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Definition 6.1. Let A be a linear operator on a vector space V over field F and let A € F, then
the subspace
Va = {v| (A —X)"v = 0 for some positive integer N}

is called a generalized eigenspace of A with eigenvalue A\. Note that the eigenspace of A with
eigenvalue A is a subspace of Vj.

Example 6.1. A is a nilpotent operator if and only if V' = V.

Proposition 6.1. Let A be a linear operator on a finite dimensional vector space V' over an alge-
braically closed field F, and let A, ..., \s be all eigenvalues of A, ni,ns,...,ns be their multiplicities.
Then one has the generalized eigenspace decomposition:

V= @ Vi, where dim V), = n;
i=1

Proof. By the Jordan normal form of A in some basis eq,es,...e,. Its matrix is of the following

form:
I

Tn

I, ’

where Jy, is an n; X n; matrix with A; on the diagonal, 0 or 1 in each entry just above the diagonal,
and 0 everywhere else.

Let V), = span{ei, e, ...,en, }, Vi, = span{en, 41, ..., €n,4ny }» .., 50 that Jy, acts on V),. ie. V),
are A-invariant and A’VAZ- = A\ilp, + N;, N; nilpotent. O

From the above discussion, we obtain the following decomposition of the operator A, called the
classical Jordan decomposition

A=A, + A,

where Ag is the operator which in the basis above is the diagonal part of A, and A, is the rest
(A, = A— Ay). It has the following 3 properties

(i) As is a diagonalizable operator (usually called semisimple)
(ii) A, is a nilpotent operator

(ifl) AgA, = ApA,.

(iii) holds since V = @;_, Vi,, AV), € V), and ASIVM = )\;I. Hence A A, = A, A,.



Definition 6.2. A decomposition of an operator A of the form A = A;+ A, for which these three
properities hold is called a Jordan decomposition of A. We have established its existence, provided
that dimV < +o00,F =T

Proposition 6.2. Jordan decomposition is unique under the same assumptions

Lemma 6.3. Let A and B be commuting operators on 'V ; i.e., AB = BA. Then

(a) All generalized eigenspaces of A are B-invariant

(b) if A= As+ A, is the classical Jordan decomposition, then B commutes with both As and A,,.

Proof. (a) is immediate from definition of generalized eigenspace. (b) follows from (a) since each Vj,
is B-invariant, As,VAi = \ilp,, therefore A and Ay commute on each V), therefore commute. O

Proof of the proposition. Consider a Jordan decomposition A = A’ + A/ and let A = A;+ A,, be
the classical Jordan decomposition. Take the difference, we get

Ag— AL = A, — AL

But A, commutes with A/, and itself, hence with A. Hence by taking B = A’ in lemma (b), we
conclude that A’ commutes with As and A,. Therefore A}, = A — A/ also commutes with Aj
and A,. So in (2) we we have difference of commutative operators on both sides. Hence LHS is
diagonalizable and RHS is nilpotent (by the binomial formula). But equality of a diagonalizable
operator to a nilpotent one is possible only if both are 0.

Question. Is it true in general that Jordan decomposition is unique?

Exercise 6.1. Show that any nonabelian 3-dimensional nilpotent Lie algebra is isomorphic to the
Heisenberg algebra Hs.

Proof. 1f g is nonabelian and 3-dimensional, then Z(g) must have dimension less than 3. By a
previous exercise (3.2), dim Z(g) # dimg — 1, so this dimension cannot be 2. A proposition from
lecture 4 states that if g is nonzero and nilpotent, Z(g) is nonzero. Hence Z(g) is 1-dimensional.

Now by exercise 3.3, the n-dimensional Lie algebras for which Z(g) has dimension two less than
g are Ab,_o ® go and Ab,_3 & Hs, where go is the 2-dimensional Lie algebra Fx 4+ Fy defined by

[Q?, y] =Y.

Since g is nilpotent, it cannot be Ab; @ ga, because gz is not nilpotent. Then the only remaining
possibility is g = Abg ® Hs = Hs. O

Let g be a finite-dimensional Lie algebra and 7 its representation on a finite-dimensional vector
space V', over an algebraically closed field F of characteristic 0. We have the following generalized
eigenspace decompositions for a fixed a € g.

V:@Vf VAa:{UGV\(W(a)—/\I)Nv:OforsomeNeN}
AeF

92@93 93:{9€g|(ada—aI)Ng:()forsomeNeN}
a€clF

We’ll prove the following.



Theorem 6.4. 7 (g) VY C VY,

First, we need a lemma on associative algebras.

Lemma 6.5. Suppose U is a unital associative algebra over F, and let a,b € U and A\, € F. Then

N

(a—a—/\)Nb:Z (];]) ((ad a—aI)jb> (a— AN,

j=0
Proof. Write ad a = L, — R,, where L,(x) = ax and Rq(z) = za. Then

Ly_qy=Ls—al — )\ (1)
—ada+ R, —al — X
Lyog-r=(ad a—a)+ Ry_»

For any given a,b € U, the operators L, and R, commute by associativity of U. Since ad a is
just the difference L, — R,, it commutes with both L, and R,. Then since al,\I € FI C Z(U),
the terms (ad a — «) and R,_» on the right side of (1) commute. Given this, the claimed equality
follows from raising both sides of (1) to the Nth power and applying the Binomial Theorem. [

Proof of Theorem 6.4. Applying the lemma to m(g), we have the following for all g € g, and thus
for all g € g%. (Recall that a € g is fixed.)

