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Definition 22.1. Let g be a Lie algebra over a field F'. An enveloping algebra of g is a pair (¢, U),
where U is a unital associative algebra and ¢ : ¢ — U_ is a Lie algebra homomorphism, where U_
stands for U with the bracket [a,b] = ab — ba.

Example 22.1. Let ¢ : ¢ — End V be a representation of ¢ in a vector space V. Then the pair
(End V, ¢) is an enveloping algebra of g.

Definition 22.2. The universal enveloping algebra of g is an enveloping algebra (®,U(g)) which
has the following universal mapping property: for any enveloping algebra (¢, U) of g there exists a
unique associative algebra homomorphism f : U(g) — U such that ¢ = f o ®.

Exercise 22.1. Prove that the universal enveloping algebra is unique (if it exists).

Solution: Assume (®1,Ui(g)) and (P2,Uz2(g)) are both universal enveloping algebras of g. Then
by the universal mapping property of the universal enveloping algebra, we have unique maps
fi1, fi2, fa1, fo2 such that for i,j € {1,2}, ®; = f;; o ;. Now ®; = id o ®;, so by uniqueness,
fis = id. ®; = fij o fji o @4, so by uniqueness fi; o fj; = fi; = id. fi2 = f2_11, so (®1,U1(g)) and
(®2,Uz(g)) are isomorphic, as needed. O

Existence of universal enveloping algebras:

Let T'(g) be the free unital associative algebra on a basis a1, ag,--- of g and let J(g) be the two-
sided ideal of T'(g) generated by the elements a;a; — aja; — [a;,a;]. Then U(g) =T(g)/J(9).
Define ® : g — U(g)— by letting ®(a;) = the image of a; in U(g) and extending linearly.

Remark: T'(g) is called the tensor algebra over the vector space g.
T@)=F@gd(gRg9) ®(gR9g®g)D--- with the concatenation product.
Good linear algebra textbooks: Artin, Vinberg.

Exercise 22.2. Prove that (®,U(g)) is the universal enveloping algebra (i.e the universality prop-
erty holds).

Solution: First, we will show that (®,U(g)) is an enveloping algebra. T'(g) is a unital associative
algbera, so U(g) = T(g)/J(g) is a unital associative algebra. To check that ® is a Lie algebra
homomorphism, by linearity, it suffices to check that for all 7,5, ®([a;, a;]) = [®(a;), P(a;)]. But
this is clear, as ®([a;, a;]) — [P(a;), P(aj)] = [ai, aj] — aja; — aja; is in J(g), so it is zero in U(g).

Now let (U, ¢) be another enveloping algebra. Define the map f : T'(g) — U by taking

f (H§g=1 a;,) = Hﬁczl ¢(a;,) and extending linearly. This is clearly a well-defined unital associative
algebra homomorphism.

Now for all ¢, j, f([ai, aj]—aaj—aja;) = p([as, aj])—e(a;)p(a;)—e(a;)e(a;) = 0 because p : g — U_
is a Lie algebra homomorphism. Thus, J(g) C ker(f), so f : U(g) — U is a well-defined unital
associative algebra homomorphism.



For all 7, (f o ®)(a;) = f(ai) = p(a;), so by linearity ¢ = f o ®.

Assume that f’': U(g) — U is another unital associative algebra homomorphism with ¢ = f/ o ®.
Then f'(1) = f(1) = 1 and for all 4, f(a;) = ¢(a;) = (f' o ®)(a;) = f'(ai). 1,a1,a2,- - generate
U(g) as a unital associative algebra, so f = f’. Thus, f is unique, as needed. O

Corollary 22.1. Any representation w : g — FEnd V extends uniquely to a homomorphism of
associative algebras U(g) — End V (so that a; — m(a;)).

Theorem 22.2. Poincaré-Birkhoff-Witt (PBW) theorem: Let a1,as,--- be a basis of g. Then the
monomials (*) a;,ai, - - - a;, with i3 <ig < .- < i, form a basis of U(g).

Proof. Easy part: the monomials(*) span U(g).

