18.786 Number theory II Spring 2018
Lecture #33 02/21/2018

33 Proof of the local existence theorem

Let K be a nonarchimedean local field. As explained in the previous lecture, to complete
our proof the existence theorem of local class field theory (Theorem 27.8), which states that
every finite index open subgroup of K™ is a norm group, we need to construct a system of
totally ramified abelian extensions K, /K and a homomorphism 6, : K* — Gal(K2°/K)
satisfying the hypotheses of Theorem 32.1. More precisely, let p be the maximal ideal of
the valuation ring A := O, let m be a uniformizer for p, and define:

e ¢ := A/p is the cardinality of the residue field;

e K,,/K is the unique extension of degree m in K""';

L Kﬂ,n,m = KW,nKmS
Urnm = (1 +p")(7™) C K>
o Kri= UnZl Ko
° Kfrb = K K",

To satisfy the hypotheses of Theorem 32.1 we need the following to hold:
(i) [Erpn: K] =(q—1)¢" " and m € N(K},,);

(ii) Ox(7)|une = Frobg and 6r(a) =1 for all @ € Unnm;

| K m,m

(iii) K2 and 6, do not depend on the choice of 7.

In the previous lecture we associated to any uniformizer 7 the set of power series
(1) = {¢p € TA[[T]] : ¢ = «T mod T? and ¢ = T? mod ~}.

We showed that for each ¢ € ®(7) there is a unique Lubin-Tate formal group law Fy such
that ¢ € End(F}), and we defined an injective ring homomorphism

A — End(Fd))
a laly

where [a]y = aT mod T? and ¢ o [a]s = [a] o ¢ (these properties uniquely determine [a]s),
such that [7]g = ¢.

33.1 Constructing the extensions K, /K

As above, let K be a nonarchimedean local field with valuation ring A and let w be a
uniformizer for A, and let ¢ = #A/(7) be the cardinality of the residue field. The absolute
value on K extends uniquely to an absolute value on K®°P via Theorem 10.6. For any
¢ € ®(m) and all o, B € K3 with |a, |3] < 1 and any a € A the series Fyg(c, §) and [a]4(c)
converge to elements that lie in a finite extension of K (because o and ( lie in a finite
extension of K which must be complete, by Theorem 10.6, even though K*°P is not).

For each ¢ € ®(m) we define the A-module

Ay ={a € K*P :|a| < 1},

with addition given by a+4, 8 = Fy(a, 8) and A-multiplication by a -5, a = [a]g¢(). For
any 1) € ®(m) the canonical isomorphism [1]4 4 : Fyy — Fy induces an A-module isomorphism
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Ay — Ay, so the A-module structure of Ay is really determined by 7. In particular, up to a
canonical isomorphism that will not change the A-module structure of Ay, we can assume
without loss of generality that ¢(7T') = T + T is actually a polynomial, not just a power
series (this particular ¢ is clearly an element of ®(m)).

We now define Ay ,, as the A-submodule of Ay killed by 7™, in other words, killed by

[momlo=rlso-omls=go0p=0p".

This is a finite set (consider the case ¢(T') = nT + T9), of cardinality at most ¢" (in fact
equal to ¢", as we will show below). Thus Ay, is a finite A-module.

Example 33.1. Consider the local field K = Q, with valuation ring A = Z, and uni-
formizer m = p, and let ¢(T") := (T'+ 1)? — 1 (this choice of ¢ is slightly more convenient
here than pT + T?). We have ¢ = 7T mod T? and ¢ = TP mod 7, so ¢ € ®(7), and

Apn={a€Q,: 0" (@)=1}={acQ,: (a+ 1) =1} = {C€Q,: " =1} = ppn (K)

is isomorphic to the group of p"th roots of unity, where addition in Ay, corresponds to
multiplication in p,n (K) (but note that Ay, does not itself contain any roots of unity,
indeed, its elements cannot be units because they have absolute values less than 1). As an
additive group, Ay, ~ Z/p"Z, and the Zy,-action is just multiplication modulo p".

