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Preface

Introduction

For most math undergraduates on€’s first encounter with differential forms is the
change of variables formula in multivariable calculus, i.e., the formula

(1) L fr¢ldet Jldx = ngbdy.

In this formula, U and V are bounded open subsets of R”, ¢: V — R is a bounded
continuous function, f: U — V is a bijective differentiable map, f*¢: U — Riis
the function ¢ o f,and det J e (x) is the determinant of the Jacobian matrix:

Jf(x) = (a—ﬁ(x))

ax]

As for the “dx” and “dy”, their presence in (1) can be accounted for by the fact
that in single-variable calculus, with U = (a,b), V = (c,d), f: (a,b) — (c,d),
and y = f(x)a C' function with positive first derivative, the tautological equation
4y = 41 can be rewritten in the form

dx  dx
d(f*y) = frdy

and (1) can be written more suggestively as

@) J, £r@an=| pa.

One of the goals of this text on differential forms is to legitimize this interpretation
of equation (1) in n dimensions and in fact, more generally, show that an analogue
of this formula is true when U and V are n-dimensional manifolds.

Another related goal is to prove an important topological generalization of the
change of variables formula (1). This formula asserts that if we drop the assumption
that f be a bijection and just require f to be proper (i.e., that preimages of compact
subsets of V' to be compact subsets of U) then the formula (1) can be replaced by

(3) jU F(dy) = deg(f) jv sidy,

v



February 15, 2019 15:43 Differential Forms — 9in x 6in b3414-main page vi

vi Preface

where deg( f) is a topological invariant of f that roughly speaking counts, with plus
and minus signs, the number of preimage points of a generically chosen
point of V.*

This degree formula is just one of a host of results which connect the theory
of differential forms with topology, and one of the main goals of this book will
explore some of the other examples. For instance, for U an open subset of R?, we
define Q°(U) to be the vector space of C* functions on U. We define the vector
space 2'(U) to be the space of formal sums

(4) frdx, + f,dx,,

where fi, f, € C®(U). We define the vector space Q?(U) to be the space of
expressions of the form

(5) fdx, Ndx,,

where f € C®(U), and for k > 2 define QF(U) to the zero vector space.
On these vector spaces one can define operators

(6) d: 0/(U) - Q\(U)
by the recipes
of of
df = —d —
(7) f 2%, X+ 3%, dx,
fori =0,
(8) d(fldx1+f2dx2):<%—%> dx, Ndx
O0x; 0x,

fori=1,andd = 0 fori > 1. It is easy to see that the operator
(9) d’: Q'(U) - Q")
is zero. Hence,
im(d: Q7'(U) - QU)) ¢ ker(d: Q'(U) - Q*(U)),

and this enables one to define the de Rham cohomology groups of U as the quotient
vector space

ker(d: Q'(U) — Q" (U))
im(d: Q7Y(U) - QU)) "

It turns out that these cohomology groups are topological invariants of U and
are, in fact, isomorphic to the cohomology groups of U defined by the algebraic

topologists. Moreover, by slightly generalizing the definitions in equations (4), (5)
and (7)-(10) one can define these groups for open subsets of R” and, with a bit

(10) H(U) =

t is our feeling that this formula should, like formula (1), be part of the standard calculus cur-
riculum, particularly in view of the fact that there now exists a beautiful elementary proof of it by Peter
Lax (see [6,8,9]).
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more effort, for arbitrary C* manifolds (as we will do in Chapter 5); and their
existence will enable us to describe interesting connections between problems in
multivariable calculus and differential geometry on the one hand and problems in
topology on the other.

To make the context of this book easier for our readers to access we will devote
the rest of this introduction to the following annotated table of contents, chapter-
by-chapter descriptions of the topics that we will be covering.

Organization

Chapter 1: Multilinear algebra

As we mentioned above one of our objectives is to legitimatize the presence of the
dx and dy in formula (1), and translate this formula into a theorem about differ-
ential forms. However a rigorous exposition of the theory of differential forms re-
quires a lot of algebraic preliminaries, and these will be the focus of Chapter 1. We'll
begin, in 1.1 and 1.2, by reviewing material that we hope most of our readers are
already familiar with: the definition of vector space, the notions of basis, of dimen-
sion, of linear mapping, of bilinear form, and of dual space and quotient space. Then
in §1.3 we will turn to the main topics of this chapter, the concept of k-tensor and
(the future key ingredient in our exposition of the theory of differential forms in
Chapter 2) the concept of alternating k-tensor. Those k-tensors come up in fact in
two contexts: as alternating k-tensors, and as exterior forms, i.e., in the first context
as a subspace of the space of k-tensors and in the second as a quotient space of
the space of k-tensors. Both descriptions of k-tensors will be needed in our later
applications. For this reason the second half of Chapter 1 is mostly concerned with
exploring the relationships between these two descriptions and making use of these
relationships to define a number of basic operations on exterior forms such as the
wedge product operation (see §1.6), the interior product operation (see §1.7) and
the pullback operation (see §1.8). We will also make use of these results in §1.9 to
define the notion of an orientation for an n-dimensional vector space, a notion that
will, among other things, enable us to simplify the change of variables formula (1)
by getting rid of the absolute value sign in the term | det J¢|.

Chapter 2: The concept of a differential form

The expressions in equations (4), (5), (7) and (8) are typical examples of differential
forms, and if this were intended to be a text for undergraduate physics majors we
would define differential forms by simply commenting that they’re expressions of
this type. We'll begin this chapter, however, with the following more precise defi-
nition: Let U be an open subset of R”. Then a k-form w on U is a “function” which
to each p e U assigns an element of Ak(TP* U), T,U being the tangent space to U
at p, Ty U its vector space dual, and Ak(T; ) the kth-order exterior power of T,/ U.
(It turns out, fortunately, not to be too hard to reconcile this definition with the
physics definition above.) Differential 1-forms are perhaps best understood as the
dual objects to vector fields, and in §§2.1 and 2.2 we elaborate on this observation,
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and recall for future use some standard facts about vector fields and their integral
curves. Then in §2.3 we will turn to the topic of k-forms and in the exercises at
the end of §2.3 discuss a lot of explicit examples (that we strongly urge readers
of this text to stare at). Then in § 2.4-2.7 we will discuss in detail three funda-
mental operations on differential forms of which we've already gotten preliminary
glimpses in equation (3) and equations (5)-(9), namely the wedge product opera-
tion, the exterior differential operation, and the pullback operation. Also, to add
to this list in §2.5 we will discuss the interior product operation of vector fields
on differential forms, a generalization of the duality pairing of vector fields with
1-forms that we alluded to earlier. (In order to get a better feeling for this material
we strongly recommend that one take a look at § 2.7 where these operations are
related to the div, curl, and grad operations in freshman calculus.) In addition this
section contains some interesting applications of the material above to physics, in
§2.8 to electrodynamics and Maxwell’s equation, as well as to classical mechanisms
and the Hamilton-Jacobi equations.

Chapter 3: Integration of forms

As we mentioned above, the change of variables formula in integral calculus is a
special case of a more general result: the degree formula; and we also cited a paper of
Peter Lax which contains an elementary proof of this formula which will hopefully
induce future authors of elementary text books in multivariate calculus to include
it in their treatment of the Riemann integral. In this chapter we will also give a
proof of this result but not, regrettably, Lax’s proof. The reason why not is that we
want to relate this result to another result which will have some important de Rham
theoretic applications when we get to Chapter 5. To describe this result let U be a
connected open set in R” and w = fdx; A--- A dx, a compactly supported n-form
on U. We will prove the following theorem.

Theorem 11. The integral fU w = IU fdx, - dx,, of wover U is zero if and only if
w = dv where v is a compactly supported (n — 1)-form on U.

An easy corollary of this result is the following weak version of the degree
theorem.

Corollary 12. LetU andV be connected open subsets of R* and f : U — V a proper
mapping. Then there exists a constant 8( f) with the property that for every compactly
supported n-form w on'V

JUf*w: o(f) va,

Thus to prove the degree theorem it suffices to show that this 8(f) is the deg( f)in
formula (3) and this turns out not to be terribly hard.

The degree formula has a lot of interesting applications and at the end of
Chapter 3 we will describe two of them. The first, the Brouwer fixed point theo-
rem, asserts that if B” is the closed unit ball in R” and f: B” — B" is a continuous
map, then f has a fixed point, i.e., there is a point x, € B" that gets mapped onto
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itself by f. (We will show that if this were not true the degree theorem would lead
to an egregious contradiction.)
The second is the fundamental theorem of algebra. If

n—1 n

pz)=aj+az+ - +a, 2" +z

is a polynomial function of the complex variable z, then it has to have a complex
root z, satisfying p(z,) = 0. (We'll show that both these results are more-or-less
one line corollaries of the degree theorem.)

Chapter 4: Forms on manifolds

In the previous two chapters the differential forms that we have been consider-
ing have been forms defined on open subsets of R". In this chapter we'll make the
transition to forms defined on manifolds; and to prepare our readers for this tran-
sition, include at the beginning of this chapter a brief introduction to the theory
of manifolds. (It is a tradition in undergraduate courses to define n-dimensional
manifolds as n-dimensional submanifolds of RY, i.e., as n-dimensional generaliza-
tions of curves and surfaces in R?, whereas the tradition in graduate level courses
is to define them as abstract entities. Since this is intended to be a text book for
undergraduates, we'll adopt the first of these approaches, our reluctance to doing
so being somewhat tempered by the fact that, thanks to the Whitney embedding
theorem, these two approaches are the same.) In §4.1 we will review a few general
facts about manifolds, in § 4.2, define the crucial notion of the tangent space T
to a manifold X at a point p and in § 4.3 and 4.4 show how to define differential
forms on X by defining a k-form to be, as in $2.4, a function w which assigns to each
p € X an element w, of Ak(TP* X). Then in § 4.4 we will define what it means for
a manifold to be oriented and in §4.5 show that if X is an oriented n-dimensional
manifold and w a compactly supported n-form, the integral of w is well-defined.
Moreover, we'll prove in this section a manifold version of the change of variables
formula and in §4.6 prove manifold versions of two standard results in integral cal-
culus: the divergence theorem and Stokes theorem, setting the stage for the main
results of Chapter 4: the manifold version of the degree theorem (see §4.7) and a
number of applications of this theorem (among them the Jordan-Brouwer separa-
tion theorem, the Gauss-Bonnet theorem and the Index theorem for vector fields
(see §§4.8 and 4.9).