N
(n(@) —a— NV () =3 (JJV ) (ad 7(a) — @) 7(g) (n(a) - NN

j=0

Apply both sides of this to v € V' with N > dimVy' + dimg?. By this choice of N, either
j > dimg% or N —j > dimV{. If j > dimg?, then (ad 7(a) — @)’ m(g) = 0 since g € ¢§.
Otherwise, N — j > dim V}{?, so (7(a) — ANy = 0 since v € V.

This makes every term in the sum on the right zero, so (w(a) — o — )" 7(g)v = 0. Then (g)v is

a generalized eigenvector of 7(a) with eigenvalue a — A, so 7(g)v € V¥, |. Since this holds for all
g € g& and v € V*, the claimed inclusion holds. O

By analogy to the definition of a generalized eigenspace, we can define generalized weight spaces of
a Lie algebra g.

Definition 6.3. Let g be a Lie algebra with a representation 7 on a vector space on V, and let
A € g* be a linear functional on g. The generalized weight space of g in V attached to A is

Ve = {v e V| (n(g) = A(g)I)" v = 0 for some N depending on g, for all g € g} :

Under the right conditions, a nilpotent subalgebra fh C g permits decomposing V as a direct sum
of the generalized weight spaces of f, each of which is a subrepresentation of my. The following
theorem makes this precise.



Theorem 6.6. Let g be a finite-dimensional Lie algebra and m its representation on a finite-
dimensional vector space V', over an algebraically closed field F of characteristic 0. Let b be a
nilpotent subalgebra of g. Then the following equalities hold.

v=pW (2)

Aeh*
( ) vicvh (3)

Remark. In the case of the adjoint representation, we may express these as follows.

o= o (4)

aeh*

[g,’l,gg] C gl (5)
Proof of Theorem 6.6.

Case 1. For each a € b, 7(a) has only one eigenvalue.

In this case, V is a generalized eigenspace V/\a(a) of every a € B, so we just need to check the linearity

of \.

Since b is nilpotent, it is solvable. Since we assumed F to be algebraically closed and with char-
acteristic 0, we can then apply Lie’s theorem, which guarantees the existence of a weight A\’ with
some nonzero weight space V;’,. Then X (a) must be the eigenvalue of 7(a) with which 7(a) acts

on V;]/, so X = X. Therefore X is linear, so V is the generalized weight space V/\b.

Case 2. For some ag € b, w(ap) has at least two distinct eigenvalues.

Since b is nilpotent, ad a is a nilpotent operator on h for all @ € h. Thus b C g§. Then by Theorem
6.4, 7(h)Vy* C Vi for any a € b.

Since F is algebraically closed, V' can be written as a direct sum of the generalized eigenspaces of
ag. Since each V' is invariant under the action of b, each V{° is also a representation of h. Since
dim Vi < dim V', we may apply induction on dim V. This establishes the equality (2).

To finish, we’ll prove the inclusion (3). Suppose a, A € h*, and suppose g € gg. Then g € QZ(a) for

all a € h. By Theorem 6.4, 7(g )V“a) CV for all @ € h. Then

A( Ala)+a(a)

vGﬂV)\ — 7T Ueﬂv)\(a+a(a)
a€h a€h

Since ﬂ V)fl(a) = V;’ by the definition of a generalized weight space, this establishes (3). O
a€h

Exercise 6.2. Suppose F has characteristic 2, and V = F[z]/(2?) is a representation of H3 where
D> a%, g+ x, and ¢+ I. Then V = V), but X is not a linear function on Hs. Compute A.



Proof. Suppose p acts as %, q acts as multiplication by x, and ¢ acts as the identity on F[z]/(z?).
Then:

ot =bror= [ s [g o] |

R

cla+br)=a+br=[1 ] [(1) (1)} m

Then making a basis on F[z]/(2?) using 1 and x, we can write the matrix representing some
rp + sq + tc € Hj as the following matrix.

t r

s t

Then finding A is a matter of solving its characteristic polynomial.
t—A r
0 = det [ < . )\]
=({t—=XN?*=rs
+Vrs=t—\
A=t+/rs

In a field of characteristic 2, we can drop the + sign. By passing to the algebraic closure if necessary,
we can assume the square root of rs always exists. Thus:

Arp+sq+tc) =t ++/rs
(To verify that A is not linear, observe that by this formula, A\(p) = A(¢) =0, but A(p+¢) =1.) O

Exercise 6.3. By the example of the adjoint representation of a nonabelian solvable Lie algebra,
show that the generalized weight space decomposition fails if the Lie algebra is solvable but not
nilpotent.