Proof is by induction on the pair (s, V), where s is the degree of the monomial and N is the number
of inversions, i.e. number of pairs i,,, i, for which m < n but i,, > i,, lexicographically ordered,
ie. ((s,N)>(s',N)ifs>s ors=sand N > N')

For N = 0 there is nothing to prove.

If N > 1, then in the monomial we have a;,a;,,, where i; > 4141, as otherwise the monomial is
already in our set of monomials(*).

But we have the relation a;,a;,,., = a;,,a;, + [a;,,a;,,,], so that in U(g):

Wiy iy~ Qg = gy ==~ Wy Qi+ Gy - Gy - Gy (G5 G4y |GG,y - - @, The first term is a monomial
of degree s and N — 1 inversions, and the second term is the sum of monomials with degree s — 1.
Thus, by the inductive hypothesis, each of these monomials is generated by the monomials(*), so
@i, Giy - - - G;, 1S also generated by these monomials, as needed.

The hard part: why are the monomials(*) linearly independent?

Let Bs be the vector space over F' with basis b;, - - - b;, with i1 <19 < ---145.

Take By = F and let B = ®4>0Bs. We shall construct a linear map f : T(g) — B such that
J(g) - ker(f) and f(ail c 'ais) = (bzl s bzs) if il < ig <... < ’is.

This will induce a linear map f : U(g) = T(g)/J(9) — B. Hence the monomials(*) are linearly
independent because b;, - - - b;,, i1 <42 < -1 are linearly independent.

Construction: f(1) =1, f(a;, ---ai,) = (bi, -~ bi,) if i1 <ip <--- <, and

(1) flaiy, - aiaiy - ai) = flai @iy a6, 0 aig) + flaig - ai, [ai, aiy a0 aqy)
if 4; > it+1

By induction on (s, N), we can use the inversion (1) to reduce f(a;, ---a;,) to a sum of terms
of the form f(aj, ---a; ), where j; < jo < ---jy. We just need to check that the final expression
is independent of which sequence of inversions we choose. We do this by induction on (s, N).

Case 1:

iy * Qi = Ay +* Ay Gy G4, GGy - - Gy, Where 4 > 41 and 4, > 2041

Using the left inversion first gives us

f(ai1 T Qg Ayt g Gy ais) + f(ail T [aitv ait+1] @ Qg ais)

By the inductive hypothesis, we may use any sequence of inversions (1) to evaluate this, so using
the right inversion on each term, we get

flaiy -+ @i @i - a6, as) + fag - @i @i [, 06,0 ] - as,) +

flaiy - laig, iy ] i @i - aig) + flai - [ai, iy | [ai, ai 0] - aq,)



Using the right inversion first gives us

f(ai1 T Qg Qy gttt Gy Gyt ais) + f(ail T Qg Qg [air7 air+1] e ais)’

By the inductive hypothesis, we may use any sequence of inversions (1) to evaluate this, so using
the left inversion on each term, we get

flaiy - @i @i - a0, ai) + fag - [, @i ] @i a0, aq,) +

flaiy -+ @i @i - lai,, aipg ) - - aig) + fai - i, iy |- [ai,, @i 0] - aq,)

These expressions are the same, so we get the same result whether we begin with the left inversion
or the right inversion.

Case 2: Inversions overlap

Qiy =t Qg = Ay~ Gy Qg Ay o Qg with it > it+1 > it+2.

s

Exercise 22.3. Show that we get the same result whether we start with the inversion on a;,a;,,,
or the inversion on a;,,,a;,,,.

