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Definition 8.1. Let h be a subalgebra of a Lie algebra g. Then Ng(h) = {a € gl[a,h] C h} is a
subalgebra of g, called the normalizer of b.

The fact that Ng(h) is a subalgebra follows directly from the Jacobi identity. Also note that
h C Ng(h) and the normalizer of h is the maximal subalgebra containing h as an ideal.

Lemma 8.1. Let g be a nilpotent Lie algebra and b C g a subalgebra such that § # g. Then,
b S Ng(h).

Proof. Consider the central series: g=g' C g2 =[g,g] Cg>C...Cg" =0

Note that the last equality is true for some n € N because g is a nilpotent Lie algebra . Take j to
be the maximal possible positive integer such that: g’ ¢ h. Clearly we have that 1 < j < n; but
then [g7, h] C g/t C b by the choice made on j. Hence g/ C Ny(h), which is not a subspace of b.
Thus, we can conclude that h C Ng(h) O

Definition 8.2. A Cartan subalgebra of a Lie algebra g is a subalgebra b, satisfying the following
two conditions:
i) b is a nilpotent Lie algebra

ii) Ng(h) = b

Corollary 8.2. Any Cartan subalgebra of g is a maximal nilpotent subalgebra

Proof. This follows directly from Lemma 1 and the definition of Cartan subalgebras.

O]

Exercise 8.1. Let g = gl,,(F) with char(F) # 2. Let h = {n,, +FI,}, where n,, is the subalgebra of
strictly upper triangular matrices. Then this is a maximal nilpotent subalgebra but not a Cartan
subalgebra.

Solution. First, we show that n, + FI, is not a Cartan subalgebra of g. b is not Cartan since, as
was shown earlier, [b,,n,| C n, and thus b, C Ng(n,) C Ng(n, +FIL,).

Now we show that n,, + FI, is a maximal nilpotent subalgebra. Note that since I,, commutes with
everything, then h = n, @ FI,,. Hence, it is nilpotent. Now, it suffices to show that h is maximal
in gl,,. Suppose there exists some nilpotent subalgebra n,, + FI,, C bh’. First note that in fact we
have b, = Ny, (n, + FI,), since if b = Z” cijEij € Ng(np, +FI,) with ¢y # 0 for i’ > j’, then
Ejy € nyy C ny + FLy and [b, By = 35 iy By — Y25 cojEyrj. Note that the (i',4')"" and the
(4, 5")t" entries are cij» and —cy jr respectively; both of which are nonzero. Thus, [b, Ejiyn, +FI,,
unless char(F) = 2. Now, by the Lemma above, we must have that n, +FI,, C hN Ny, (n, +F1,).
Thus, h’ contains some element of b,\n,, + FI,; but all elements of b, \n,, + FI,, have at least two
distinct eigenvalues, and thus are not ad-nilpotent. Thus we find a contradiction to Engel’s theorem
and our assumption must be wrong. We find there is no proper set containing n, + FI,,; which
implies that h is a maximal nilpotent subalgebra.



Proposition 8.3. Let g C gl,,(F) be a subalgebra containing a diagonal matriz a = diag(ay, ..., an)
with distinct a;, and let B be the subspace of all diagonal matrices in g. Then b is a Cartan
subalgebra.

Proof. We have to prove that h satisfies the two conditions necessary to be a Cartan subalgebra.
i) We know that b is abelian; and thus, it is a nilpotent Lie algebra.

ii)Let b = 22]-:1 bijeij € g such that [b,h] C b (i.e. b € Ng(h)). In particular, we have that [a,b] € b
for all a € . But [a,b] = [>; akerr, Y, ; €ijeij] = >2;;(ai — aj)bije;;, which will be non-diagonal
only if b;; # 0 for some ¢ # j. Thus, we can conclude that b € b, and therefore Ny(h) = b. O

Remark g is a Cartan subalgebra in itself if and only if g is a nilpotent Lie algebra.

Theorem 8.4. (E.Cartan) Let g be a finite dimensional Lie algebra over an algebraically closed
field F. Let a € g be a regular element (which exists since F is infinite), and let g = @,y 9% be the
generalized eigenspace decomposition of g with respect to ada. Then b = g§ is a Cartan subalgebra.

Proof. The proof for this theorem uses the fact that Zariski Topology is highly non-Hausdorff,
namely any two non-empty Zariski open sets have a non-empty intersection. We will also recall the
fact that [g%, 9] C g5, and in particular, if A = 0 then [h, gjj] C gj;.

Let V =D, 403 Theng=hH@PV and [h, V] C V.

Consider the following two subsets of h:

U = {h € b such that adh|y is not a nilpotent operator}

R = {h € b such that adh|y is a non-singular operator }

Both U and R are Zariski open subsets of . Next we note that a € R since all zero eigenvalues of
ada lie in b, hence R is non-empty.

Now, we shall prove by contradiction that h is a nilpotent subalgebra. Suppose the contrary is
true. Then, by Engel’s Theorem there exists h € b such that adh|y is not nilpotent. But in this
case h € U; and hence, U # (). Therefore U R # (. We now take b € U(\R. Then adh|y is
not nilpotent and adb|y is invertible. Hence gg C b, which contradicts the fact that a is a regular
element. Thus, this contradicts the assumption made; and we find that b is a nilpotent Lie algebra.
Finally, we need to proof that Ng(h) = h. Now, if b € Ny(h), so that [b,h] C b, then we have that,
in particular, [b,a] € h. But since a € h and b is a nilpotent Lie algera, then adal, is a nilpotent
operator. In particular, 0 = (ada)™ ((ada)b) = (ada)N*1(b). Hence b € g¢ = b, which completes
the proof of the theorem. O

Remark The dimension of the Cartan subalgebra constructed in Cartan’s Theorem, Theorem 4,
equals the rank of g.

