiiv; -

Thus by (1.6.26), (1.6.19) and (1.6.20)

jjTA—'Yf Z Zﬂlu

k+l=n 1

—Z Z (m1 - ’Yf)ﬁ,u (Wz'Vf)ﬁVf

=Y (-1 ZZuffﬁV-g
=D (=D g v
Thus by (1.6.24)
Ix(¥3Ta) = > (=)D flilx(uf - vf)
(=)D £

2

]
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But ), ffi is just the trace of the linear mapping (1.6.30) (see ex-
ercise 12 below), so we end up with the following purely topological
prescription of L(f).

Theorem 5.6.9. The Lefshetz number, L(f) is the alternating sum
(5.6.31) > (=1)f Trace (%),
where Trace (f*), is the trace of the mapping

4 HY(X) - HY(X).

Exercises.

1. Show that if fo : X — X and f; : X — X are homotopic C*®
mappings L(fo) = L(f1).

2. (a) The Euler characteristic, x(X), of X is defined to be the
intersection number of the diagonal with itself in X x X, i.e., the
“self-intersection” number

I(AA) = Ixxx(Ta,TA) .

Show that if a C* map, f : X — X is homotopic to the identity,
Ly = x(X).
(b) Show that

(5.6.32) X(X) = i(-l)z dim H*(X).
£=0
(¢) Show that x(X) =0 if n is odd.

3. (a) Let S™ be the unit n-sphere in R"*1. Show that if g :
S™ — 8™ is a C* map

L(g) = 1+ (=1)"(deg) (g) -

(b) Conclude that if deg(g) # (—1)"*!, then g has to have a fixed
point.
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4. Let f be a C® mapping of the closed unit ball, B"*!, into itself
and let g : S™ — S™ be the restriction of f to the boundary of B"+!.
Show that if deg(g) # (—1)"*! then the fixed point of f predicted

by Brouwer’s theorem can be taken to be a point on the boundary
of Bt

5. (a) Show that if g : S™ — S™ is the antipodal map, g(x) = —=,
then deg(g) = (—1)"*!.
(b) Conclude that the result in #4 is sharp. Show that the map

f:B™ = B f(a) = —x,

has only one fixed point, namely the origin, and in particular has no
fixed points on the boundary.

6. Let v be a vector field on X. Since X is compact, v generates
a one-parameter group of diffeomorphisms

(5.6.33) £ X=X, —co<t<oo.

(a) Let Y, be the set of fixed points of f;. Show that this set
contains the set of zeroes of v, i.e., the points, p € X where v(p) = 0.

(b) Suppose that for some tg, f, is Lefshetz. Show that for all ¢, f;
maps ), into itself.

(c) Show that for [t| < ¢, € small, the points of ), are fixed points
of ft-
(d) Conclude that ), is equal to the set of zeroes of v.

(e) In particular, conclude that for all ¢ the points of ), are fixed
points of f;.

7. (a) Let V be a finite dimensional vector space and
Fit): V-V, -—co<t<oo
a one-parameter group of linear maps of V onto itself. Let A = % (0).

Show that F'(t) = exptA. (See §2.1, exercise 7.)

(b) Show that if I — F(tp) : V — V is bijective for some t¢, then
AV — V is bijective. Hint: Show that if Av = 0 for some v €
V —{0}, F(t)v=v.
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8. Let v be a vector field on X and let (1.6.33) be the one-
parameter group of diffeomorphisms generated by v. If v(p) = 0
then by part (a) of exercise 6, p is a fixed point of f; for all ¢.

(a) Show that
(dfy) : T, X — Tp,X
is a one-parameter group of linear mappings of 7, X onto itself.

(b) Conclude from #7 that there exists a linear map
(5.6.34) Ly(p): T,X — T,X
with the property

(5.6.35) exptLy(p) = (dft)p -

9.  Suppose fy, is a Lefshetz map for some tg. Let a = to/N where
N is a positive integer. Show that f, is a Lefshetz map. Hints:

(a) Show that
fio =fao--0fa=f
(i.e., fo composed with itself NV times).
(b) Show that if p is a fixed point of f,, it is a fixed point of fy,.

(¢c) Conclude from exercise 6 that the fixed points of f, are the
zeroes of v.

(d) Show that if p is a fixed point of f,,
(dfio)p = (dfa)y -

(e) Conclude that if (df,),v = v for some v € T,X — {0}, then
(dfto)pv = V.

10.  Show that for all ¢, L(f;) = x(X). Hint: Exercise 2.

11. (The Hopf theorem.) A vector field v on X is a Lefshetz vector
field if for some tg, fy, is a Lefshetz map.