The valuation ring A = Ok is a DVR, and in particular a PID. The finite A-module
Ay is a finitely generated torsion module over a PID and therefore isomorphic to a direct
sum of finite cyclic A-modules

Af(m™) @ - Af(7T),

where the integers mj < --- < m, are uniquely determined (every non-trivial A-ideal has
the form (7™) for some m > 1 because A is a DVR). We want to determine the A-module
structure of Ay, as a direct sum of finite cyclic A-modules.

Proposition 33.2. Let A be the valuation ring of a local field K with uniformizer w. For
any ¢ € ®(m) and integer n > 1 the A-module Ay, is isomorphic to A/(7").

Proof. Let q .= #A/(m) be the cardinality of the residue field. As noted above, without
loss of generality we may assume ¢(7') = 7T + T'. This is a separable polynomial over A;
it thus has ¢ distinct roots «, and mov = —a? implies a = 0 or |a| = |7|/(¢ — 1) < 1, so
a € Ay. It follows that Ay has cardinality ¢ and is therefore isomorphic to A/(m) (this is
the smallest nonzero cyclic A-module, and it has cardinality ¢). This prove the lemma for
n = 1, we now proceed by induction.

The A-module homomorphism 7: Ay — Ay defined by o — [7]4(a) = ¢(a) is surjective,
since for any nonzero 3 € A4 the polynomial ¢(T') — f = T?+ 7T — (3 is separable and thus
has a root a in K5 with |a||a?d™! — 7| = |8 < 1, which implies |a| < |3] < 1. It follows
that the induced map m: Ay, — Ay 1 is surjective, and its kernel is clearly Ay, so we
have an exact sequence

0— Ad),l — A¢7n i) Ad),nfl —0

We have Ay,1 ~ A/(7"!) by the inductive hypothesis, and it follows that Ag,, has
cardinality ¢" and is isomorphic to either A/(7™) or A/(7) @ A/(7""1). The latter cannot
occur because the kernel of multiplication by 7 on the A-module A/(7) & A/(7" 1) has
cardinality ¢2, not ¢, and we have already shown that Ay 1 has cardinality g. O

18.786 Spring 2018, Lecture #33, Page 2



Definition 33.3. Let K be a nonarchimedean local field, 7 be a uniformizer 7, let ¢ € ®(7)
be the polynomial 77'+7%, and let A,, :== Ay ,,. We define K ,, := K(A,) to be the extension
of K generated by the elements of A,.

We will prove that K, is the splitting field of #™ over K, whose roots are precisely
the elements of A,,. We require the following lemma.

Lemma 33.4. Let K be a nonarchimedean local field with valuation ring A, and let F' be a
power series in R = A[[X1,...,X,]]. Suppose aq,...,a, € K°P satisfy |aq],...,|ar| < 1.
Then for every o € Gal(K*P/K) we have

Fo(a1),...,0(ay)) = o(F(ag,...,a)).

Proof. We first note that o preserves absolute values, by Lemma 11.9. We can assume
that aq,...,a, and o(ai),...,0(a,) all lie in a finite Galois extension L/K and restrict
the action of o to L. If we now consider the sequence of polynomials F},, := F mod R,
obtained by considering only terms of total degree at most n. The equality

F.(o(a1),...,0(ar)) = o(Fp(a,...,ap))

is immediate, since the field automorphism o fixes all the coefficients of F'. The sequence
(F(o(a),...,0(ar)))n is Cauchy, since |o(e;)| < 1, and L is complete, by Theorem 10.6,
so both sides of the equality above converge to the same element of L as n — oo. O

Theorem 33.5. Let K be a nonarchimedean local field with valuation ring A and uni-
formizer w, let g == A/(m) be the cardinality of the residue field. The extension Ky /K is
separable and we have isomorphisms (A/(7™))* — Aut(A,) — Gal(Ky,/K) induced by
the maps u — [u]g — oy, where oy is the permutation of A,, defined by o — [u]y(a) and

(i) [Krn:K]=(q—1)¢""" and m € N(K},,).
Moreover, the field Ky, is a totally ramified abelian extension of K.

