18.786 Number theory II Spring 2024
Lecture #6 2/21/2024

These notes summarize the material in §2.1 of [1] presented in lecture.

6.1 Automorphic forms
Definition 6.1. The automorphy factor j: GL; (R) x H— C is defined by
jly,2) =cz+d, Where)/:(‘clg ,

az+b
cz+d *

in other words, the denominator of yz =

Lemma 6.2 (cocycle relation). For all yy,y, € GLI(R) and z € H we have

J(r1r2,2) = j(r1,722)i(r2,2)
Proof. Check. O

Definition 6.3. Let k € Z, and y € GL; (R). The weight-k slash operator for y acts on functions
f:H—Cvia
(fler)(@) = (dety)2j(y,2) *f (y2).

We have (f + g)lky = fliy + gl and (cf)lxy = c(flxy) for all y € GL(R), f,g: H— C, and
a € C, thus the map f — f |y is a linear operator on the vector space of functions H— C.
Moreover, for every y1,7, € GLJ (R) we have

FleCrir2) = Fley)leya-

In other words, for each k € Z the weight-k slash operator defines a linear right group action of
GL;L (R) on the vector space of functions f : H— C.

We can omit the factor (dety)/? if we only care about y € SL,(R). For scalars a € R* we have
flxa =sgn(a)Xf (so scalars, including —1, act trivially only when k is even).

Definition 6.4. Let I be a lattice in SL,(R) (equivalently, a finitely generated Fuchsian group of
the first kind), and let k € Z. We say that a meromorphic function f : H— C is an automorphic
function of weight k with respect to T if for every y € T' we have

flir=1.
The C-vector space of automorphic functions of weight k for I' is denoted Q,.(T).
We note the following (easily checked) facts:

* If kis odd and —1 €T then Q,(I") = {0}, since fi| —1 = —f when k is odd.
* For lattices I’ C T we have €, (T") € Qi (T") (inclusions are reversed).

o If f € (T) and g € Q;(T) then f g € Qi (D).

* For f € (') and a € GL} (R) we have f | a € Q(a 'Ta).

Recall that a graded ring is a ring R whose additive group is an internal direct sum
R=Pr,
i=I

indexed by a monoid I (typically Z or Z) such that R;R; C R;; for all i, j € I. Note that this
means each R; is an Ry-module.
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Thus Q(T) := Piez Q(T) is a graded ring and each Q,(T) is an Qy(T')-module (this gener-
alizes the C-vector space structure of Q;(I"), which can be viewed as multiplication by constant
functions C C Q¢(I)).

Suppose T has a cusp x with stabilizer I, and pick o € SL,(R) so that cx = co. Then

+ol,0 ! = :l:(((l) h >

for some h > 0. Recall that a cusp x with ox = o0 is regular if ((1) ilh) € ol,07! and irregular

otherwise (in which case (! *1) € ol 0™)). For f € Q(T) we have f|,0~! € Q(ocTo™),
and if x is regular this implies that

(Flo™DE+n) = ((Flo™DI(31))E@) = Flo™)(@)

for all z € H; this also holds when x is irregular and k is even, since f|,0 |, —1 = f |0~ " for
even k. There is then a function g: Dy — C (where D, := {z € C*: |z| < 1}) such that

(Flko™")(z) = g(e™/M)

for all z € H. We say f € Qu(T") is meromorphic/holomorphic/vanishing at x if g is meromor-
phic/holomorphic/vanishing at 0. For x irregular and k odd we adopt the same terminology,
using the g for f2 (which has even weight 2k). This definition does not depend on o.

If glw)= ZnZno a,w" is the Laurent series expansion of g in a neighborhood about 0, then

o ™) = D ape®™/"

nzng,

on some neighborhood U; := {z € H: Im(z) > [} of co. We thus have

(flyo™)(z) if k is even or x is regular,

(fleo )z +h) = {

—(flxo™)(z) if k is odd and x is irregular,

which yields the Fourier expansion of f at the cusp x:

minz/h - if k is even or x is regular,

(f|k0'_1)(z) — {Zeven n>0 an€

D odd n>0 a,e™/"  if k is odd and x is irregular.

2ming

Writing this in terms of g :=e yields the g-expansion of f at the cusp x.