Chapter 5: Cohomology via forms

Given an n-dimensional manifold let Q%(X) be the space of differential forms on
X of degree k, let d: OF(X) - QF1(X) be exterior differentiation and let H*(X)
be the kth de Rham cohomology group of X: the quotient of the vector space

ZK(X) = ker(d : QF(X) — QFYI(X))
by the vector space

BX(X) = im(d: QF1(X) — QK(X)).
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In Chapter 5 we will make a systematic study of these groups and also show that
some of the results about differential forms that we proved in earlier chapters can
be interpreted as cohomological properties of these groups. For instance, in §5.1
we will show that the wedge product and pullback operations on forms that we
discussed in Chapter 2 gives rise to analogous operations in cohomology and that
for a compact oriented n-dimensional manifold the integration operator on forms
that we discussed in Chapter 4 gives rise to a pairing

H*(X) x H"¥(X) > R,
and in fact more generally if X is non-compact, a pairing
(13) HE(X) x H"HX) - R,

where the groups H.(X) are the de Rham cohomology groups that one gets by
replacing the spaces of differential forms Q(X) by the corresponding spaces Q7 (X)
of compactly supported differential forms.

One problem one runs into in the definition of these cohomology groups is
that since the spaces Ok(X) and Qf (X) are infinite dimensional in general, there’s
no guarantee that the same won't be the case for the spaces H k(X) and H’C‘(X), and
we'll address this problem in § 5.3. More explicitly, we will say that X has finite
topology if it admits a finite covering by open sets Uy, ..., Uy such that for every
multi-index I = (i, ..., i), where 1 < i, < N, the intersection

(14) U =U, n-nU,

is either empty or is diffeomorphic to a convex open subset of R". We will show
that if X has finite topology, then its cohomology groups are finite dimensional and,
secondly, we will show that many manifolds have finite topology. (For instance, if
X is compact then X has finite topology; for details see §§5.2 and 5.3.)

We mentioned above that if X is not compact it has two types of cohomology
groups: the groups H*(X) and the groups H’g_k(X). In §5.5 we will show that if X
is oriented then for v € Q¥(X) and w € _Q;"k(X) the integration operation

(v, w) J VA®
X
gives rise to a pairing
H*X) x H'%(X) - R,

and that if X is connected this pairing is non-degenerate, i.e., defines a bijective
linear transformation
HEN(X) =y HNX)E.

This results in the Poincaré duality theorem and it has some interesting implications
which we will explore in § 5.5~5.7. For instance in §5.5 we will show that if Y and
Z are closed oriented submanifolds of X and Z is compact and of codimension
equal to the dimension of Y, then the intersection number I(Y, Z) of Y and Z in X
is well-defined (no matter how badly Y and Z intersect). In §5.6 we will show that
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if X is a compact oriented manifold and f: X — X a C* map one can define the
Lefschetz number of f as the intersection number I(Ay, graph(f)) where Ay is the
diagonal in X x X, and view this as a “topological count” of the number of fixed
points of the map f.

Finally in §5.8 we will show that if X has finite topology (in the sense we de-
scribed above), then one can define an alternative set of cohomology groups for X,
the Cech cohomology groups of a cover U, and we will sketch a proof of the asser-
tion that this Cech cohomology and de Rham cohomology coincide, leaving a lot
of details as exercises (however, with some hints supplied).

Appendices

In Appendix A we review some techniques in multivariable calculus that enable one
to reduce global problems to local problems and illustrate these techniques by de-
scribing some typical applications. In particular we show how these techniques can
be used to make sense of “improper integrals” and to extend differentiable maps
f: X — Ron arbitrary subsets X ¢ R” to open neighborhoods of these sets.

In Appendix B we discuss another calculus issue: how to solve systems of
equations

filx) =n

In(x) = yn

for x in terms of y (here fi, ..., fy are differentiable functions on an open subset
of R"). To answer this question we prove a somewhat refined version of what in
elementary calculus texts is referred to as the implicit function theorem and derive
as corollaries of this theorem two results that we make extensive use of in Chapter 4:
the canonical submersion theorem and the canonical immersion theorem.

Finally, in Appendix c we discuss a concept which plays an important role
in the formulation of the “finite topology” results that we discussed in Chapter s,
namely the concept of a “good cover”. In more detail let X be an n-dimensional
manifold an let U = {U,} ; be a collection of open subsets of X with the property
that | J,; U, = X.

Then U is a good cover of X if for every finite subset

a€l

{ag, ..o} I

the intersection U, N---NU,_is either empty or is diffeomorphic to a convex open
subset of R”. In Appendlx c we will prove that good covers always exist.

Notational Conventions

Below we provide a list of a few of our common notational conventions.
= used to define a term; the term being defined appears to the left of the
colon
C subset
— denotes an map (of sets, vector spaces, etc.)
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= inclusion map
—» surjective map
=~ a map that is an isomorphism
~ difference of sets: if A ¢ X, then X \ A is the complement of A in X
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Chapter 1
Multilinear Algebra

1.1. Background

We will list below some definitions and theorems that are part of the curriculum of
a standard theory-based course in linear algebra.

Definition 1.1.1. A (real) vector space is a set V the elements of which we refer to
as vectors. The set V is equipped with two vector space operations:

(1) Vector space addition: Given vectors v}, v, € V one can add them to get a third
vector, vy + v,.

(2) Scalar multiplication: Given a vector v € V and a real number A, one can mul-
tiply v by A to get a vector Av.

These operations satisfy a number of standard rules: associativity, commutativ-
ity, distributive laws, etc. which we assume you’re familiar with. (See Exercise 1.1.i.)
In addition we assume that the reader is familiar with the following definitions and
theorems.
(1) The zero vector in V is the unique vector 0 € V with the property that for
every vectorv € V,wehavev+0=0+v =vand Av = 0if A € Ris zero.
(2) Linear independence: A (finite) set of vectors, vy, ..., v € V is linearly inde-
pendent if the map

(1.1.2) RF SV, (CyseeesCr) B CQUy + =+ + CLU
1 k 101 KUk
is injective.
(3) A (finite) set of vectors vy, ..., v € V spans V if the map (1.1.2) is surjective.
(4) Vectors vy, ...,v; € V are a basis of V if they span V and are linearly inde-

pendent; in other words, if the map (1.1.2) is bijective. This means that every
vector v can be written uniquely as a sum

n
(1.1.3) v= Zcivi.
i=1

*Such a course is a prerequisite for reading this text.

d.
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(5) IfV is a vector space with a basis v}, ..., vy, then V is said to be finite dimen-
sional, and k is the dimension of V.. (It is a theorem that this definition is legit-
imate: every basis has to have the same number of vectors.) In this chapter all
the vector spaces we'll encounter will be finite dimensional. We write dim(V)
for the dimension of V.

(6) A subsetU C V is a subspace if it is vector space in its own right, i.e., for all
v,v1,U; € Uand A € R, both Av and v; + v, are in U (where the addition and
scalar multiplication is given as vectors of V).

(7) LetV and W be vector spaces. Amap A: V — W is linear if for v, vy, v, € U
and A € R we have

(1.1.4) A(Av) = AAv
and
A(vy +vy) = Av; + Av,.

(8) Let A: V — W bea linear map of vector spaces. The kernel of A is the subset

of V defined by

ker(A) ={veV|Aw) =0},
i.e., is the set of vectors in V' which A sends to the zero vector in W. By equa-
tion (1.1.4) and item (7), the subset ker(A) is a subspace of V.

(9) By (1.1.4) and (7) the set-theoretic image im(A) of A is a subspace of W.
We call im(A) the image A of A. The following is an important rule for keep-
ing track of the dimensions of ker A and im A:

(1.1.5) dim(V) = dim(ker(A)) + dim(im(A)).

(10) Linear mappings and matrices: Let vy, ..., v, be a basis of V and wy, ..., w,, a
basis of W. Then by (1.1.3) Av; can be written uniquely as a sum,

m
(1.1.6) Aby= Zci,jwi, ¢j€R
i=1
The m x n matrix of real numbers (c; ;) is the matrix associated with A. Con-
versely, given such an m x n matrix, there is a unique linear map A with the
property (1.1.6).
(11) An inner product on a vector space is a map

B:VxV >R

with the following three properties:
(a) Bilinearity: For vectors v,v;,v,,w € V and A € R we have

B(v, + vy, w) = B(v;, w) + B(v,, w)
and
B(Av,w) = AB(v,w).

(b) Symmetry: For vectors v,w € V we have B(v,w) = B(w,v).
(c) Positivity: For every vector v € V we have B(v,v) > 0. Moreover, if v # 0

then B(v,v) > 0.
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Remark 1.1.7. Notice that by property (11b), property (11a) is equivalent to
B(w, Av) = AB(w,v)

and
B(w, v, +v,) = Bw,v;) + B(w, v,).

Example 1.1.8. The map (1.1.2) is a linear map. The vectors vy, ..., vy span V if its
image of this map is V, and the vy, ..., vy, are linearly independent if the kernel of
this map is the zero vector in R¥.

The items on the list above are just a few of the topics in linear algebra that
we're assuming our readers are familiar with. We have highlighted them because
they’re easy to state. However, understanding them requires a heavy dollop of that
indefinable quality “mathematical sophistication”, a quality which will be in heavy
demand in the next few sections of this chapter. We will also assume that our read-
ers are familiar with a number of more low-brow linear algebra notions: matrix
multiplication, row and column operations on matrices, transposes of matrices,
determinants of n x n matrices, inverses of matrices, Cramer’s rule, recipes for solv-
ing systems of linear equations, etc. (See [10, §§ 1.1 and 1.2] for a quick review of
this material.)

Exercises for §1.1
Exercise 1.1.i. Our basic example of a vector space in this course is R” equipped
with the vector addition operation
(ay,....a,) + (by,...,b,) =(a; + by, ...,a,+b,)
and the scalar multiplication operation
Mays....a,) = (Aay, ..., Aa,).
Check that these operations satisfy the axioms below.

(1) Commutativity: v+ w = w + v.

(2) Associativity: u+ (v+w) = (u+v) + w.

(3) For the zero vector 0 := (0,...,0) wehavev + 0 = 0 + v.
(4) v+ (-1)v=0.

(5) lv=m.

(6) Associative law for scalar multiplication: (ab)v = a(bv).
(7) Distributive law for scalar addition: (a + b)v = av + bu.
(8) Distributive law for vector addition: a(v + w) = av + aw.

Exercise 1.1.ii. Check that the standard basis vectors of R": ¢; = (1,0,...,0),
e, =(0,1,0,...,0), etc. are a basis.

Exercise 1.1.iii. Check that the standard inner product on R”
n
B((ay, ..., a,), (by, ..., b)) = ) ab;
i=1

is an inner product.
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1.2. Quotient and dual spaces

In this section, we will discuss a couple of items which are frequently, but not
always, covered in linear algebra courses, but which we'll need for our treatment of
multilinear algebra in §§1.3-1.8.

The quotient spaces of a vector space

Definition 1.2.1. Let V be a vector space and W a vector subspace of V. A W-coset
is a set of the form
v+W={v+w|lweWwW}l

It is easy to check that if v; — v, € W, the cosets v; + W and v, + W coincide
while if v; — v, ¢ W, the cosets v; + W and v, + W are disjoint. Thus the distinct
W -cosets decompose V into a disjoint collection of subsets of V.