Proof. Let m be a nonzero root of ¢(T') in K3, and for 1 < m < n choose a root m, of
&(T) — Tm_1 so that ¢(my,) = Tm_1. The polynomial ¢(T)/T = T4 + 7 is Eisenstein
and separable, so m generates a totally ramified extension K (m)/K of degree ¢ — 1, and
71 is a uniformizer for the valuation ring of K(m;). For each m > 1 the polynomial
o(T) — mp—1 = T?+ 7T — mp—1 is Eisenstein and separable (by induction, m,—1 is a
uniformizer), so K(mp,)/K(mpm—1) is a totally ramified extension of degree ¢ and 7, is a
uniformizer for its valuation ring. We thus have a tower of field extensions

K C K(WI) c K<7T2) c..-C K('frn) - K(An) = Kﬂ',nv
with [K(m) : K] = ¢ = —1 and [K(mp) : K(mm-1] = ¢ for 1 <m <n — 1. It follows that
[Krn: K] = (¢ — 1)g" 1.

We now observe that K, = K(A,) is the splitting field of #™, since every element of
A, is a root of ¢, by definition, and A,, has cardinality ¢, by Proposition 33.2, which
is equal to the degree of ¢(™. Therefore K, is a Galois extension of K, and the action

18.786 Spring 2018, Lecture #33, Page 3


http://math.mit.edu/classes/18.785/2017fa/LectureNotes11.pdf#theorem.2.9
http://math.mit.edu/classes/18.785/2017fa/LectureNotes10.pdf#theorem.2.6

of Gal(Kr,/K) on A, is compatible with the A-module structure of A,,. Indeed, for each
o € Gal(K;,/K) and a € A and any o € A,, we have

o(ac) = o(laly(a)) = lalp(o(a)) = ao(a)

by Lemma 33.4. We thus have a group homomorphism Gal(Ky,/K) — Auts(Ay). This
homomorphism is injective, since A, contains all the roots of (™ and each o € Gal(Ky,,/K)
corresponds to a distinct permutation of these roots. It must also be surjective, because

Aut(Ay) = Aut(A/ (7)) ~ (4/(x"))*,

by Proposition 33.2, and #(A/(7™))* = (¢—1)¢" ! < [Kr : K] = #Gal(K,,,/K). Notice
that for any cyclic A-module A/(7™) we can identify End(A/(7™)) with the ring A/(7™)
and Aut(A/(7x™)) with the unit group (A/(7™))*, because every endomorphism of A/(7™)
is determined by its action on 1 + (7).

It follows that K, = K(m,) and

Gal(Ky,/K) =~ (A/(x™)*

is abelian, so K, ,/K is a totally ramified abelian extension of degree (¢ — 1)¢"~!. The
A-action on A, is (by definition) induced by ac = [a]s(a), and this corresponds to the
natural A-action on A/(7") (multiplication-by-a maps) under the A-module isomorphism
in Proposition 33.2. Automorphisms of A, and A/(7™) are induced by units u € A*, each of
which induces a permutation o, of A, corresponding to an element of Gal(Kr /K ) under
the isomorphism above. We thus have (A4/(7™)* — Aut(A,) — Gal(K,,/K) induced
by the maps u — [u]g — oy, as claimed.
Now define f1(T) = ¢(T")/T and for m > 1 let fp, = fm—1 0 ¢. Then

qnfl

fn(T) =74+ T(qfl)
is Eisenstein and
Jn(mn) = fao1(é(mn)) = fao1(Tn_1) = -+~ fi(m1) = 0.

The polynomial f,(T) is monic of degree (¢ — 1)¢™™ ') and K(m,) = K,, is a degree
(g — 1)g" ! extension of K, so f,(T) is the minimal polynomial of 7,. The constant term
of fn(T') is m, thus by Proposition 4.51 we have

iy n—1 s if qn > 2,
NKﬁ,n/K(Wn) — (_1)(q D" o — { L
- if ¢" = 2.