(a) Show that if v is a Lefshetz vector field then it has a finite
number of zeroes and for each zero, p, the linear map (1.6.34) is
bijective.
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(b) For azero, p, of v let o,(v) = +1 if the map (1.6.34) is orientation-
preserving and —1 if it’s orientation-reversing. Show that

xX(X) = Z op(v).

v(p)=0

Hint: Apply the Lefshetz theorem to f,, a =to/N, N large.

12.  (The trace of a linear mapping: a quick review.)

For A = [a; ;] an n X n matrix define

trace A = Z Q-

(a) Show that if A and B are n X n matrices

trace AB = trace BA.

(b) Show that if B is an invertible n x n matrix

trace BAB™! = trace A.

(¢) Let V be and n-dimensional vector space and L : V — V a
liner map. Fix a basis vy,..., v, of V and define the trace of L to be
the trace of A where A is the defining matrix for L in this basis, i.e.,

LV,’ = Z CL]'J'V]' .
Show that this is an intrinsic definition not depending on the basis
Vi, eees Vi
5.7 The Kiinneth theorem

Let X be an n-dimensional manifold and Y an r-dimensional mani-
fold, both of these manifolds having finite topology. Let

T: X xY —=X
be the projection map, 7(z,y) = = and

p: X xY =Y
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the projection map (z,y) — y. Since X and Y have finite topology
their cohomology groups are finite dimensional vector spaces. For
0<k<nlet

pk 1 <i<dimH*X),

be a basis of H*(X) and for 0 < ¢ < 7 let

vy, 1<j<dimHY(Y)
be a basis of H*(Y)). Then for k + ¢ = m the product, 7} 'pﬁuf, is
in H™(X x Y). The Kiinneth theorem asserts

Theorem 5.7.1. The product manifold, X x Y, has finite topology
and hence the cohomology groups, H™(X xY') are finite dimensional.
Moreover, the products over k+£=m

(5.7.1) 7w pt, 0<i <dimHM(X), 0<j < dim H(Y),

are a basis for the vector space H™(X x Y).

The fact that X x Y has finite topology is easy to verify. If U;,
i=1,...,M,is a good cover of X and V}, j =1,...,N, is a good
cover of Y the products of these open sets, U; x U;, 1 <i < M, 1<
j < N is a good cover of X xY: For every multi-index, I, Uy is either
empty or diffeomorphic to R”, and for every multi-index, J, V; is
either empty or diffeomorphic to R", hence for any product multi-
index (I,J), Uy x Vj is either empty or diffeomorphic to R™ x R".
The tricky part of the proof is verifying that the products, (1.7.1)
are a basis of H™(X x Y'), and to do this it will be helpful to state
the theorem above in a form that avoids our choosing specified bases
for H*(X) and H*(Y). To do so we’ll need to generalize slightly the
notion of a bilinear pairing between two vector space.

Definition 5.7.2. Let Vi, Vo and W be finite dimensional vector
spaces. A map B : Vi x Vo — W is a bilinear map if it is linear in
each of its factors, i.e., for vo € Vo the map

veV; — B(Vl,Vg)

is a linear map of Vi into W and for vi € Vi so is the map

v e Vy— B(vy,v).
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It’s clear that if By and By are bilinear maps of Vi x V5 into W
and A1 and Ay are real numbers the function

MBL+XBy: Vi x Vo =W

is also a bilinear map of V7 x V5 into W, so the set of all bilinear
maps of V1 x V5 into W forms a vector space. In particular the set of
all bilinear maps of V7 x V5 into R is a vector space, and since this
vector space will play an essential role in our intrinsic formulation of
the Kiinneth theorem, we’ll give it a name. We’ll call it the tensor
product of Vi* and V5 and denote it by V;* ® V5. To explain where
this terminology comes from we note that if /; and ¢5 are vectors in
Vi and V5 then one can define a bilinear map

(5.7.2) iRl Vi x Vo —R

by setting ({1 ® €3)(v1,va) = ¢1(v1)l2(va). In other words one has a
tensor product map:

(5.7.3) VX Vs — Ve Vs
mapping (¢1,¢2) to {1 ® f5. We leave for you to check that this is a
bilinear map of Vi* x V5 into V{* ® V5 and to check as well

Proposition 5.7.3. If Eil, i =1,...,m is a basis of V' and E?,
j=1,...,n is a basis of V5 thenf}@f?, 1<i<m,1<j<mn,is
a basis of V' @ V5.