Definition 6.5. We call an automorphic function f € Q;(T)

* an automorphic form (of weight k for I') if f is meromorphic at every cusp of T;

» a modular form (of weight k for T') if f is holomorphic on H and at every cusp of T;

* acusp form (of weight k for T') if f is holomorphic on H and vanishes at every cusp of T;

The C-vector spaces of automorphic/modular/cusp forms of weight k for I' are denoted
A (T), My (T), Si(T), respectively. For lattices I” C T of finite index we get corresponding inclu-

sions in the reverse directions (when I' has cusps this is not immediate, see [1, Lemma 2.1.3]
for a proof), and we always have the inclusions

Sk(T) € Mi(T) CA(T) € ().
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If T has no cusps then Q(T') = Ag(T') and M (T') = Si(I"), and for any a € GL](R) the map
f = flra induces isomorphisms

Ap(T) ~ A(TY), M, (T) ~ M (T%), Sk(T) = 5, (1),

where I'* := ¢ 'T'a. The product of two automorphic/modular/cusp forms of weights k and I
is an automorphic/modular/cusp of weight k + [ and we thus have graded rings

AN =PAm, MO=PMm@D, S@O)=PsmD.

keZ keZ keZ

The ratio of automorphic forms of weight k and [ is an automorphic form of weight k — [, thus
A(T) is a field, as is its subspace Ay(T"), and all the A, (T') are Ay(T')-vector spaces. The field Ay(T")
is isomorphic to the field of meromorphic functions on the Riemann surface Xy := I'\Hj..

Theorem 6.6. Let f € Q. (I") be holomorphic on H. If f (2) = O(Im(z)™") as Im(z) — 0, uniformly
with respect to Re(z), for some v > 0 then f € M(T'), and if this holds with v < k then f € S;(T).

Proof. This is [1, Thm. 2.1.4]. O
Theorem 6.7. Let f € Q(T). Then f € S;(T) if and only if f (z)Im(z)*/? is bounded on H.
Proof. Thisis[1, Thm. 2.1.5]. O

Corollary 6.8. Let Y, -, a,e™ /M be the Fourier expansion of a cusp form f € Si(T) at a cusp
of . Then a, = 0o(nk72).

Remark 6.9. The bound in Corollary 6.8 can be improved to a, = O(n*~D/2) when T is a
congruence subgroup [1, Thm. 4.5.17].
6.2 Automorphic forms with character

Definition 6.10. Let I' < SL,(R) be a lattice. A character of T' is a group homomorphism

2mi/n.

x: T — C* with finite image. This implies y (T') = ({,,), where {, =e ; n is the order of y.

Definition 6.11. a Dirichlet character ¢ is a periodic totally multiplicative function Z — C,
equivalently, the extension by zero of a character of (Z/NZ)* for some modulus N.

Dirichlet characters € are commonly used to define characters of I,(N) via
2 ((24)) = (@

Definition 6.12. Let y be a character of a lattice I' € SL,(R). An automorphic function f €
Q4 (T, ) which satisfies
fler =x()f

for all y € T" is an automorphic function for I with character y, and we use Q(T, chi) to denote
the C-vector space of all such functions. We similarly define the C-vector spaces

A(F) X) :A(Fx) ka(F’ X); M(F) X) = M(Fx) N Qk(F7 X)a S(F) X) = S(Fx) an(ra X);

of automorphic/modular/cusp forms for I' with character y.
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Note that I, has finite index in T, hence the same cusps as I' (see [1, Cor. 1.5.5]), so
automorphic forms in A(T, y ) are meromorphic at the cusps of I', modular forms in M (T, y ) are
holomorphic at the cusps of T', and cusp forms in S(T', y) vanish at the cusps of T'.

For any finite index I < T we have corresponding inclusions

AT, ) CAT, %), M@, x)eMT,x),  ST,x)csd’,x)

where y’ is the restriction of y to I'. If f € Ai(T, x) and g € A;(T,) then fg € A (T, x ),
and similarly for M;. and S;. The product of a modular form and a cusp form is a cusp form, so
we also have

Mk(l—" X)Sl(r) 'QU) c Sk.H(F, X'L)b)
for any lattice I' € SL,(R) with characters y,.

Example 6.13. Let N € Z.,. As we will prove in a later lecture, for the congruence subgroups
IL(N),[7(N) < SL,(Z), we have the decompositions

ML (N) =P M(T(N), x)  and  Sp((N)) = EP SN, 1),
X X

where the direct sums range over Dirichlet characters of modulus N.

6.3 The Petersson inner product

Let y be a character for a lattice I' < SL,(R) and let f, g € M (T, y) with at least one in S (T, ¥ ).
Then f g € Sy (T, x2) and for any y € T we have

fr2)g(y2) Im(yz)* = f(2)g(z) Im(2)",

where g(z) := g(z) denotes complex conjugation. By Theorem 6.7, | f (z)g(z)|Im(z)* is bounded
on H, thus the integral

J £ (2)g(z) Im(z) dv(z)
I'\H

is converges. Here dv(z) = d);,# is the hyperbolic measure on H (with z = x +iy). We define
v(T'\H}) :=v(I'\H) := v(F)

where F is any measurable fundamental domain for I'. The fact that T is a lattice (a finitely

generated Fuchsian group of the first kind) implies that such an F exists (indeed, we can use

any Dirichlet domain for I'), and that v(F) € R, is finite and independent of the choice of F.
We now define the Petersson inner product of f and g via

f@)gE)dv(z) eC,
I\H

1

which induces a positive definite Hermitian inner product on the C-vector space Si(T, ), mak-
ing Sy (T, y) into a Hermitian space.
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