If ¢" = 2 then (¢ — 1)¢" ' =1 and K. = K, in which case Ny x(7) =, so in every
case m € N(Kr ) and (i) holds. O

The isomorphisms (A/(7™))* — Aut(A,) — Gal(Ky,/K) given by u — [u]y — oy,
in Theorem 33.5 are natural in n, since we can reduce units © € A* modulo any ideal 7"
to get corresponding isomorphisms for any integer n > 1. We thus have an isomorphism of
inverse systems

A~ Wm A/(7") ~ lim Gal(Kr n/K) ~ Gal(Kr/K),
where K = J,, Krn.
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Definition 33.6. Let K be a nonarchimedean local field with valuation ring A, let 7 be a
uniformizer for A, let Frobg € Gal(K""/K) be the Frobenius element, let K = J,, Kr n,
and define K2 = K, K", We define the homomorphism 6,: K* — Gal(K®/K) as
follows: for a = unr™ € K* with u € A%, let 0:(a)| u, = Frob%, and let Ox(a)|,
where 0,1 () = [u™!,(a) for all & € A,, and n > 1, with ¢ as in Definition 33.3.

It follows from Theorem 33.5 that the field K is totally ramified, so K N K" = K,
which allows us to define the action of 6, (a) on K and K" independently. In our definition
of 0r(a)|, we use 0,1 rather than o, in order to ensure that K2P is independent of 7 (as
we will be proved below), but this still defines an isomorphism A* — Gal(K).

=0y,-1,

Theorem 33.7. Let K be a nonarchimedean local field with uniformizer © and let p == (7).
Let Frobg € Gal(K"™ /K) be the Frobenius element, let K,,/K be the unique extension of
degree m in K", let Ky pm = KnKrp, and let Uy pm = (1 4+p")(7™) C K*. Then

(ii) 07 (7)) cune = Frobg and 0 (a) =1 for all a € Uz pm and all n,m > 1.

‘K'/r,n,m

Proof. Tt follows immediately from the definition of 0 that 6 (7). = Frobg, so we only
need to prove the second part of (ii).

Let a € Ur p,m and write a as a = un® with u € 1 + p™ and e > 0 divisible by m. The
image of u in A/(7") = A/p" is 1, so g,-1(a) = [u™]s(a) = [l]g(a) = a for all a € A,
(here we are using the inverse of the isomorphism (A/(7"))* ~ Aut(A,) ~ Gal(K,,/K)
defined by u +— [u]y — o, given by Theorem 33.5). It follows that Ou-1|, = 1, since
Ky n = K(Ay), and therefore ‘

0r(@) sy = Outpe,, = 1-

For any a € K,,, C K" we have 0,(a)(a) = Frob%(«) = «, since for the unramified
extension K, /K of degree m, the Galois group Gal(K,,/K) is cyclic of order m, generated
by the restriction of Frobg to K,,. It follows that

Or(a),, = (Frobg), =1,

and therefore 0 (a), =1, since Krpnm = KrnKp. O

Kr,n,

It remains only to show that the field K2’ = K, K" and the homomorphism 6, do not
depend on the choice of w. To do this we essentially want to show that for any uniformizer
7/ = um, the field K, is a subfield of K" conjugate to K, via 0, (u)

If L/K is a finite unramified extension of local fields and q is the maximal ideal of
the valuation ring of L lying above the maximal ideal p of the valuation ring of K, the
valuation vq extends the valuation v, with index index eq = 1 (see Theorem 8.20); it follows
that the maximal unramified extension K" is a DVR whose discrete valuation restricts
to the discrete valuation on K. However, the valuation ring of K"" is not complete, and
we want to work with power series over complete DVRs (so we can guarantee convergence
on elements of absolute value less than 1), so we instead work with the completion Kuor of
K" whose valuation ring is a complete DVR (with infinite residue field isomorphic to the
algebraic closure of the residue field of K, the same as K"").