Notation 1.2.2. Let V be a vector space and W C V a subspace. We write V/W for
the set of distinct W-cosetsin V.

Definition 1.2.3. Let V be a vector space and W ¢ V a subspace. Define a vector
addition operation on V /W by setting

(1.2.4) W +W)+ (0 + W) = (v +0,) + W

and define a scalar multiplication operation on V/W by setting

(1.2.5) Ao+ W) = (Av) + W.

These operations make V/W into a vector space, called the quotient space of
Vbyw.

It is easy to see that the operations on V/W from Definition 1.2.3 are well-
defined. For instance, suppose v; + W = v} + W and v, + W = v} + W. Then v; - v}
and v, — v} are in W, so

(v +vy) - (V] + V) e W,
and hence (v; +v,) + W = (v} + V) + W.
Definition 1.2.6. LetV be a vector spaceand W ¢ V a subspace. Define a quotient
map
(1.2.7) n:V->V/W
by setting 71(v) = v+W. It is clear from equations (1.2.4) and (1.2.5) that 7 is
linear, and that it maps V surjectively onto V/W.

Observation 1.2.8. Note that the zero vector in the vector space V /W is the zero
coset 0 + W = W. Hence v € ker(r) ifand only ifv + W = W, i.e., v € W. In other
words, ker() = W.

In Definitions 1.2.3 and 1.2.6, V and W do not have to be finite dimensional,
but if they are then by equation (1.1.5) we have

dim(V/W) = dim(V) - dim(W).

We leave the following easy proposition as an exercise.
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Proposition 1.2.9. Let A: V — U be a linear map of vector spaces. f W C ker(A)
there exists a unique linear map A%: V/W — U with the property that A = Al o 7,
whererm: V — V /W is the quotient map.

The dual space of a vector space

Definition 1.2.10. Let V be a vector space. Write V* for the set of all linear func-
tions £: V' — R. Define a vector space structure on V* as follows: if £,,¢, € V*,
then define the sum ¢; + £, to be the map V' — R given by

(fl + gz)(U) = el (U) + 52(1)),
which is clearly linear. If £ € V* is a linear function and A € R, define A¢ by
(A0)(v) = A - £(v),

then A¢ is clearly linear.
The vector space V* is called the dual space of V.

Suppose V is n-dimensional, andletey, ..., e, be a basis of V. Then every vector
v € V can be written uniquely as a sum

v=cie +-+cue,, ¢ €R
Let
*
(1.2.11) e (v) =¢.

Ifv=cre +-+ce,and v’ =cle; + - +cle, thenv+v' = (c;+c))e; + - +
(c, +ch)e,, so

ef(v+v) =ci+c =ef(v)+ef (V).
This shows that e; (v) is a linear function of V and hence e} € V*.

Claim 1.2.12. If V is an n-dimensional vector space with basis ey, ...,e,, then
e}, ....ey is a basis of V*.

Proof. First of all note that by (1.2.11)

. 1, i=j,
(1.2.13) e; (ej) = o

0, i+#j.
IfeeV*let) = €(e;)andlet &' = Y| Aef. Then by (1.2.13)
E'e) = ) Niei (e)) = A; = £(e)),
=1

i.e., £ and ¢’ take identical values on the basis vectors, ej. Hence £ = ¢'.

Suppose next that 2| A;ef = 0. Then by (1.2.13), A; = (XL, Aef)(e;) = 0 for
j=1,...,n Hence the vectors e}, ..., e;, are linearly independent. O
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Let V and W be vector spaces and A: V — W a linear map. Given £ € W*
the composition, £ o A, of A with the linear map, £: W — R, is linear, and hence is
an element of V*. We will denote this element by A*¢, and we will denote by

A WF 5V
the map £ — A*¢. It is clear from the definition that
A* (8, +¢8,) =A% + A™C,
and that
A*(A) = AA™S,

ie., A* is linear.

Definition 1.2.14. Let V and W be vector spacesand A: V — W alinear map. We
call the map A*: W* — V* defined above the transpose of the map A.

We conclude this section by giving a matrix description of A*. Let ey, ... , ¢,
beabasisof Vand f, ..., f,, abasis of W;letej,...,e; and f', ..., f,; be the dual
bases of V* and W*. Suppose A is defined in terms of e, ..., ¢, and f;, ..., f,, by
the m x n matrix, (a; ;), i.e., suppose

n
Aej = Zaldf;
i=1
Claim 1.2.15. The linear map A* is defined, in terms of f",..., f,, and e], ..., e,

by the transpose matrix (a;).

Proof. Let
m
A*fF = Z Gy
=
Then
n
A*fi*(ej) = Z ck,ie;(ej) =Cj;
k=1

by (1.2.13). On the other hand

A*f(e)) = f(Ae)) = f* ( D ak,,,»fk> =Y a i ff(fi) = a;;
k=1 k=1

$0 4 ; = Cj;. O

Exercises for §1.2

Exercise 1.2.i. LetV be an n-dimensional vector space and W a k-dimensional sub-
space. Show that there exists a basis ey, ..., e, of V with the property thate,, ..., e
is a basis of W.

Hint: Induction on n — k. To start the induction suppose that n — k = 1. Let
€1, -..,e,_; be abasis of W and e, any vector in V.~ W.
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Exercise 1.2.ii. In Exercise 1.2.i show that the vectors f; = n(ey,;),i=1,...,n—k
are a basis of V/W, where r: V — V/W is the quotient map.

Exercise 1.2.iii. In Exercise 1.2.i let U be the linear span of the vectors e, for
i=1,...,n— k. Show that the map

U->VIW, ue a(u),
is a vector space isomorphism, i.e., show that it maps U bijectively onto V/W.

Exercise 1.2.iv. Let U, V and W be vector spaces and letA: V. — W and
B: U — V be linear mappings. Show that (AB)* = B*A*.

Exercise 1.2.v. Let V = R? and let W be the x;-axis, i.e., the one-dimensional
subspace
{ (xlaO) |X1 € R}

of R,
(1) Show that the W-cosets are the lines, x, = g, parallel to the x;-axis.
(2) Show that the sum of the cosets “x, = a” and “x, = b” is the coset “x, = a +b”,
(3) Show that the scalar multiple of the coset, “x, = ¢” by the number, A, is the

coset, “x, = Ac”.

Exercise 1.2.vi.

(1) Let (V*)* be the dual of the vector space, V*. Foreveryv € V, letev,: V* — R
be the evaluation function ev,(£) = £(v). Show that the ev,, is a linear function
on V*, ie., an element of (V*)*, and show that the map

(1.2.16) ev=evy: V= (V) v ey,

is a linear map of V into (V*)*.

(2) IfV is finite dimensional, show that the map (1.2.16) is bijective. Conclude that
there is a natural identification of V with (V*)*, i.e., that V and (V*)* are two
descriptions of the same object.

Hint: dim(V*)* = dimV™* = dimV, so by equation (1.1.5) it suffices to
show that (1.2.16) is injective.

Exercise 1.2.vii. Let W be a vector subspace of a finite-dimensional vector space
V and let
Wht={teV*|e(w)=0forallwe W}
W is called the annihilator of W in V*. Show that W+ is a subspace of V* of
dimension dimV — dim W.
Hint: By Exercise 1.2.i we can choose a basis, e, ..., e, of V such thate, ..., e,
is a basis of W. Show that e, ,, ..., e is a basis of W+,

Exercise 1.2.viii. Let V and V' be vector spaces and A: V — V' a linear map.
Show that if W C ker(A), then there exists a linear map B: V/W — V' with the
property that A = B o 7 (where 7 is the quotient map (1.2.7)). In addition show
that this linear map is injective if and only if ker(A) = W.
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Exercise 1.2.ix. Let W be a subspace of a finite-dimensional vector space V. From
the inclusion map, 1: W* — V*, one gets a transpose map,

n (V*)* —s (W_J_)*
and, by composing this with (1.2.16), a map
Foev: V — (WH)*.
Show that this map is onto and that its kernel is W. Conclude from Exercise 1.2.viii
that there is a natural bijective linear map
v: VIW — (WH)*
with the property v o 7 = 1* o ev. In other words, V/W and (W*)* are two descrip-

tions of the same object. (This shows that the “quotient space” operation and the
“dual space” operation are closely related.)

Exercise 1.2.x. Let V] and V, be vector spacesand A: V; — V, alinear map. Verify
that for the transpose map A*: V;* — V{* we have:
ker(A*) = im(A)*
and
im(A*) = ker(A)*.
Exercise 1.2.xi. Let V be a vector space.
(1) Let B: V xV — Rbean inner product on V. Forv € V let
£,: VR
be the function: £,(w) = B(v, w). Show that £, is linear and show that the map
(1.2.17) L:V-VY v ¢,
is a linear mapping.
(2) If V is finite dimensional, prove that L bijective. Conclude that if V has an
inner product one gets from it a natural identification of V with V*.

Hint: Since dimV = dim V™ it suffices by equation (1.1.5) to show that
ker(L) = 0. Now note that if v # 0, £,(v) = B(v,v) is a positive number.

Exercise 1.2.xii. Let V be an n-dimensional vector space and B: V xV — Ran
inner product on V. A basis, e, ..., e, of V is orthonormal if

1, i=j,
(1.2.18) B(e;, ej) =
0, i#]j.

(1) Show that an orthonormal basis exists.
Hint: By induction let ey, ..., e, be vectors with the property (1.2.18) and
let v be a vector which is not a linear combination of these vectors. Show that
the vector

k
w=v- ZB(ei,v)e,-
i=1
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is non-zero and is orthogonal to the e;s. Now let e,,; = Aw, where
A = B(w,w)"2.
(2) Letey,...e, and e}, ... e}, be two orthonormal bases of V and let

Show that
1) j = ka

(1.2.19) a;.a;, =
Z;, i,j%ik 0, ]#k

(3) Let A be the matrix (ai,j). Show that equation (1.2.19) can be written more
compactly as the matrix identity

(1.2.20) AAT =id,,
where id,, is the n x n identity matrix and AT is the transpose of the matrix A.

(4) Lete,,...,e, be an orthonormal basis of V and €], ..., €} the dual basis of V*.
Show that the mapping (1.2.17) is the mapping, Le; = ¢/,i=1,...n.

1.3. Tensors

Definition 1.3.1. Let V be an n-dimensional vector space and let V¥ be the set of
all k-tuples (v}, ..., v), where vy, ..., v, € V, that is, the k-fold direct sum of V
with itself. A function

T: V¥ >R
is said to be linear in its ith variable if, when we fix vectors, vy, ..., V;_1, Uiy 15 ... Ug,
the map V — R defined by

(1.3.2) U T Ui U Uy s 05 Ug)

is linear.

If T is linear in its ith variable for i = 1, ..., kit is said to be k-linear, or alter-
natively is said to be a k-tensor. We write TZX(V) for the set of all k-tensors in V. We
will agree that 0-tensors are just the real numbers, that is 7°(V) = R.

