
18.786 Number Theory II Spring 2018

Problem Set #5 Due: 5/16/2018

Description

Your solutions are to be written up in latex and submitted as a pdf-file with a filename
of the form SurnamePset5.pdf via e-mail to drew@math.mit.edu by noon on the
date due. Collaboration is permitted/encouraged, but you must identify your collabora-
tors, and any references consulted. If there are none, write “Sources consulted: none”
at the top of your problem set. The first person to spot each non-trivial typo/error in
any of the problem sets or lecture notes will receive 1-5 points of extra credit.

Instructions: Solve problem 1 then complete the survey. Since there is only one problem
on this problem set, you are free to skip one step with no penalty (so if you get stuck on
something, or just find a particular step tedious, feel free to skip it).

Problem 1. Modular symbols for S2(Γ0(N)) (99 points)

Modular symbols are one of the main techniques used to explicitly compute modular
forms (both Sage and Magma rely on them), and they also have several theoretical
applications. Let us first fix some notation. Let H := {τ ∈ C : Im τ > 0} denote the
extended upper half plane, let P1(Q) := Q ∪ {∞}, and let

H∗ := H ∪ P1(Q)

denote the extended upper half plane. Recall that the cusps of Γ(1) = SL2(Z) constitute
a single orbit P1(Q). For any distinct pair α, β ∈ P1(Q) there is a unique geodesic with
endpoints α and β. We use [α, β] to denote the oriented geodesic that starts at α and
ends at β; it corresponds to a directed loop on the Riemann surface X(1) = H∗/Γ(1).

Let M2 be the Z-module generated by the formal symbols {[α, β] : α, β ∈ P1(Q)}
modulo the relations1

[α, β] + [β, γ] + [γ, α] = 0,

and modulo torsion (so [α, α] = 0, since [α, α] + [α, α] + [α, α] = 0, and [α, β] = −[β, α],
since [α, β] + [β, α] + [α, α] = 0). We equip M2 with a left GL2(Q)-action by defining

g[α, β] := [gα, gβ].

We also define B2 := Z[P1(Q)] as the free Z-module with basis P1(Q), on which GL2(Q)
acts on the left via linear fractional transformations:

(
a b
c d

)
(x : y) := (ax+ by : cx+ dy).

Let us fix notation for the following elements of SL2(Z):

σ := S :=
(

0 −1
1 0

)
, T := ( 1 1

0 1 ), τ := Tσ =
(

1 −1
1 0

)
.

Recall that SL2(Z) = 〈S, T 〉 = 〈σ, τ〉, and that the map from SL2(Z) to the finitely
presented group 〈s, t|s2 = t3 = 1〉 defined by σ 7→ s, τ 7→ t is surjective with kernel ±1
(see Problem 6 on Problem Set 3).

1The notation {α, β} (rather than [α, β]) is standard, but we shall avoid this misleading notation.



(a) Show that the map M2 → B2 defined by [α, β] 7→ α−β is an injective homomorphism
of left Z[SL2(Z)]-modules with image B0

2 := {
∑
nPP ∈ B2 :

∑
nP = 0}.

(b) Show that the map Z[SL2(Z)]→ B2 defined by γ 7→ γ(1 :0)− γ(0 :1) is a homomor-
phism of left Z[SL2(Z)]-modules with kernel 〈1+σ, 1+τ+τ2〉 (a left Z[SL2(Z)]-ideal)
and image B0

2. Conclude that the map Z[SL2(Z)] → M2 defined by γ 7→ γ[0,∞] is
surjective with kernel 〈1 + σ, 1 + τ + τ2〉.

For any subgroup Γ ≤ SL2(Z) we can view M2 and B2 as Z[Γ]-modules (one could

formally write Res
SL2(Z)
Γ M2 and Res

GL2(Z)
Γ B2, but we will avoid this clutter when it is

clear from context that we are working with Z[Γ]-modules). Henceforth we shall assume
that Γ ≤ SL2(Z) is a finite index subgroup (you may assume Γ = Γ0(N) if you wish).
We define the Z[Γ]-modules of coinvariants:

M2(Γ) := (M2)Γ = M2/IΓM2,

B2(Γ) := (B2)Γ = B2/IΓB2,

where IΓ := ker(
∑
nγγ 7→

∑
nγ) = 〈γ−1 : γ ∈ Γ〉 ⊆ Z[Γ] is the augmentation ideal. We

call M2(Γ) the space of modular symbols for Γ (of weight 2), and B2(Γ) is the boundary
space for Γ. To simplify the presentation in what follows, let us replace M2(Γ) and B2(Γ)
by their torsion-free quotients (as in [2]).