Hint: If Vi and V5 are the same vector space you can find a proof

of this in §1.3 and the proof is basically the same if they’re different
vector spaces.

Corollary 5.7.4. The dimension of Vi* ® V5 is equal to the dimen-
sion of V' times the dimension of V5.

We’ll now perform some slightly devious maneuvers with “duality”
operations. First note that for any finite dimensional vector space,
V, the pairing

(5.7.4) VxV*=R, (v,l)—=LV)

is a non-singular bilinear pairing, so, as we explained in §1.4 it gives
rise to a bijective linear mapping

(5.7.5) V — (VH)*.
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Next note that if
(5.7.6) L:VixVo—W

is a bilinear mapping and ¢ : W — R a linear mapping (i.e., an
element of W*), then the composition of £ and L is a bilinear mapping

loL:VixVo—R

and hence by definition an element of V;*®@ V5. Thus from the bilinear
mapping (1.7.6) we get a linear mapping

(5.7.7) LYW = ViV,

We’ll now define a notion of tensor product for the vector spaces
Vi and V5 themselves.

Definition 5.7.5. The vector space, V1 ® Vo is the vector space dual
of Vi* @ V', i.e., is the space

(5.7.8) VieVe= (Ve V)",
One implication of (1.7.8) is that there is a natural bilinear map
(5.7.9) VixVo—=V1@Vs.

(In (1.7.3) replace V; by V;* and note that by (1.7.5) (V;*)* = V;.)
Another is the following:

Proposition 5.7.6. Let L be a bilinear map of Vi x Vo into W.
Then there exists a unique linear map

(5.7.10) L Vi@V, —-W

with the property

(5.7.11) L#(vi ® vo) = L(vy,va)

where vi ® vo is the image of (v1,ve) with respect to (1.7.9).

Proof. Let L# be the transpose of the map L¥ in (1.7.7) and note
that by (1.7.5) (W*)* =W.
O
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Notice that by Proposition 1.7.6 the property (1.7.11) is the defin-
ing property of L#. it uniquely determines this map. (This is in fact
the whole point of the tensor product construction. Its purpose is to
convert bilinear objects into linear objects.)

After this brief digression (into an area of mathematics which some
mathematicians unkindly refer to as “abstract nonsense”) let’s come
back to our motive for this digression: an intrinsic formulation of the
Kiinneth theorem. As above let X and Y be manifolds of dimension
n and r, respectively, both having finite topology. For k+ ¢ = m one
has a bilinear map

H*(X) x HY(Y) — H™(X xY)

mapping (c1, ¢z) to m*¢q - p*eg, and hence by Proposition 1.7.6 a linear
map

(5.7.12) H¥X)o HY(Y) - H™(X xY).

Let
H'(X xY)= Y H'X)®H(Y).
k+l=m

The maps (1.7.12) can be combined into a single linear map
(5.7.13) H'(X xY)—> H™X XY)

and our intrinsic version of the Kiinneth theorem asserts
Theorem 5.7.7. The map (1.7.13) is bijective.

Here is a sketch of how to prove this. (Filling in the details will
be left as a series of exercises.) Let U be an open subset of X which
has finite topology and let

HW(U) = Ej HYU) @ HY(Y)
k+l=m
and

Hy'(U)=H™U xY).
As we’ve just seen there’s a Kiinneth map

k:HP(U) — HY(U).
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Exercises.

1.  Let Uy and Us be open subsets of X, both having finite topology,
and let U = Uy U Uy. Show that there is a long exact sequence:

L HP(U) — HP(UDEH (Us) — HP(UiNU) = HP T (U) —

Hint: Take the usual Mayer—Victoris sequence:
2 BYNU) — HY(U)@H"Uy) — HY(UiNUR) - H N (U) —

tensor each term in this sequence with H*(Y) and sum over k + ¢ =
m.

2. Show that for Hs there is a similar sequence. Hint: Apply
Mayer—Victoris to the open subsets U; x Y and Uy x Y of M.

3. Show that the diagram below commutes. (This looks hard but
is actually very easy: just write down the definition of each arrow in
the language of forms.)

L HP(U)—HG(Uh) @ H (Us)—HG (Ur N Un) - HP+ (U)—

] T

LHP(U)—H(UL) @ HP(Us)—HP(Ur N U)o HH (U)—

4.  Conclude from Exercise 3 that if the Kiinneth map is bijective
for Uy, Uy and U; N Us it is bijective for U.

5. Prove the Kiinneth theorem by induction on the number of
open sets in a good cover of X. To get the induction started, note
that

H*(X xY) = HFY)

if X = R™. (See §1.3, exercise 11.)