Let T}, T,: V¥ = R be linear functions. It is clear from (1.3.2) that if T} and
T, are k-linear, so is T} + T,. Similarly if T is k-linear and A is a real number, AT is
k-linear. Hence Z¥(V) is a vector space. Note that for k = 1, “k-linear” just means
‘linear’, so Z1(V) = V*.

Definition 1.3.3. Let nand k be positive integers. A multi-index of n of length k is
ak-tuple = (i), ..., ) of integers with 1 < i, <nforr=1,... k.

Example 1.3.4. Let n be a positive integer. The multi-indices of n of length 2 are in
bijection the square of pairs of integers

(G,j), 1<ij<n,

and there are exactly n* of them.
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We leave the following generalization as an easy exercise.

Lemma 1.3.5. Let n and k be positive integers. There are exactly n* multi-indices of

n of length k.
Now fix a basis ej, ..., e, of V. For T € TX(V) write
(1.3.6) T; = T(eil, ...,eik)

for every multi-index I of length k.

Proposition 1.3.7. The real numbers T; determine T, i.e., if T and T' are k-tensors
and Ty =T} forall I, then T = T'.

Proof. Byinduction on n. For n = 1 we proved this result in §1.1. Let’s prove that if
this assertion is true for n — 1, it is true for n. For each ¢, let T; be the (k — 1)-tensor
(s oo es V) = TV 050,15 €)).

Thenforv =cie; + -+ + e,
n
Ty o3 Up50) = ) G T (015 .05 V),
i=1

so the T;’s determine T. Now apply the inductive hypothesis. O

The tensor product operation
Definition 1.3.8. If T} is a k-tensor and T, is an £-tensor, one can define a
k + £-tensor, T} ® T, by setting
(Tl ® TZ)(UI’ ,Uk+€) = TI(UI, ,Uk)Tz(Uk+1, ,Uk+€).

This tensor is called the tensor product of T} and T,.

We note that if T; is a 0-tensor, i.e., scalar, then tensor product with T is
just scalar multiplication by T, and similarly if T, is a O-tensor. That is
a®T =T®a=aT forae Rand T € T¥(V).

Properties 1.3.9. Suppose that we are given a k; -tensor T}, a k,-tensor T,, and a
k3-tensor T; on a vector space V.
(1) Associativity: One can define a (k; + k; + k3)-tensor T, ® T, ® T by setting
(Tl eT,® T3)(U1’ wEE S vk+€+m)
=T (01 s U Ty (Ur1s > Vs ) T3 Wkt -+ Uiy
Alternatively, one can define T ® T, ® T; by defining it to be the tensor product
of (T} ® T;) ® T; or the tensor product of T ® (T, ® T3). It is easy to see that
both these tensor products are identical with T; ® T, ® Tj:
(MeT))eT; =T8T, T, =T, (T, ®T}).

(2) Distributivity of scalar multiplication: We leave it as an easy exercise to check
that if A is a real number then

MT,®T,) = (AT) @ T, = T, ® (AT).
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(3) Left and right distributive laws: If k; = k,, then
(T, +T) 8T, =T, 0T, + T, 8T}
and if k, = k;, then
10T, +T3) =T, 9T, + T, ® Ts.

A particularly interesting tensor product is the following. Fori = 1,...,k let
¢; € V* and let

(1.3.10) T=0,® - ®¢.
Thus, by definition,
(1.3.11) T(vys...,v) = €1(vy) -+ € (vg).

A tensor of the form (1.3.11) is called a decomposable k-tensor. These tensors, as
we will see, play an important role in what follows. In particular, lete;, ..., e, be a
basis of V' and e7, ..., e}, the dual basis of V*. For every multi-index I of length k
let

e =€ ® - ®e;.

Then if J is another multi-index of length k,

(1.3.12) i T
1.3.19 ef(e;,....e;) =

I\"j) Jk 0, I+]

by (1.2.13), (1.3.10) and (1.3.11). From (1.3.12) it is easy to conclude the following.

Theorem 1.3.13. LetV be a vector space with basis e, ..., e, and let 0 < k < n be
an integer. The k-tensors ef of (1.3.12) are a basis of T(V).

Proof. GivenT € 75(V), let
T = Z Trer,
i
where the T;’s are defined by (1.3.6). Then
(1.3.14) T’(ejl, wwen @y ) = Z Tref (e;,» e ) =Ty
T

by (1.3.12); however, by Proposition 1.3.7 the T;’s determine T, so T' = T. This
proves that the e} s are a spanning set of vectors for Z¥(V). To prove they’re a basis,

suppose
> Cret =0
T
for constants, C; € R. Then by (1.3.14) with T’ = 0, C; = 0, so the e] ’s are linearly
independent. O

Aswe noted in Lemma 1.3.5, there are exactly #* multi-indices of length k and
hence #* basis vectors in the set {e} };, so we have proved.

Corollary 1.3.15. LetV be an n-dimensional vector space. Then dim(ZF(V)) = #*.
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The pullback operation

Definition 1.3.16. Let V and W be finite-dimensional vector spaces and let
A:V — W bea linear mapping. If T € Z¥(W), we define

A*T: VF 5 R
to be the function .
(1.3.17) (A*T)(vy, ..., v) = T(Avy, ..., Avy).

It is clear from the linearity of A that this function is linear in its ith variable for all
i, and hence is a k-tensor. We call A*T the pullback of T by the map A.

Proposition 1.3.18. The map
A*: KW) - TXV), T A'T,
is a linear mapping.
We leave this as an exercise. We also leave as an exercise the identity
(1.3.19) ANT; 8 T,) = A(Ty) ® A*(T)

forT; € 7¥(W) and T, € L™(W). Also, if U is a vector spaceand B: U — V a
linear mapping, we leave for you to check that

(1.3.20) (AB)*T = B*(A*T)
forall T € ZX(W).

Exercises for §1.3
Exercise 1.3.i. Verify that there are exactly #¥ multi-indices of length k.
Exercise 1.3.ii. Prove Proposition 1.3.18.
Exercise 1.3.iii. Verify equation (1.3.19).
Exercise 1.3.iv. Verify equation (1.3.20).
Exercise 1.3.v. Let A: V. — W be a linear map. Show thatif £;,i = 1,... ,k are
elements of W*

A, ®--®8) = A" (£)) ® - ® A*(£)).

Conclude that A* maps decomposable k-tensors to decomposable k-tensors.

Exercise 1.3.vi. Let V be an n-dimensional vector space and ¢;,7 = 1, 2, elements
of V*. Show that £, ® £, = £, ® £, if and only if £, and £, are linearly dependent.

Hint: Show that if £, and ¢, are linearly independent there exist vectors, v;,
i =,1,2in V with property

1, i=j,
bi(vy) = ‘! L
0, i#j.
Now compare (¢, ® £,)(v;,v,) and (£, ® £;)(v;,v,). Conclude that if dimV > 2

the tensor product operation is not commutative, i.e., it is usually not true that
0, ®6,=0,8¢,.
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Exercise 1.3.vii. Let T be a k-tensor and v a vector. Define T,,: V¥"! — R to be
the map

(1.3.21) T,y .5 Up_y) = T(0, U5 .., Ugy)-

Show that T}, is a (k — 1)-tensor.

Exercise 1.3.viii. Show that if T} is an r-tensor and T, is an s-tensor, then if > 0,
(T1T,),=(T}),8T,.

Exercise 1.3.ix. Let A: V. — W be a linear map mapping, and v € V. Write w :=

Av. Show that for T € Z¥(W), A*(T,)) = (A*T),.

1.4. Alternating k-tensors

We will discuss in this section a class of k-tensors which play an important role in
multivariable calculus. In this discussion we will need some standard facts about
the “permutation group”. For those of you who are already familiar with this object
(and I suspect most of you are) you can regard the paragraph below as a chance to
re-familiarize yourselves with these facts.

Permutations

Definition 1.4.1. Let Z; be the k-element set Z; := {1, 2, ...,k}. A permutation of
order kisa bijecton 0: X; = X;. Given two permutations o, and o,, their product
0,0, is the composition of g, ° 0,, i.e., the map,

i 0(0,(1)).

For every permutation o, one denotes by ™! the inverse permutation given by the
inverse bijection of ¢, i.e., defined by

oi)=j & o }(j) =i
Let Sy, be the set of all permutations of order k. One calls Sy the permutation group
of X, or, alternatively, the symmetric group on k letters.

It is easy to check the following.
Lemma 1.4.2. The group Sy has k! elements.

Definition 1.4.3. Let k be a positive integer. For every 1 <i < j < k, let 7, ; be the

permutation
jy g = i;
T")j(e) = i, ¢= j,
& E#ig
The permutation 7, ; is called a transposition, and if j = i + 1, then 7;; is called an

elementary transposition.

Theorem 1.4.4. Every permutation in S can be written as a product of (a finite
number of ) transpositions.
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Proof. We prove this by induction on k. The base case when k = 2 is obvious.

For the induction step, suppose that we know the claim for S;_;. Given o € S,
we have o(k) = i if and only if 7; ;0 (k) = k. Thus ;0 is, in effect, a permutation of
Zk-1. By induction, 7; ;0 can be written as a product of transpositions, so

g = Ti,k(Ti,ko)
can be written as a product of transpositions. d

Theorem 1.4.5. Every transposition can be written as a product of elementary trans-
positions.

Proof. Let v = 7;;,i < j. With i fixed, argue by induction on j. Note that for

j>i+1

J

Tij = Tj-1,iTij-1Tj-1,5-
Now apply the inductive hypothesis to 7; ;_;. O

Corollary 1.4.6. Every permutation can be written as a product of elementary trans-
positions.

The sign of a permutation

Definition 1.4.7. Let xy, ..., x; be the coordinate functions on R¥. For o € S; we
define

Xg(i) — Xg(;
(1.4.8) 07 =T] o) ~ o)

i<j x,-—xj-

Notice that the numerator and denominator in (1.4.8) are identical up to sign.
Indeed, if p = 0(i) < 0(j) = g, the term, X, — X4, occurs once and just once in the
numerator and once and just once in the denominator; and if g = o(i) > o(j) = p,

the term, x, — x,, occurs once and just once in the numerator and its negative,
X4 — Xp, once and just once in the numerator. Thus

(-1)7 = +1.
In light of this, we call (1) the sign of 0.
Claim 1.4.9. For 0,7 € S; we have
(-1)7* = (-1)°(-1)".
That is, the sign defines a group homomorphism S — {£1}.