(c) Show that for all m,n ∈ Z and N ∈ Z≥1 we have [m,n] = 0 in M2(Γ0(N)) (in
particular, the Z[SL2(Z)]-modules M2 and M2(Z[SL2(Z)]) are not the same).

(d) Let SL2(Z) = Γγ1 t · · · t Γγn be a right coset decomposition for Γ ≤ SL2(Z).
Show that {γ1[0,∞], · · · , γn[0,∞]} generates M2(Γ) as a Z-module; thus M2(Γ) is
a finitely generated abelian group.

(e) Let Z[Γ\SL2(Z)] be the free abelian group on right cosets {Γα : α ∈ SL2(Z)}
equipped with the right SL2(Z)-action (Γα)β = Γαβ. Let M′2(Γ) be the quotient of
Z[Γ\SL2(Z)] modulo its image under the right Z[SL2(Z)]-ideal

〈1 + σ, 1 + τ + τ2, 1− J〉,

where J :=
(−1 0

0 −1

)
, and modulo any torsion. Show that the map Γγ 7→ γ[0,∞]

defines an isomorphism of Z-modules M′2(Γ) 'M2(Γ).

(f) Let P1(Z/NZ) := {(a : b) : a, b ∈ Z/NZ with gcd(a, b,N) = 1} where we define
(a : b) = (a′ : b′) if a′ = ua and b′ = ub for some u ∈ (Z/NZ)×. Show that the map
Γ0(N)

(
a b
c d

)
7→ (c : d) defines a bijection Γ0(N)\SL2(Z)

∼−→ P1(Z/NZ).

Let XΓ := Γ\H∗. There is a natural homomorphism

ϕ : M2(Γ)→ H1(XΓ, {cusps},Z)

that sends Z-linear combinations of geodesic paths in H∗ to their images in XΓ = Γ\H∗.
Here we are taking homology relative to the cusps; this means that in addition to loops,



we include homology classes of paths that start and end at cusps (cusps of XΓ are Γ-
orbits of cusps P1(Q) ⊆ H∗). If XΓ has only one cusp (as when Γ = SL2(Z)), this is just
usual homology. We now define the boundary map

δ : M2(Γ)→ B2(Γ)

[α, β] 7→ β − α.

The kernel of this map is the subspace S2(Γ) of cuspidal modular symbols.

(g) Prove that the restriction of ϕ to the subspace of cuspidal modular symbols defines
an isomorphism of free Z-modules S2(Γ)

∼→ H1(XΓ,Z). There are several approaches
to this: (a) follow Manin’s topological proof in [1], (b) use group cohomology as in
[3], (c) view H1(XΓ,Z) as a lattice in S2(Γ)∨ via the integration pairing. Feel free
to assume Γ = Γ0(p) with p prime if you wish (there are then exactly 2 cusps).

(h) Let (s1 : t1), (s2 : t2) ∈ P1(Q) be cusps with gcd(s1, t1) = gcd(s2, t2) = 1. Show that
(s1 : t1) − (s2 : t2) = 0 ∈ B2(Γ0(N)) if and only if there exists a1, a2 ∈ Z such that
a1t2 ≡ a2t1 mod gcd(t1t2, N) and aisi ≡ 1 mod ti for i = 1, 2.