The Frobenius element Froby is a topological generator for Gal(K""/K) (it generates
a subgroup isomorphic to Z which is dense in Gal(K"/K) ~ 7Z), and the same applies
to its lift to Gal(K"™ /K), which we also denote Froby (the action of Frobg on Ko s
completely determined by its action on K", since elements of K""" are Cauchy sequences
and Frobg acts on the sequence by acting on each term).
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Lemma 33.8. Let K be a nonarchimedean local ﬁfld with valuation ring A, let B be the
valuation ring of K", and let o = Frobg € Gal(K"" /K) be the Frobenius element. We

have exact sequences

o (x)

0—A-—B" 2 B _0

1— A — B* xHU—(%)/xB—M

Proof. Let p be the maximal ideal of A, and let R be the valuation ring of K" with maximal
ideal m. For n > 1 let A,, .= A/p" and R,, := R/m". Let 7 be the map x — o(z) — z and
let 7, denote the induced map R, — R,. We will show by induction that the sequence
0 — A, — R, =% R, —> 0 is exact; the exactness of the first sequence in the lemma
then follows, since A = @An and B = T&an.

The case n = 1 follows from the exactness of 0 — k — k —+ k — 0, where
k= A; = A/p is the finite residue field, and 7y is the map z +— 2#* — 2. Assuming we have
proved exactness for n — 1, consider the following commutative diagram with exact rows:

0 Ry Rn Rn—l — 0
\L’rl \L‘rn l’rn—l
0 > R1 Rn Rnfl — 0

The map Ry — R, is the isomorphism from R; to the kernel of the reduction map from R,
to Ry—1. The snake lemma and the inductive hypothesis yield the kernel-cokernel sequence

0— Ay —kerr, > A,_1 — 0 — coker7, — 0,

thus coker 75, = 0, and ker 7, contains A,, and must be equal to it, since #A,, = #A1#A,_1.
Replacing A,, with A and R,, with R, and taking 7 to be the map = — o(z)/z yields the
second exact sequence in the lemma. O

For any power series F' with coefficients in a field L and any o € Aut(K) we use o(F)
to denote the power series obtained by applying o to all the coefficients of F'.

Proposition 33.9. Let K be a nonarchimedean local field with valuation ring A and uni-
formizer w, let B be the valuation ring of the completion I?unr, let t: A — B be the in-
clusion map, let o = Frobg € Gal(K"™ /K) be the Frobenius element, and let ¢ € ®(r)
and ¢ € ®(um). There is an isomorphism of formal group laws ¢: 1, Fy — 1. Fy such
that o(p) = @ o luly and ¢ o [alg = [aly o ¢ for all a € A. The inverse isomorphism
o b 1 Fy — 1. Fy satisfies a(p™') = g o [u™ty and o' o[aly = [alp 0 ™! for all a € A.

Proof. Via Lemma 33.8, choose v € B* so that o(v) = uv and let ¢1 := vT; we then have
o(p1) = wvT. We will inductively construct polynomials ¢, € B[T| that satisfy

on=pn-1mod T"  and  o(py) = ¢n o [u]g mod T

Given ¢,_1(T), let b be the coefficient of T™ in o(¢n—1) — ¢n—1 © [u]p. Via Lemma 33.8,
choose a € B so that o(a) —a = b/(uv)™ (note that uv € B>, so b/(uv)™ € B). Now define
Yn = @n-1 —av™T™. Then

o(pn) —pnouly = (b—o(av") + av"u™)T" = (b — o(a)u™v" + av"™u™)T" = 0 mod Tp41.

If we now put ¢ = lim, ¢y, then o(p) = ¢ o [u]y as desired.
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We have p(T) = vT mod T? with v € BX, so there is a unique ¢! € T'BJ[[T] such that
wo @ ! =T, by Lemma 32.3, and we note that ¢~ (T) = v~'7 mod T?. Now define

v ::a(go)oqﬁocpfl:gpo[u](ﬁoqﬁogpfl:(poqﬁo[u](ﬁoqp*l.