Proof. By definition,

(-1)°7 = H Xor(i) ~ Xo(j)
i< XX
We write the right-hand side as a product of
H @) "~ 71G) _ (=1)7

i<  NiTX
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and
Xor(i) ~ Xo1(j

(1.4.10) —u.

i< X T X))

Fori < j,let p = 7(i) and g = 7(j) when 7() < 7(j) and let p = 7(j) and q = 7(i)

when 7(j) < 7(i). Then

Xor(i) ~ Xo1(j) _ Xa(p) ™ *olq)

XT(i) o x‘r(j) xp - xq
(i.e., if 7(i) < 7(j), the numerator and denominator on the right equal the numer-

ator and denominator on the left and, if 7(j) < 7(i) are negatives of the numerator
and denominator on the left). Thus equation (1.4.10) becomes

Kaopy = X,
H U(P) ‘7(‘1) — (—1)0. D
p<qa *p ™%
WEell leave for you to check that if 7 is a transposition, (-=1)* = -1 and to

deduce the following proposition.

Proposition 1.4.11. If o is the product of an odd number of transpositions,
(=1)? = =1 and if o is the product of an even number of transpositions, (-=1)° = +1.
Alternation
Definition 1.4.12. Let V be an n-dimensional vector space and T ¢ 7*(v) a

k-tensor. For o € §;, define T? € ’Lk(V) to be the k-tensor
(1.4.13) T”(vl, aimieny Uk) = T(Uavl(l), — Ua—l(k)).
Proposition 1.4.14.
(1) IfT = fl R ® Ek, gi € V*, then T° = ga(l) Q- ® ga(k)‘
(2) The assignment T v T° is a linear map XV — lk(V).
(3) Ifo, 1 € S, we have T°F = (T°)".
Proof. To (1), we note that by equation (1.4.13)
(1@ @ L) (U, ... Up) = €1 (Ug1(1)) -+ Ec(Ug-1(1y)-
Setting o71(i) = g, the ith term in this product is L’a(q)(vq); so the product can be
rewritten as
eg(l)(Ul). @ Ea(k)(vk)
or
(ga(l) QR ® EU(k))(vl, ’Uk)‘
We leave the proof of (2) as an exercise.

Now we prove (3). Let T' = £, ® --- ® ;. Then

Tﬂ = ga(l) ® - ®€a(k) = 4‘,’{ ®--- ®€,'(,
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where E} = ¢ ... Thus

a(j)
(TU)T = 34(1) R ® L’&k)
Butif 7(i) = j, £3(j) = Co(a(j))- Hence
(T) lor1) ® -+ ® Lory = T U
Definition 1.4.15. Let V be a vector space and k > 0 an integer. A k-tensor
T € IX(V) is alternating if T° = (-1)°T forall o € Sy.

We denote by AX(V) the set of all alternating k-tensors in Tk WV). By (2) this

set is a vector subspace of T*W).
It is not easy to write down simple examples of alternating k-tensors. However,
there is a method, called the alternation operation Alt for constructing such tensors.

Definition 1.4.16. Let V be a vector space and k a non-negative integer. The alter-
nation operation on TX(V) is defined as follows: given T € 7K(V) let

Al(T) = Y (-1)'T".

TES,
The alternation operation enjoys the following properties.

Proposition 1.4.17. ForT € X(V)ando € Sk
(1) AI(T)? = (-1)? AltT;
(2) if T € AXV), then At T = k! T;
(3) Al(T?) = AI(T)’;
(4) the map
Alt: I5V) - 1XV), T~ AI(T)

is linear.
Proof. To prove (1) we note that by Proposition 1.4.14:
AT = Y (-1 T™ = (-1)° Y (-D)™T™.
TES, T€S,

Butas 7 runs over Sy, 7o runs over Sy, and hence the right-hand side is (~1) Alt(T).
To prove (2), note thatif T € akKw)

AT = ) (-1)'T" = Y (-1)"(-1)'T = k! T.

TES, TES,
To prove (3), we compute:

Al(T?) = Z (-1)'T™ = (-1)° Z (~1)T™

TES, TES;
= (=1)? Al(T) = AI(T)°.
Finally, (4) is an easy corollary of (2) of Proposition 1.4.14. O

We will use this alternation operation to construct a basis for AKV). First,
however, we require some notation.
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Definition 1.4.18. Let I = (i}, ...,7) be a multi-index of length k.

(1) Iisrepeatingifi, =i for somer #s.
(2) Iis strictly increasing if i} < iy < -+ <i,.
(3) Foro € S, write I7 = (iy1)s - 5 g(r))-

Remark 1.4.19. If I is non-repeating there is a unique o € S; so that I is strictly
increasing.
Letey, ... e, beabasis of V and let
e[ =¢ ®--®¢]
and
y; = Alt(eg).

Proposition 1.4.20.

(1) o = (-1)%y.
(2) IfI is repeating, y; = 0.
(3) IfI and ] are strictly increasing,

( ) ]‘, I = ]’
€isonn i Bp) =
vile;, i3 0. I4].
Proof. To prove (1) we note that (ef )? = efs; s0
Alt(efs) = Alt(ef)? = (-1)° Alt(ey).

To prove (2), suppose I = (iy,..., i) with i, = i forr # s. Thenif T = Ty,

e] =ejr $0
v =y = D"y = -y
To prove (3), note that by definition

yilejs.ne;) = ) (-D)%efe (e, ...o€;,).
T

But by (1.3.12)
. 1, I'=],
(1.4.21) elf(ejl, ...,ejk) = {0) Feg
Thus if I and ] are strictly increasing, I” is strictly increasing if and only if I” = I,
and (1.4.21) is non-zero if and only if I = J. O
Now let T be in A*(V). By Theorem 1.3.13,

T = Za,e,*, a; €R.
I

Since k! T = Alt(T),
1 Z « Z
T= E a] Alt(e] ) = b]l//]
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We can discard all repeating terms in this sum since they are zero; and for every
non-repeating term, J, we can write J = I?, where I is strictly increasing, and hence

vy = =Dy
Conclusion 1.4.22. We can write T as a sum

(1.4.23) T= Z v
T

with I's strictly increasing.
Claim 1.4.24. The ¢;’s are unique.
Proof. For ] strictly increasing

(1.4.25) T(ejl, ...,ejk) = ;cll//,(ejl, ...,e]-k) =cy.

By (1.4.23) the yy’s, I strictly increasing, are a spanning set of vectors for AkwW),
and by (1.4.25) they are linearly independent, so we have proved.

Proposition 1.4.26. The alternating tensors, yy, I strictly increasing, are a basis for
AKW).

Thus dim A¥(V) is equal to the number of strictly increasing multi-indices
I of length k. We leave for you as an exercise to show that this number is equal to
the binomial coefhcient

(1.4.27) (n) _ n!
7 k)~ -k
ifl<k<n. O
Hint: Show that every strictly increasing multi-index of length k determines a

k element subset of {1, ..., n} and vice versa.
Note also that if k > n every multi-index

I=(if....ig)
of length k has to be repeating: i, = i, for some r # s since the i,s lie on the interval
1 < i < n. Thus by Proposition 1.4.17
v =0
for all multi-indices of length k > 0 and
AKWV) = 0.

Exercises for §1.4
Exercise 1.4.i. Show that there are exactly k! permutations of order k.
Hint: Induction on k: Let 0 € S, and let o(k) = i, 1 < i < k. Show that 7;;0
leaves k fixed and hence is, in effect, a permutation of %, _;.

Exercise 1.4.ii. Provethatif v € §; is a transposition, (-1)" = —1 and deduce from
this Proposition 1.4.11.
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Exercise 1.4.iii. Prove assertion (2) in Proposition 1.4.14.
Exercise 1.4.iv. Prove that dim 4%(V) is given by (1.4.27).
Exercise 1.4.v. Verify that fori < j — 1

Tij = Tj-1,jTi,j-1> Tj-1,j

Exercise 1.4.vi. For k = 3 show that every one of the six elements of S; is either a
transposition or can be written as a product of two transpositions.

Exercise 1.4.vii. Let o € §; be the “cyclic” permutation
o(i)=i+1, i=1,....,k-1

and o(k) = 1. Show explicitly how to write o as a product of transpositions and
compute (—1)7.

Hint: Same hint as in Exercise 1.4.i.
Exercise 1.4.viii. In Exercise 1.3.vii show that if T is in A*(V), T, is in ANV,
Show in addition that for v,w € V and T € A*(V) we have (T = —(T)y-

Exercise 1.4.ix. Let A: V — W be a linear mapping. Show that if T is in Ak w),
A*T isin AX(V).

Exercise 1.4.x. In Exercise 1.4.ix show that if T is in ZF¥(W) then Alt(A*T) =
A*(AI(T)), i.e., show that the Alt operation commutes with the pullback opera-
tion.

1.5. The space ARV

In § 1.4 we showed that the image of the alternation operation, Alt: Z¥(V) —
T*WV), is AX(V). In this section we will compute the kernel of Alt.

Definition 1.5.1. A decomposable k-tensor &, ® --- ® £}, with ¢, ..., 8, € V*, is
redundant if for some index i we have ¢; = ¢, ;.
Let 7(V)) ¢ 7%(V) be the linear span of the set of redundant k-tensors.

Note that for k = 1 the notion of redundant does not really make sense; a single
vector £ € T (V*) cannot be “redundant” so we decree

THV) = 0.
Proposition 1.5.2. IfT € T5(V) then AI(T) = 0.

Proof. LetT =£,®---®¢; with ¢; = ¢;,,. Thenifr = 7;;,,,T" = Tand (-1)" = -1.
Hence AIt(T) = AIt(T™) = Alt(T)" = — Alt(T); so Alt(T) = 0. O

Proposition 1.5.3. IfT € T (V) and T' € 15(V), then T® T' and T' ® T are in
7r+s(v)'
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Proof. We can assume that T and T” are decomposable, i.e., T = £, ® -+ ® £, and
T' = ¢} ®--- ® £, and that T is redundant: ¢; = ¢,,,. Then

TOT =0,® 6, 00,00, £, ¢
is redundant and hence in 7*°. The argument for T' ® T is similar. O
Proposition 1.5.4. IfT € ¥(V)and o € Sk then
(1.5.5) T° = (-1)°T + S,
where S is in (V).

Proof. We can assume T is decomposable, i.e., T = £; ® --- ® £;. Let’s first look at
the simplest possible case: k = 2 and o = 7, ,. Then

TO’_ (_I)UT: €1®€2 +€2®€1
1
e E((fl +8,)0 (L +8) -6, —6,8¢,),

and the terms on the right are redundant, and hence in 7*(V). Next let k be
arbitraryand o = 7;,;,,. If Ty = €, ® - ® ¢, , and T, = £;,, ® --- ® £}, then

T-(-1)T=T1®(;®¢,,+6,,0)0T,

is in 75(V) by Proposition 1.5.3 and the computation above.
The general case: By Theorem 1.4.5, o can be written as a product of m elementary
transpositions, and we'll prove (1.5.5) by induction on m.