We now specialize to Γ = Γ0(N). We want to define the action of the Hecke algebra
T(N) := T(Γ0(N),∆0(N),Z) on the space of modular symbols M2(N) := M2(Γ0(N))
and the isomorphic space of Manin symbols M′2(N) := M′2(Γ0(N)), where

∆0(N) :=
{(

a b
c d

)
∈ Z2×2 : c ≡ 0 mod N, a ⊥ N, ad− bc > 0

}
as usual. If Γ0(N)αΓ0(N) is a Hecke operator, with α ∈ ∆0(N), and

Γ0(N)αΓ0(N) = Γ0(N)γ1 t · · · t Γ0(N)γn

is a right coset decomposition, then for [α, β] ∈M2(N) we define

Γ0(N)αΓ0(N)[α, β] :=
∑

1≤i≤n
γi[α, β].

For example, for the Hecke operator Tp := Γ0(N)
(

1 0
0 p

)
Γ0(N) with p - N prime we have

Tp([α, β]) :=
(
p 0
0 1

)
[α, β] +

∑
0≤r<p

(
1 r
0 p

)
[α, β].

To define the action of Tp on M′2(N) we will use the bijection Γ0(N)\SL2(Z)
∼→ P1(Z/NZ)

from part (e) to represent elements of M′2(N) as elements of Z[P1(Z/NZ)]. We now define

Tp((c : d)) :=
∑
M∈Rp

(c : d)M,

where M acts by matrix multiplication on the right of the row vector (c : d) and Rp is
the set of Heilbronn matrices. The isomorphism M′2(N)

∼→M2(N) is given by

(c : d) = Γ0(N)
(
a b
c d

)
7→
(
a b
c d

)
[0,∞] = [ bd ,

a
c ].

Thus the Heilbronn matrices Rp must satisfy

Tp((c : d)) =
∑
M∈Rp

(c : d)M 7→
(
p 0
0 1

)
[ bd ,

a
c ] +

∑
0≤r<p

(
1 r
0 p

)
[ bd ,

a
c ] (1)



Recall that every rational number s/t has a continued fraction expansion with successive
convergents in lowest terms:

s−2

t−2
=

0

1
,
s−1

t−1
=

1

0
,
s0

t0
=
s0

1
, . . . ,

sn−1

tn−1
,
sn
tn

=
s

t

with sntn−1 − sn−1tn = (−1)n+1 so that(
sn (−1)n+1sn−1

tn (−1)n+1tn−1

)
∈ SL2(Z).

(i) Show that we can match the first term on the RHS of (1) by taking M =
(

1 0
0 p

)
∈ Rp.

Then show that, given (c : d), for each 0 ≤ r < p one can choose a, b ∈ Z so that

ad − bc = 1 and A :=
(

1 r
0 p

)(
a b
c d

)(
1 r
0 p

)−1 ∈ SL2(Z), and a sequence of matrices
A0, . . . , An such that ∑

0≤i≤n
AAiS[0,∞] = A[ rp ,∞] =

(
1 r
0 p

)
[ bd ,

a
c ].

Now show that if define Mi :=
(
p −r
0 1

)
AiS for 0 ≤ i ≤ n then we will have∑

0≤i≤n
(c : d)Mi 7→

(
1 r
0 p

)
[ bd ,

a
c ]

under the isomorphism M′2(N)
∼→M2(N). Conclude that a suitable set of Heilbronn

matrices Rp exists (to compute them in Sage using HelbronnCremonaList(p)).

(j) Describe an algorithm that, given a positive integerN computes a basis for S2(Γ0(N))
consisting of cuspidal forms with integer Fourier coefficients an (not necessarily new-
forms), with an computed for sufficiently many n to distinguish your basis elements,
and give an algorithm for computing the matrix of any Hecke operator Tp for p - N
acting on this basis using the tools you developed above. Illustrate your algorithm
for N = 23 and p = 2, 3 (feel free to use Sage to perform the computations, the
point is to explain what you are doing).

Problem 4. Survey (1 point)

Complete the following survey by rating each problem you attempted on a scale of 1 to 10
according to how interesting you found it (1 = “mind-numbing,” 10 = “mind-blowing”),
and how difficult you found it (1 = “trivial,” 10 = “brutal”). Also estimate the amount
of time you spent on each problem to the nearest half hour.

Interest Difficulty Time Spent

Problem 1
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