Proposition 8.5. Let g be a finite dimensional Lie algebra over an algebraically closed field F of
characteristic zero and let h C g be a Cartan subalgebra. Consider the generalized weight space
decomposition (called root space decomposition) with respect to b: g = ®)\€h* gr. Then go=0.

Proof. Since by Engel’s Theorem adhly is nilpotent for all A € b, it follows that h C go. But by
definition of g, for all elements h € b, adhl|g, is a nilpotent operator. Hence adhly, y is a nilpotent
operator for all h € . Therefore, by Engle’s Theorem, there exists a non-zero barb € go/h which
is annihilated by all adh|y,p. Taking a pre-image b € g of b , this means that [b,h] C b (i.e.
h # Ng(bh)), which contradicts the fact that b is a Cartan subalgebra. O



Remark g = h@(D,cp- 10 92) by the latter Proposition.

Next we will apply the last couple of theorems, lemmas and propositions in order to classify all
3-dimensional Lie algebras g over an algebraically closed field F of characteristic zero.

We know that the rank(g) = 3,2 or 1; and rank(g) = 3 if and only if g is nilpotent.

Rank(g) = 3:

We know by exercise 6.1, that any 3-dimensional nilpotent Lie algebra is either abelian or Hs. So
any 3-dimensional Lie algebra of rank(g) = 3 is either abelian or Hj.

Rank(g) = 2:

In this case dim(h) = 2. Since h must be a nilpotent Lie algebra, we can conclude that b is abelian
(otherwise h would be a 2-dimensional solvable Lie algebra, which is not nilpotent). Hence the
root space decomposition is g = h @ Fb, where [h,b] C Fb. Since h = Ny(h) then [, b] # 0. Hence
there exist a € h such that [a,b] = b. Also since b is 2-dimensional, then there exists ¢ € h such
that [c,b] = 0. We also know that [a,c] = 0. Thus, we can conclude that the only 3-dimensional
Lie algebra of rank 2 is a direct sum of a 2-dimensional non-abelian algebra and one dimensional
central subalgebra: g = (Fa + Fb) @ Fe.

Rank(g) = 1:

Exercise 8.2. Any 3-dimensional Lie algebra g of rank 1 is isomorphic to one of the following Lie
algebras with basis h, a, b:

i) [h,a] = a, [h,b] = a+b, [a,b] = 0;

ii) [h,a] = a, [h,b] = Ab, where A € F/{0} [a,b] = 0;

iii) [h,a] = a, [h,b] = =b, [a,b] = h;

Solution. Let h = Fh,where h € g, be a Cartan subalgebra; we have: g = h @ V', where [h, V] C V,
dim (V') = 2, and adh is non-singular on V. We may assume one of the eigenvalues of adhl|y is 1,
if we scale h accordingly.
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First, suppose adh|y is not semisimple. Thus, adhly = 0 1 )in some basis {a,b}. Thus,

[h,a] = a and [h,b] = a + b. Also, by using Jacobian Identity, we have [h, [a,b]] = [[h,a],b] +
[a, [h,b]] = [a,b] + [a,a+b] = 2[a, b]. But we know that the value 2 cannot be an eigenvalue of adh,
thus [a, b] = 0. Thus, this Lie alebra corresponds to (i).

Now, assume adh|y is semisimple. Thus, we have that adh|y = < (1) ())\ )in some basis {a,b}. We

then have that [h,a] = a and [h,b] = Ab. By following the same procedure as above, we note that
[h, [a,b]] = [[h,a],b] + [a,[h,b]] = [a,b] + [a,Ab] = (1 4+ A)[a,b]. Thus, we must have that either
[a,b] = 0, which corresponds to (ii), or (1 + A) is an eigenvalue of adh|y, case (iii). Note that for
the case of [a,b] = 0, then A is arbitrary and uniquely defined by g up to inverting it by swapping
a and b and scaling h accordingly. In the case were (1+ \) is an eigenvalue of adh|y, we must have
that 1 + X\ = 0 and that [a,b] be a multiple of h. Thus A = —1 and, scaling a accordingly, we may
assume that [a,b] = h. Thus, we get option (iii) with the latter case.

Exercise 8.3. Show that all Lie algebras in exercise 8.2 are non-isomorphic . Those from (i) and
(ii) are solvable, and the one from (iii) is isomorphic to sly(F), which is not solvable.

Solution. We first show that the Lie algebra from (iii) is isomorphic to sla(F). The standard

. . L (1 0 , {01\, (00
basis for sla(FF) consist of { h'= (0 1 >,a = <0 0>,b = <1 0)}.Thus, we have
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[h,a') = 2d', [k, ¥] = =2V and [d, /] = h. Now if we scale and set h = %' a = % and b = %
then we get the Lie algebra of case (iii). Thus, Lie algebra (iii) is isomorphic to sla(F), which is

not solvable. In contrast, it is clear that the algebras (i) and (ii) are solvable by construction.

By conjugacy of Cartan subalgebras, the isomorphism class of g needs to be independent of the
choice of the Cartan subalgebra. It follows that the algebras of the three types are non-isomorphic
to each other. It also follows that the algebras of type (ii), corresponding to parameters A and \’
are isomorphic if and only if AN =1