We have just dealt with the case m = 1.
The induction step: the “m — 1” case implies the “m” case. Let 0 = 73 where Bis a
product of m — 1 elementary transpositions and 7 is an elementary transposition.
Then

T =(T#)" = (-1)°'TE + -
= (D" (=DPT + -

=(-=1)°T + -,
where the “dots” are elements of 'Ik(V), and the induction hypothesis was used in
the second line. O
Corollary 1.5.6. If T € TK(V), then
(1.5.7) AWT) =K' T+W,

where W is in (V).
Proof. By definition Al(T)= Zaesk(~1)"T", and by Proposition 1.5.4,
T° = (-1)°T + W,, with W, € T(V). Thus

A(T) = Y (-1)°(-1)°T+ Y (-1)°W, =kIT+W,

€S, o€S;

where W = Zdesk(—l)"wg. O
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Corollary 1.5.8. LetV be a vector space and k > 1. Then
(V) = ker(Alt: T¥(V) - AKV)).

Proof. We have already proved that if T € T%(V), then Alt(T) = 0. To prove the
converse assertion we note that if Alt(T) = 0, then by (1.5.7)

T = _%w
with W e T(V). O

Putting these results together we conclude the following,

Theorem 1.5.9. Every element T € 7X(V) can be written uniquely as a sum
T =T, +T,, where Ty € AX(V) and T, € T(V).

Proof. By (1.5.7), T = T; + T, with
1
Ty = 7l Alt(T)

and

1
T =~pW.

To prove that this decomposition is unique, suppose T} + T, = 0, with T; € A*(V)
and T, € 7%(V). Then

0=AIT, +T,) =k!'T}
so T} = 0,and hence T, = 0. O
Definition 1.5.10. Let V be a finite-dimensional vector space and k > 0. Define
(1.5.11) AKV*) = TRV TEY),
i.e., let AX(V*) be the quotient of the vector space *(V) by the subspace *W). By
(1.2.7) one has a linear map:
(1.5.12) m: IKV) - AK(V*), T T+ V),
which is onto and has 7¥(V') as kernel.

Theorem 1.5.13. The map m: *V) - AKVY maps AkW) bijectively
onto AK(V*).

Proof. By Theorem 1.5.9 every TK(V) coset T + T¥(V) contains a unique element T;
of AX(V). Hence for every element of AF(V*) there is a unique element of AkwW)
which gets mapped onto it by 7. O

Remark 1.5.14. Since A¥(V*) and Ak(V) are isomorphic as vector spaces many
treatments of multilinear algebra avoid mentioning ARV, reasoning that 4 k)
is a perfectly good substitute for it and that one should, if possible, not make two
different definitions for what is essentially the same object. This is a justifiable point
of view (and is the point of view taken by in [4, 10, 12]). There are, however, some
advantages to distinguishing between A*(V) and AK(V*), as we shall see in §1.6.
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Exercises for §1.5

Exercise 1.5.i. A k-tensor T € LX(V) is symmetric if T° = T forall o € Sk Show
that the set S¥(V) of symmetric k tensors is a vector subspace of 75(V).

Exercise 1.5.ii. Let ej,...,e, be a basis of V. Show that every symmetric
2-tensor is of the form

Z ai’je: 3] e; 5
1<i,j<n
wherea; ; = a;; andef, ..., e, are the dual basis vectors of V*.
Exercise 1.5.iii. Show that if T is a symmetric k-tensor, then, for k > 2, T is in
*V).
Hint: Let o be a transposition and deduce from the identity, T° = T, that T has
to be in the kernel of Alt.

Exercise 1.5.iv (a warning). In general Skv) + T(V). Show, however, that if
k = 2 these two spaces are equal.

Exercise 1.5.v. Show thatif £ € V* and T € Z¥2(V), then £® T ® £ is in T5(V).

Exercise 1.5.vi. Show that if £; and ¢, are in V* and T € 75°2(V), then
0,8T®0+0,0T®¢,

isin (V).

Exercise 1.5.vii. Givenapermutationo € Sy andT € T%(V), show that T° € *W).

Exercise 1.5.viii. Let W(V') be a subspace of 7*(V) having the following two prop-
erties.

(1) ForSe $2(V)and T € 752(V), S® T is in W(V).
(2) ForTin W(V)and o € S, T? isin W(V).

Show that W(V') has to contain 7(V) and conclude that T*(V) is the smallest
subspace of Z¥(V') having properties (1) and (2).
Exercise 1.5.ix. Show that there is a bijective linear map
a: AHV*) = FKWV)
with the property
1
k!

for all T € 7¥(V), and show that « is the inverse of the map of A¥(V) onto A¥(V*)
described in Theorem 1.5.13.
Hint: Exercise 1.2.viii.

(1.5.15) an(T) = — Alt(T)

Exercise 1.5.x. Let V be an n-dimensional vector space. Compute the dimension
of S5(V).
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Hints:
(1) Introduce the following symmetrization operation on tensors T € Z5(V):
Sym(T) = ) T~
TES,

Prove that this operation has properties (2)-(4) of Proposition 1.4.17 and, as a
substitute for (1), has the property: Sym(T)® = Sym(T).

(2) Let ¢; = Sym(ef), ef = € ® -+ ® e} . Prove that {¢; | I is non-decreasing }
form a basis of Sk(V).

(3) Conclude that dim(cS’k(V)) is equal to the number of non-decreasing multi-
indices of length k: 1 <i; <iy <--- < € <n.

(4) Compute this number by noticing that the assignment

(pyeesip) P (40,0 + 1, i+ k= 1)

is a bijection between the set of these non-decreasing multi-indices and the set
of increasing multi-indices 1 < j; < «-- < jp <m+k- 1.

1.6. The wedge product

The tensor algebra operations on the spaces Z¥(V) which we discussed in §§1.2
and 1.3, i.e., the “tensor product operation” and the “pullback” operation, give rise
to similar operations on the spaces, A¥(V*). We will discuss in this section the
analogue of the tensor product operation.

Definition 1.6.1. Given w; € AK(V*),i=1,2 we can, by equation (1.5.12), find a
T; € 75(V) with w; = 7(T;). Then T, ® Ty € TX1*%2(V). The wedge product w, A w,
is defined by

(1.6.2) 0, Aw, = 1(T; ® Ty) € Altke(v+),

Claim 1.6.3. This wedge product is well defined, i.e., does not depend on our choices
of Ty and T,,.

Proof. Let n(Ty) = n(T{) = w,. Then T{ = T; + W, for some W, € T%(V), so
T, =T8T, +W; ®T,.
But W; € T (V) implies W, ® T, € T*%2(V) and this implies:
n(T{ ®T,) =n(T;®T)).

A symmetric argument shows that w; A w, is well-defined, independent of the

choice of T,. d
More generally let w; € AK(V*), fori = 1,2,3, and let w; =1(T}), T; € 7k(v).
Define

Wy A wy A wy € ARitkatks ()

by setting
w ANwy ANwy =1(T; ® T, ® Ts).
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Asabove it is easy to see that this is well-defined independent of the choice of Ty, T,
and T;. It is also easy to see that this triple wedge product is just the wedge product
of w; A w, with w; or, alternatively, the wedge product of w; with w, A w;, i.e.,

W) Awy Ay = (0] Awy) Awy = w; A (wy A ws).
We leave for you to check: for A € R
(1.6.4) Mw; Aw,) = (Aw) Aw, = w; A (Aw,)

and verify the two distributive laws:

(1.6.5) (W) + W) Awy = w; Aws + w, A ws
and
(1.6.6) w) A (W) +w3) = 0, Aw,y + w0y Aw;.

As we noted in § 1.4, T5(V)) = 0 for k = 1, i.e., there are no non-zero “redundant”
k tensors in degree k = 1. Thus

ANV*) =V = TY(V).
A particularly interesting example of a wedge product is the following. Let
€reen b €V = ANV*).IfT =€, ®--- ® £, then
(1.6.7) €, A N8 = 1(T) € AK(V™).

We will call (1.6.7) a decomposable element of AK(V*).
We will prove that these elements satisfy the following wedge product identity.
Foro € §:

(1.6.8) Loy N ANy = (D)7 N - Ny
Proof. For every T € TK(V), T = (-1)°T + W for some W ¢ *WV) by Proposi-
tion 1.5.4. Therefore since (W) = 0
a(T%) = (-1)°n(T).
In particular, if T = £, ® -+ ® €4, T = £,(1) ® -+ ® £y 4, SO
7(T%) = Ly A+ Ay = (=1)77(T)
= (1) A Ny O
In particular, for ¢, and £, € V*
(1.6.9) NGy =—b,NE
and for €, ¢, and €5 € V*
CYNENEy ==y NE NEy=C, N3 AL

More generally, it is easy to deduce from equation (1.6.8) the following result (which
we'll leave as an exercise).

Theorem 1.6.10. Ifw, € A"(V*) and w, € A(V*), then

(1.6.11) W Awy = (-1)" wy A wy.

page 24
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Hint: It suffices to prove this for decomposable elements i.e., for
wy =€ A AL andw, = €] A+ ALl Now make rs applications of (1.6.9).

Lete,,...,e, beabasisof Vandletej, ..., e} be the dual basis of V*. For every
multi-index I of length k,

(1.6.12) ei*l /\--~/\e;:_ = 7(ef) :n(e;: ®---®e;;).
Theorem 1.6.13. The elements (1.6.12), with I strictly increasing, are basis vectors
of AK(V*).

Proof. The elements y; = Alt(ey), for I strictly increasing, are basis vectors of
ﬂk(V) by Proposition 1.4.26; so their images, 77(y;), are a basis of Ak(V*)‘ But

m(y;) = n( > (—1)°<e;)”> = Y (-1)°m(e})°

oES; o€S,

= Y (-1)°(-1)°n(e}) = k! m(e}). 0
€S,
Exercises for §1.6

Exercise 1.6.i. Prove the assertions (1.6.4), (1.6.5), and (1.6.6).

Exercise 1.6.ii. Verify the multiplication law in equation (1.6.11) for the wedge
product.

Exercise 1.6.iii. Given w € A"(V*) let * be the k-fold wedge product of w with
itself, i.e., let 0* = WA W, @ = W A w A w, etc.

(1) Show thatif r is odd then, for k > 1, * = 0.
(2) Show that if w is decomposable, then, for k > 1, w* = 0.

Exercise 1.6.iv. If w and p are in A"(V*) prove:
k

(@+wr=7) (?)we/\pzk“'.

£=0
Hint: As in freshman calculus, prove this binomial theorem by induction using
the identity: (§) = (51) + (¥2').
Exercise 1.6.v. Let w be an element of A>(V*). By definition the rank of w is k if
o* # 0 and w**! = 0. Show that if
w=e Afi+-+e A fi

with e;, f; € V*, then wis of rank < k.
Hint: Show that
F=kleyAfiA Ne A S

Exercise 1.6.vi. Givene; € V*,i = 1,...,k show thate; A --- Ag, # 0 if and only
if the e;’s are linearly independent.
Hint: Induction on k.
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1.7. The interior product

We'll describe in this section another basic product operation on the spaces AK(V*).
As above we'll begin by defining this operator on the Z¥(V)’s.