Proof. Consider the Lie algebra go = Fa + Fy, with the bracket operation defined by [z, y] = v.

It’s apparent by induction that g = [go, g5 '] = Fy (for & > 2), so gz is not nilpotent. However,
then ggl) = Fy, which is 1-dimensional, so gf) = 0, and thus gs is solvable.

Taking x and y as the basis elements of go, the adjoint representation takes x and y to the following

matrices.
. 0 0 . 0 O
01 Y™ 11 0

So we find their eigenvalues by solving their characteristic polynomials.

AMA—=1)=0 A =0
A=0orl A=0



The corresponding generalized eigenvectors can be found by lucky guessing. Specifically, ad = has
x with eigenvalue 0 and y with eigenvalue 1, while ad y has all of go with eigenvalue 0.

So we can get weight spaces Vy = span{z} and V.- = span{y}, corresponding to the zero linear
functional and the linear functional defined by x — 1. The vector space decomposes into the direct
sum of these weight spaces, but the representation does not! Specifically, Vj is not closed under
the action of y. O

Exercise 6.4. Take g = gl,,(F) and h = {diagonal matrices}. Find the generalized weight space
decomposition in both the tautological and the adjoint representations, and check the inclusions
(3) and (5) in Theorem 6.6.

Proof. Suppose g = gl,,(F) and h C g consists of diagonal matrices. Then the generalized eigenvec-
tors of h € b are actual eigenvectors, so every standard basis element of F" is an eigenvector. Also,
given any linear combination ae; +be; of more than one basis element, there is some diagonal matrix
that takes e; to e; and e; to zero, so these linear combinations are not generalized eigenvectors of
everything in h. Thus the only candidates for generalized weight spaces are the n axes, each of
which is the span of a single standard basis element of F".

For the axis V; spanned by e;, the linear functional on b that takes h to the component h;; is a
weight making V; a weight space. Thus in the tautological representation, F"” decomposes as a
direct sum of n copies of F.

To do the same with the adjoint representation, suppose the diagonal entries of h € h are h;. Then
for a € g, we have:

((ad h)a);j = (ha — ah);;
= hiai,j — ai,jhj
= (hi = hj)ai,

This shows that ad h is diagonalizable, which again implies that its generalized eigenvectors are
actual eigenvectors, and so its generalized weight spaces are actually weight spaces.

Possible pairs of eigenvalues are
1. hl — hj VS. hz — hk,

2. hi — hj VS. hk — hg,
3. hZ - hj VS. hj - hi, and

W

. hi—hi VS. hj—hj.

By appropriate choice of h, we can always make distinct eigenvalues in (1) and (2), so the basis
elements e; j of g satisfying 7 < j lie in distinct eigenspaces for some h, and thus they lie in distinct
candidate weight spaces. This weight space can be achieved with the linear functional )\; ; taking
h to h; — h;.

Since for the theorem we assume the characteristic of I is not 2, the eigenvalues in (3) will be
distinct, so we’ll also have \; ; with ¢ > j. Finally, both eigenvalues in (4) are always zero, so the
zero linear functional has b as its weight space.



Combining all of this, the generalized weight space decomposition of g in the adjoint representation
is h plus some 1-dimensional weight spaces:

g=bo @ span{e; ; }
i#]

To check the assertion of the theorem from class, first we verify for the tautological representation
that:

™ (gg> ‘//\h g V)?—i—a

Each V;’ is the span of some basis element e;, with A corresponding to the map h — h;, so we really
only need to check that, for some appropriate j:

™ (gg) €; X €5

In the case a = 0 we should get j = i, and we do; the space gg consists of all diagonal matrices, so
they act on e; by scaling.

In the case ah = hy — hy, we then have gg = ey, and a + A = hy — hy+ h;. We should expect zero
if i # ¢, since we only have nonzero weight spaces for A of the form h > hsomething; and indeed this
is the case, since if i # ¢ then ey ¢e; = 0. Furthermore, if i = ¢ then we should get the span of e,
which is the weight space corresponding to h + hj. We verify this by observing that ey ;e; = e.
So in fact we have equality:

n <gg) V)? = V)?—i—a

The second assertion in (b) of the theorem is essentially the same statement for the adjoint repre-
sentation. First, if « = 8 = 0, then both gg and gg are equal to h. Since h consists of diagonal
matrices, it’s commutative, so the bracket is zero and thus is contained in any weight space we like.

If « =0 and 8 = {h — h; — h;}, then we end up with [h,span{e; ;}]. Observe that:

[h, €] = heij — € h
= (h; — hj)e;j € span{e; ;}

Finally, if « maps h to h; —h; and 8 maps h to hy —hy, we have essentially [e; ;, ex ¢]. We need either
j=~Fkori=/{for a+ 3 to be a weight, and we indeed see that if neither holds, then e; je = 0.
Otherwise, by relabeling o and 3, we can assume without loss of generality that j = k. This gives
us e; ¢ if ¢ # € and 0 if 7 = /, so either way it’s in the weight space of h +— h; — hy. O