The Frobenius element o fixes the coefficients of ¢ and [u]y (since they lie in A), and we

note that T = g0 L = o) 0 (1) = @ o [uly 0 o(61), 50 91 = [u]y 0 7{pp~L), and
therefore

o) =a(p)ogofulsoo(p™) =a(p)ogop™ =7/,
which implies that ¢’ € A[[T]], and we have
Y(T) = o(v)mv™'T = unT = modT?
and if ¢ := A/(rm) is the cardinality of the residue field, then ¢ o o~ = (¢~!)? mod 7 and

Y (T) = (0(p) 0 (™ )T) = o(p) 0 o™ )(T?) = T? mod m,
which implies ¢/(T) = T? mod um, so ¢ € ®(um). If 1)’ # ¢ then we can replace ¢ with

@' = [1]yy © @, which will still satisfy o(¢’) = ¢’ o [u]4, since o acts trivially on [1]y ¢, and
this changes 1’ to ¢’ o [1]y 4 = ¢. We thus assume 1’ = ¢, and have 1) = o(p) o po !

We now show that ¢ o Fy o ol = F,,. We first note that
o(poFyop ) =a(p) o Fyoa(e™) =golulso Fyo lu ' lsop " = poFyop,

since [u]y and [u~!], are inverse automorphisms of Fj, by Proposition 32.16. It follows
that p o Fy 0 p~! € A[[X,Y]]. Let R := A[[X,Y]]. It follows from Propositions 32.12
and 32.13 that F, € A[[X,Y]] is uniquely determined by F;,(X,Y) = X +Y mod R~ and
o Fy = Fyo1. We now observe that

(poFpop ' (X,Y)=v( ' X +v71Y) =X +Y mod Roy

and
Yo(poFsopl)=0a(p)opoFyop™
=o(p) oF¢o¢ogo_1
=o(p)oFyo o(p™ 1) o
=(poFyop )oy,
so poFyop~! = Fy, by uniqueness, and therefore poF, = F,0¢. Thus ¢ is an isomorphism

-1

of formal group laws v, Fy — 14 [y as claimed, and ¢~ is the inverse isomorphism.

Finally, for any a € A we have

o(polagop™) =a(p)olasoo(p™) =polulgolasolu™]op™ =polasop™,
so polalyop~t € A[[T]]. Now [a], € A[[T ]] is uniquely determined by [a]y, = aT mod T2
and [a]y o Fy = Fy o [a]y. We have ¢ o [a]y 0 o™ H(T) = vav™'T = aT mod T? and

(polalgop™oFy, =polalyoFsop !t =poFsofalgop =Fyo(polayop™?),

s0 ¢ o[a]y o ¢~ = [a]y, by uniqueness. Therefore ¢ o [a]s = [a]y o ¢ for all a € A.

We now observe that o(¢) = ¢ o [u]y = [u]y o ¢ and therefore

1

ol )=o) =(ulpop)  =¢ "

ofulyt = ¢ o]

and polals =[alyop = [aly=¢ 'olalyop = [alpop™' =L ola]y foralla € A,
which shows that the inverse isomorphism ¢=!: Ly, — 1. Fy has the desired properties. [J
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Theorem 33.10. Let K be a nonarchimedean local field with valuation ring A and uni-
formizer m. Then

(iti) K& = K, K" and 0,: K* — Gal(K2/K) are independent of .

Proof. Consider any uniformizer 7’ = um with u € A*. Let ¢ € ®(xw) by 7T + T? and
let ¢ € (') be 7'T + T4, where ¢ = #(A/(r)). Let B be the valuation ring of K",
and let o == Frobg € Gal(K"™/K). Now let ¢ € B[[T]] be the isomorphism given by
Proposition 33.9, so that o(¢) = ¢ o [u]s and ¢ o [als = [a]y o ¢ for all a € A. Then

o(p)olrly=polulpolr]y =polurly =polry=[rlyoqp.