Definition 1.7.1. Let V be a vector space and k a non-negative integer. Given T €
7¥(V)and v € V, let 1,T be the (k — 1)-tensor which takes the value
k
()@ ey Ugy) = Y (1) Ty, s Uy g, 0,V 0y

r=1
on the k — 1-tuple of vectors, vy, ...,U;_), i.e., in the rth summand on the right,
v gets inserted between v,_; and v,. (In particular, the first summand is
T(v,vy, ..., V) and the last summand is (—l)kle(vl, e U1, 0).)

It is clear from the definition that if v = v, + v,

(1.7.2) Wwl=4,T+4y,T,
andif T =T, + T,
(1.7.3) 1, T =1,T) +1,T,,

and we will leave for you to verify by inspection the following two lemmas.

Lemma 1.7.4. If T is the decomposable k-tensor £, ® -+- ® &y, then
k

(1.7.5) RT=) (17080l e--0f,
r=1

where the “hat” over €, means that €, is deleted from the tensor product.
Lemma 1.7.6. If T, € TP(V) and T, € 1L4V), then
(1.7.7) W(18T,) =1,T\®T, + (-1)!T, ®1,T,.

We will next prove the important identity.
Lemma 1.7.8. LetV be a vector space and T € xWV). Then for all v € V we have
(1.7.9) 1,(1,T) = 0.
Proof. It suffices by linearity to prove this for decomposable tensors and since (1.7.9)
is trivially true for T ¢ ZY(V), we can by induction assume (1.7.9) is true for
decomposable tensors of degree k — 1. Let £; ® --- ® £; be a decomposable tensor
of degree k. Setting T := £; ® --- ® £;,_; and £ = £, we have

(61 ® - ®8) =1,(T®8) =1,T®L+(-1)ew)T
by (1.7.7). Hence
(1, (T ®€) = 1,(1,T) ® £ + (=1)*28(), T + (-1 ' e(v)i, T.

But by induction the first summand on the right is zero and the two remaining
summands cancel each other out. g
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From (1.7.9) we can deduce a slightly stronger result: For v;,v, € V
(1.7.10) Iy Yo, = il by, s
Proof. Letv =v; +v,. Theny, =14, +1, so
0 = tyty = (g, +1,000, +1)

=y by, F by by, Flg by il b,

vy )
=l by, F B Yy
since the first and last summands are zero by (1.7.9). 0

We'll now show how to define the operation 1, on A¥(V*). Well first prove the
following lemma.

Lemma1.7.11. If T € TX(V) is redundant, then so is 1, T.

Proof. LetT =T, ® £® £® T, where £isin V*, T; is in ZP(V) and T, is in 79(V).
Then by equation (1.7.7)

WT=14,T1 080T, +(-1)PTy ®1,(8 )T, + (-1)PTy 0 L@ £® 1T
However, the first and the third terms on the right are redundant and
1,(€® &) = L)t - L(v)e
by equation (1.7.5). O
Now let 77 be the projection (1.5.12) of 7¥(V) onto A¥(V*) and forw = n(T) €
AK(V*) define
(1.7.12) tyw = 7(1,T).

To show that this definition is legitimate we note that if o = 7(T}) = n(T,), then
T, - T, € T(V), so by Lemma 1.7.11 1, T} — 1,Ty € ! and hence

(1, Ty) = (1, T).

Therefore, (1.7.12) does not depend on the choice of T.

By definition, 1, is a linear map A(V*) — A¥"1(V*). We call this the interior
product operation. From the identities (1.7.2)-(1.7.12) one gets, for v,v;,v, € V,
w e AKV*), w, € AP(V*), and w, € AX(V*)

(1.7.13) Lo, +0,) @ = by @ + 1y, @,

(1.7.14) (0] A wy) = 1w Aw, + (-1)Pw; At,w,,
(1.7.15) 1,(,w) = 0

and

by, by, ® =~y 1, @
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Moreover if w = &, A -+ A€ is a decomposable element of A¥(V*) one gets from
(1.7.5)

k
o= Y (=18 A Al A A
r=1
In particular if eq,...,e, is a basis of V, e7],...,e; the dual basis of V* and
wp=¢ A Aef, 1S < <ikSn,thenteij=Oifj¢1andifj:ir

(1.7.16) b, 0 = (—1)’_1w1r,
where I, = (i},...,0,...,0) (ie., I, is obtained from the multi-index I by
deleting i,.).

Exercises for §1.7

Exercise 1.7.i. Prove Lemma 1.7.4.
Exercise 1.7.ii. Prove Lemma 1.7.6.

Exercise 1.7.iii. Show that if T € &¥, (T = kT, where T, is the tensor (1.3.21). In
particular conclude that ¢, T € A1V, (See Exercise 1.4.viii.)

Exercise 1.7.iv. Assume the dimension of V is n and let Q be a non-zero element
of the one-dimensional vector space A*(V*). Show that the map

(1.7.17) p: V- ATV, v 1,0,

is a bijective linear map.
Hint: One can assume ( = e} A --- Ae,, where ey, ..., e, is a basis of V. Now
use equation (1.7.16) to compute this map on basis elements.

Exercise 1.7.v (cross-product). Let V be a three-dimensional vector space, B an
inner product on V and Q a non-zero element of A*(V*). Define a map
-Xx=: VXV -5V
by setting
vy X vy = p ! (Lvy A Luy)

where p is the map (1.7.17) and L: V — V* the map (1.2.17). Show that this map
is linear in v}, with v, fixed and linear in v, with v, fixed, and show that v; x v, =
—U, X V.

Exercise 1.7.vi. ForV = R? lete;, e, and e, be the standard basis vectors and B the
standard inner product. (See §1.1.) Show that if Q = e} Aej Aej the cross-product
above is the standard cross-product:

e, X e, =es,
e, X ez = ey,
e3 X e = e,.

Hint: If B is the standard inner product, then Le; = e}
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Remark 1.7.18. One can make this standard cross-product look even more stan-
dard by using the calculus notation: e; =7, e, = j,and e; = k.

1.8. The pullback operation on A¥(V*)

Let V and W be vector spaces and let A be a linear map of V into W. Given a
k-tensor T € T5(W), recall that the pullback A*T is the k-tensor

(A" T) (v, ..., 1) = T(Avy, ..., Avg)

in Z¥(V). (See §1.3 and equation (1.3.17).) In this section we’ll show how to define
a similar pullback operation on A*¥(V*).

Lemma1.8.1. If T € TE(W), then A*T € T5(V).

Proof. It suffices to verify this when T is a redundant k-tensor, i.e., a tensor of the
form
T=¢,0-®%,
where €, € W* and ¢; = ¢;,, for some index, i. But by equation (1.3.19),
AT=A"¢® -0 A" ¢

and the tensor on the right is redundant since A*¢; = A*¢,, . O

Now let w be an element of A*(W*) and let w = 71(T) where T'is in Z¥(W). We
define
(1.8.2) A*w=n(A*T).
Claim 1.8.3. The left-hand side of equation (1.8.2) is well-defined.
Proof fw = n(T) = n(T'), then T = T’ + S for some S € (W), and A*T =
A*T' + A*S. But A*S € T5(V), so

n(A*T'") = m(A*T). O
Proposition 1.8.4. The map A*: AK(W*) — Ak(V™*) sending w — A*w is linear.
Moreover,
(1) ifw; € AN(W™), i = 1,2, then
A¥(w; Aw,) = A" (wy) A A* (w,);
(2) ifU is a vector space and B : U — V a linear map, then for v € AK(W*),
B*A*w = (AB)*w.

We'll leave the proof of these three assertions as exercises. As a hint, they follow
immediately from the analogous assertions for the pullback operation on tensors.
(See equations (1.3.19) and (1.3.20).)

As an application of the pullback operation we’ll show how to use it to define
the notion of determinant for a linear mapping.
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Definition 1.8.5. Let V be an n-dimensional vector space. Then dim A"(V*) =
() = 1;ie, A*(V™) is a one-dimensional vector space. Thusif A: V — Visa
linear mapping, the induced pullback mapping:

A% ANV — ANV,
is just “multiplication by a constant”. We denote this constant by det(A) and call it
the determinant of A, Hence, by definition,
(1.8.6) A*w = det(A)w
for all w € A"(V*).

From equation (1.8.6) it is easy to derive a number of basic facts about deter-
minants.

Proposition 1.8.7. If A and B are linear mappings of V into V, then
det(AB) = det(A) det(B).
Proof. By (2) and
(AB)*w = det(AB)w = B*(A*w)
= det(B)A*w = det(B) det(A)w,
so det(AB) = det(A) det(B). O
Proposition 1.8.8. Writeidy : V — V for the identity map. Then det(idy,) = 1.
We'll leave the proof as an exercise. As a hint, note that id;; is the identity map
on A"(V*).
Proposition 1.8.9. IfA: V — V is not surjective, then det(A) = 0.

Proof. Let W be the image of A. Then if A is not onto, the dimension of W is less
than n, so A"(W™) = 0. Now let A = iy, B where iy, is the inclusion map of W into
V and B is the mapping, A, regarded as a mapping from V to W. Thus if w is in
A™(V*), then by (2)

A*w = B*ijyw
and since ij,w is in A*(W™) it is zero. ]

We will derive by wedge product arguments the familiar “matrix formula” for
the determinant. Let V and W be n-dimensional vector spaces and let e}, ..., e,
be a basis for V and fi, ..., f, a basis for W. From these bases we get dual bases,
eys....ey and fi", ..., f¥, for V* and W*. Moreover, if A is a linear map of V' into
W and (a; j) the n x n matrix describing A in terms of these bases, then the trans-
pose map, A*: W* — V7, is described in terms of these dual bases by the n x n
transpose matrix, i.e., if

n
Ae]‘ = Zai’j i
i=1
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then
n
A*fj* = Zaj,,-ef‘
i=1
(See §1.2.) Consider now A*(fi" A -+ A £5). By (1),
ACE N A D) = AN A S

= Z (al’kle,tl) 1 YA

1<ky,... k,<n

Thus,
A*(ff N Nf) = Zal,kl'“an,kn ek, N Aeg .
If the multi-index, k, ..., k,,, is repeating, then ef A--- Ae} is zero, and if it is not
1 n % 8 k, k,
repeating then we can write
ki=o@) i=1,...,n
for some permutation, o, and hence we can rewrite A*(f{* A -+ A f,) as
A*(fl* ARRERA fn*) = Z A1,0(1) " Gna(n) (ef A A e;)a.
€S,
But
(ef A nep)? =(-1)%f A+ Nep

so we get finally the formula

(1.8.10) A(fEN-Nf) = det((a;;))ey A=+ Nep,

where

(1.8.11) det((a; ;) = Z (=1%160) *** Anon)
o€S,

summed over o € S,.. The sum on the right is (as most of you know) the determinant
of the matrix (a; j).

Notice thatif V = Wande; = f,i=1,...,n,thenw =ef A -+ A e} =
S~ A fF hence by (1.8.6) and (1.8.10),

det(A) = det((a; ;).

Exercises for §1.8

Exercise 1.8.i. Verify the three assertions of Proposition 1.8.4.

Exercise 1.8.ii. Deduce from Proposition 1.8.9 a well-known fact about determi-
nants of n x # matrices: If two columns are equal, the determinant is zero.

Exercise 1.8.iii. Deduce from Proposition 1.8.7 another well-known fact about
determinants of n x n matrices: If one interchanges two columns, then one changes
the sign of the determinant.

Hint: Let e, ..., e, be a basis of V and let B: V' — V be the linear mapping:
Be; = e;, Be; = ¢; and Be, = ¢, £ # i, j. What is B*(ef A -+~ Aep)?
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Exercise 1.8.iv. Deduce from Propositions 1.8.7 and 1.8.8 another well-known fact
about determinants of # x n matrix: If (b; j) is the inverse of (a; j), its determinant
is the inverse of the determinant of (a; j).

Exercise 1.8.v. Extract from (1.8.11) a well-known formula for determinants of
2 X 2 matrices:

d a1 HQa\
et = 0110, — G129
1> A9

Exercise 1.8.vi. Show that if A = (ai,j) is an n X n matrix and AT = (aj’,») is its
transpose det A = det AT.
Hint: You are required to show that the sums

Z (~1)°a1,50)- - Anom)

€S,

and

Z (— 1)0610.(1),1 s ag(n),n

o€S,

are the same. Show that the second sum is identical with

-1
Z (“‘ 1)0 aaq(l))l N aa‘l(n),n'

oE€S,

Exercise 1.8.vii. Let A be an n x n matrix of the form

B
A= s
0 C
where B is a k X k matrix and C an € x € matrix and the bottom ¢ x k block is zero.
Show that

det(A) = det(B) det(C).
Hint: Show that in equation (1.8.11) every non-zero term is of the form
(=1)7"b1,601)- - b (i) €1,21) -+« Cerrie)>
where o € Sy and 7 € §,.

Exercise 1.8.viii. LetV and W be vector spacesandlet A: V' — W bea linear map.
Show that if Av = w then for w € AP(W™),

Afw = 1,A%w.

Hint: By equation (1.7.14) and Proposition 1.8.4 it suffices to prove this for
we A'(W*), ie., forw e W*.



February 15, 2019 15:43 Differential Forms — 9in x 6in b3414-main page 33

Multilinear Algebra 33

Figure 1.9.1. A line in R?.

1.9. Orientations

Definition 1.9.1. We recall from freshman calculus that if £ ¢ R? is a line through
the origin, then £ ~ {0} has two connected components and an orientation of £ is a
choice of one of these components (as in Figure 1.9.1).

More generally, if L is a one-dimensional vector space then L ~ {0} consists of
two components: namely if v is an element of L ~ {0}, then these two components
are

L, ={Av]A >0}
and

L, ={Av|A <0}
Definition 1.9.2. Let L be a one-dimensional vector space. An orientation of L
is a choice of one of a connected component of L ~ {0}. Usually the component
chosen is denoted L, and called the positive component of L ~ {0} and the other
component L_ the negative component of L ~ {0}.

Definition 1.9.3. Let (L, L,) bean oriented one-dimensional vector space. A vector
v € L is positively oriented ifv € L,.

Definition 1.9.4. Let V be an n-dimensional vector space. An orientation of V is
an orientation of the one-dimensional vector space A"(V*).

One important way of assigning an orientation to V is to choose a basis,
ep,....e, of V. Then, if e], ..., e} is the dual basis, we can orient A"(V*) by requir-
ing that e} A --- Ae;; be in the positive component of A™(V'*).

Definition 1.9.5. Let V be an oriented n-dimensional vector space. We say that an
ordered basis (e}, ..., e,) of V is positively oriented if e A --- Ae}; is in the positive
component of A*(V*).

Suppose thate,,...,e, and f;,..., f, are bases of V and that

n
(1.9.6) € = Z ai,j,fi'
i=1
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Then by (1.7.10)
SN A= det((ag)))el Ao Aey

so we conclude the following.

Proposition 1.9.7. Ifey, ..., e, is positively oriented, then f,, ..., f, is positively ori-
ented if and only if det((a; ;)) is positive.

Corollary 1.9.8. Ife,,...,e, is a positively oriented basis of V, then the basis
el, ...,ei_l,_ei,ei+1, .‘.,en
is negatively oriented.

Now let V bea vector space of dimension n > 1and W a subspace of dimension
k < n. We will use the result above to prove the following important theorem.

Theorem 1.9.9. Given orientations on' V and V/W, one gets from these orientations
a natural orientation on W.

Remark 1.9.10. What we mean by “natural” will be explained in the course of the
proof.

Proof. Letr = n— k and let 7 be the projection of V onto V/W . By Exercises 1.2.i
and 1.2.ii we can choose a basis ey, ..., e, of V such thate,,;,...,e, is a basis of
W and 7(e;), ..., m(e,) a basis of V/W. Moreover, replacing e; by —e, if necessary
we can assume by Corollary 1.9.8 that 7(e,), ...,7(e,) is a positively oriented ba-
sis of V/W and replacing e, by —e,, if necessary we can assume thate,, ..., e, is a
positively oriented basis of V. Now assign to W' the orientation associated with the
basis €, ...,¢€,.

Let’s show that this assignment is “natural” (i.e., does not depend on our choice
ofbasisey, ...,e,). Toseethislet f}, ..., f, beanother basis of V with the properties
above and let A = (a; ;) be the matrix (1.9.6) expressing the vectors ey, ..., e, as
linear combinations of the vectors fi, ... f,. This matrix has to have the form

e B C
(1.9.11) —<0 D)’

where B is the  x r matrix expressing the basis vectors (e, ), ..., 7(e,) of V/W as
linear combinations of 72(f;), ..., 7(f,) and D the k x k matrix expressing the basis
vectors e, 1, ..., e, of W aslinear combinations of f,,, ..., f,. Thus

det(A) = det(B) det(D).
However, by Proposition 1.9.7, det A and det B are positive, so det D is positive, and

henceife,,y,...,e, is a positively oriented basis of W so is f,, ..., f,. O

As a special case of this theorem suppose dim W = n — 1. Then the choice of a
vector v € V ~ W gives one a basis vector 7z(v) for the one-dimensional space V/W
and hence if V is oriented, the choice of v gives one a natural orientation on W.
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Definition 1.9.12. Let A: V; — V, abijective linear map of oriented n-dimensional
vector spaces. We say that A is orientation-preserving if, for w € A*(V;'),, we have
that A*w is in A"(V7"),.

Example 1.9.13. If V} =V, then A*w = det(A)w so A is orientation preserving if
and only if det(A) > 0.

The following proposition we'll leave as an exercise.

Proposition 1.9.14. Let Vy, V,, and V; be oriented n-dimensional vector spaces and
A;: V; =V, fori = 1,2 be bijective linear maps. Then if A; and A, are orientation
preserving, sois A, o A;.

Exercises for §1.9

Exercise 1.9.i. Prove Corollary 1.9.8.

Exercise 1.9.ii. Show that the argument in the proof of Theorem 1.9.9 can be mod-
ified to prove that if V and W are oriented then these orientations induce a natural
orientation on V/W.

Exercise 1.9.iii. Similarly show that if W and V//W are oriented these orientations
induce a natural orientation on V.

Exercise 1.9.iv. LetV bean n-dimensional vector spaceand W ¢ V a k-dimensional
subspace. Let U = V/W andleti: W — V and 7: V — U be the inclusion and
projection maps. Suppose V and U are oriented. Let y be in A" %(U*), and let w be
in A"(V*),. Show that there exists a v in AK(V*) such that 7* UNV = w. Moreover
show that 1*v is intrinsically defined (i.e., does not depend on how we choose v)
and sits in the positive part AX(W*), of AK(W*).

Exercise 1.9.v. Lete,, ..., e, be the standard basis vectors of R". The standard ori-
entation of R" is, by definition, the orientation associated with this basis. Show that
if W is the subspace of R” defined by the equation x; = 0,and v = e; ¢ W then
the natural orientation of W associated with v and the standard orientation of R"
coincide with the orientation given by the basis vectorse,, ..., e, of W.

Exercise 1.9.vi. Let V be an oriented n-dimensional vector space and W an (n-1)-
dimensional subspace. Show that ifv and v are in V ~ W then v’ = v + w, where
wisin Wand A € R~ {0}. Show that v and v’ give rise to the same orientation of
W if and only if A is positive.

Exercise 1.9.vii. Prove Proposition 1.9.14.

Exercise 1.9.viii. A key step in the proof of Theorem 1.9.9 was the assertion that
the matrix A expressing the vectors, ¢; as linear combinations of the vectors f;, had
to have the form (1.9.11). Why is this the case?
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Exercise 1.9.ix.
(1) Let V be a vector space, W a subspace of V and A: V — V a bijective linear
map which maps W onto W. Show that one gets from A a bijective linear map

B:V/IW - V/W
with the property
mA = B,

where 7: V — V/W is the quotient map.

(2) Assume that V, W and V/W are compatibly oriented. Show that if A is orien-
tation preserving and its restriction to W is orientation preserving then B is
orientation preserving.

Exercise 1.9.x. Let V be an oriented n-dimensional vector space, W an (n — 1)-
dimensional subspace of V andi: W — V the inclusion map. Given w € A"(V*),
and v € V ~ W show that for the orientation of W described in Exercise 1.9.v,
i*(1,w) € ATYW*),.

Exercise 1.9.xi. Let V be an n-dimensional vector space, B: V x V' — R an inner
product and ey, ..., e, a basis of V which is positively oriented and orthonormal.
Show that the volume element

vol:=¢ef A Ae; € A"(VF)

is intrinsically defined, independent of the choice of this basis.
Hint: Equations (1.2.20) and (1.8.10).

Exercise 1.9.xii.

(1) Let V be an oriented n-dimensional vector space and B an inner product on
V. Fix an oriented orthonormal basis, ey, ...,e,, of Vandlet A: V — V bea
linear map. Show that if

n
Ae; =v; = Z aj;e;
j=1

and b; ; = B(v;,v)), the matrices M, = (a;;) and My = (b; ;) are related by:
MB = MLMA,
(2) Show thatifvolis the volume formej A---A e;;, and A is orientation preserving
A*vol = det(MBﬁ vol.
(3) By Theorem 1.5.13 one has a bijective map
ANVF) = AHV).
Show that the element, O, of A*(V) corresponding to the form vol has the prop-

erty
1Oy, ..., v)* = det((b; ;)

where vy, ..., v, are any n-tuple of vectors in V and b; ; = B(v;, v;).