Recalling that 7]y = ¢ and [7']y = 7,/} by Pr0p0s1t10n 32.16, we have o(p) o ¢ = 1p o .
Proposition 33.9 also implies o(p™!) = o™t o[u™!]y and ¢~ oa]y =]algop ™! for alla € A,
so we similarly obtain

-1 1_7

o oy =¢ ooy =9 ofu ]y = ofrly = [rlgop

and therefore o(o 1) o) = po L.

Now consider any o € Ag 1. If ¢p(a) = 0 then ¥(p(a)) = o(p)(p(a )) a(p)(0) = 0.
Conversely, if 1(a) = 0 then ¢(¢ () = o(¢™ ) (¥(p)) = a(p~1)(0) = 0. Tt follows that ¢
induces a bijection from Ay to Ay 1, and we therefore have

I?unr(A¢71) _ I?unr(SO(Aal)) C I?unr(Aqﬁ,l) _ I/(\vunr(so—l(Ad)’l)) C I?unr(ijl)‘

Here we are using the fact that a finite separable extension of a complete DVR is complete,
by Theorem 10.6 (the elements of Ay, 1 and Ay ; are separable, by Theorem 33.5), which is
needed to guarantee the two inclusions above (evaluating a convergent power series over a
complete field yields an element of the field; consider the Cauchy sequence of partial sums).
We thus have K W(Ap1) = K " (Ay1). Taking intersections with K*P on both sides of
this equality yields K" (Ag 1) = K" (Ay, 1) and therefore K"K, 1 = K" K ;.

We now prove by induction on n > 1 that o"(p) o p™ = () o . The base case was
proved above. For n > 1 we have

o"(¢) o™ =" a(p) 0o " V) =" D(hopog" V) =y oa"(p)ogrh

and 1 o J(”*l)(cp) oD =)o w(”*l) o ¢ = 1™ o ¢ by the inductive hypothesis. We
similarly have o™ (o=1) 0 (W = ¢(") o =1,

For any « € A¢, if o (a) =0 then Y™ (p(a)) = 0™(¢)(6™ (a)) = ™ (¢)(0) = 0, and
conversely, if (™) (@) = 0 then ¢ (5~} (a)) = ()" (M () = o (p™1)(0)
¢ induces a bijection App;n — Ay, for all n > 1 and therefore K WAy ) = K™ (Ayn)
and K" Ky, = K" K, for all n > 1. We therefore have

K;’:b _ KﬂKunr — U Kﬂ_’nKunr _ U KﬂlmKunr — K;:P?

n>1 n>1

which implies that the field K2" is independent of 7.

Let us now consider the homomorphisms 6, : K* — Gal(K2°/K) (see Definition 33.6).
We have 0, (7') = 0, (ur) = 0, (u)b (7). By definition, 6, (u) acts trivially on K" and acts
as 0,1 on K, meaning that it sends o € Ay, to [u™!,(a), while 0, (7) acts trivially on
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K and as Frobg on K" (which implies that 6,(7)(¢(a)) = o(p)(a) for any a € Kr).
For any o € Ay, we have

O (7")(p(ar)) = O (u) (02 () (0(@))) = Ox () (0 (@) () = 0()(Or(u)(a)) = () (01 (a))
o(p)([ug(e) = (w0 [uls o [up)p(a) = (a).

It follows that 6, (') acts trivially on Ay ., hence on K, for all n > 1; therefore 6 (n’)
acts trivially on K = Un21 K, ,. Thus Hﬂ(ﬂ’)“(, = 1 and O ()| gur = Frobg, and
therefore 6. (n") = 0,/(7'), since this is precisely the definition of 0.(7"). Our choice of
7/ = un was arbitrary, so 0, (7") = 0, (7") for every uniformizer 7"’ of K. The uniformizer
7w was also arbitrary, so the same argument applies to 7/, that is, 6,/(7") = 6, (7") for
every uniformizer 7" of K. Thus 0 (7") = 0, (7") = 0, (x") for every uniformizer 7" of K.
The uniformizers generate K>, so 8, = 6, and this shows that 0, is independent of w. [
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