Solution: First using the left inversion gives us

f(ai1 T Wy Qi Qg g ais) + f(ail T [aiﬂ ait+1]ait+2 o 'ais)

Using the inversion on a;,a;,,, in the first term, we get

f(ai1 T Qg gy o Gy ais) + f(ail R PR [aiw ait+2] o 'ais) + f(ai1 T [aiﬁ ait+1]ait+2 e ais)
Using the inversion on a;,, ,a;,,, in the first term, we get

f(ai1 T Qg oAy g Gy ais) + f(ail T [ait+17ait+2]ait o 'ais) + f(ai1 R PR [aitv ait+2] e ais) +
f(ah T [a’it’ ait+1]ait+2 T ais)

First using the right inversion gives us

f(ah T Qg Gy o Qg ais) + f(ail T Ay [ait+1 ; ait+2] o 'ais)

Using the inversion on a;,a;,,, in the first term, we get

f(ail T Qo Qg Qg ais) + f(ail o [a’iﬂ ait+2]aiz+1 o 'ais) + f(ail Cr Qg [ait+1’ait+2] T ais)
Using the inversion on a;,a;,,, in the first term, we get

f(ai1 T Qg oAy g Gy ais) =+ f(ail iy [aiw ait+1] e ais) + f(ai1 T [aita aiz+2]ait+1 T ais) +
f(ai1 C gy [ait+1 ) ait+2] T ais)

Now look at equation (1).

f(ah Qg Gy g ais) = f(ail Qg gy ais) + f(ah e [aitv ait+1] o ais) if iy > it+l
By skew-symmetry, this gives

flaiy a0 -ai,) = flaiy - ayai - ai,) — flaiy e, a, ] aqy)

flaiy i,y - ai) + fla - ai gy, 00 i)

Thus, (1) holds regardless of whether i; > 4,41 or ;41 > i;. By the inductive hypothesis, we may
use this relation freely for monomials of dimension s — 1 and it will not change the result. By
linearity, we have that for any b,c € ¢

Flag, ---be--ai, ) — flag, --cb--ai_,) = flai, - [b,c] - ai,_,).

Applying this, we find that the difference between the first expression and the second expression
above is

f(ail T [[ait+1vait+2]7 ait] T ais)+f(ai1 T [ait+1’ [aitv ait+2]] T ais)+f(ai1 T [[aiw ait+1]’ ait+2] T ais)
Using skew-symmetry, this is

f(ail T [[ait+17ait+2]7 ait] e ais)—l_f(a“il U [[ait+2a ait]a ait+1] T ais)+f(ai1 e [[aita ait+1]a aiz+2] e ais)



which is 0 by the Jacobi identity.
Thus, we get the same result regardless of which inversion we start with. O

By induction, for any monomial a;, ---a;,, the evaluation of f(a;, ---a;,) is independent of the
sequence of inversions(1) that we use, so f(a;, - --a;,) is well-defined. Thus, f: T(g) — B is well-
defined.

It remains to show that J(g) C ker(f). By linearity, it suffices to show that for all 7, j, for all
A, B eT(g), f(Alaa; — aja; — [ai, a;])B) = 0. If i > j, this is just the equation (1). If i < j, the
eqation (1) gives

f(Aaja;B) = f(Aa;a;B) + f(Ala;, ;] B). Using skew-symmetry,

f(Aa;a;B) = f(Aaja;B) — f(Alaj,a;]B) = f(Aaja;B) + f(Alai, aj]B).
f(A(a;a; — aja; — [a;, a5])B) = 0, as needed. This completes the proof. O

The Casimir Element of U(g)

We assume that dimg < oo and g carries a non-degenerate symmetric invariant bilinear form
(-,-) (e.g. g is semi-simple and (a,b) = K(a,b))

Choose a basis {a;} of g and let b; be the dual basis i.e. (a;,b;) = d;;. The Casimir element
is the following element of U(g): € = 0™ g;b

Exercise 22.4. Show that €2 is independent of the choice of the basis {a;}.

Solution: From linear algebra, to go from one basis to another, it is sufficient to use the following
three operations:

L. aj=a; if i # j, a’; = caj where c € F, ¢ # 0

2. aq;=a;ifi#j,i#k a=ay a,=aq;

3. a;=a; if i # j. a = a; + cay, where c € F

To show that Q is independent of the choice of the basis {a;}, it is sufficient to show that € is
invariant under these three operations. For these three operations, the dual basis changes as follows:
Lob; =b;ifi # j, b} =1q;

2. b’—b 1f27éj,17ék b = by, by, = b;

3. b;:bi if i # k. bggzbk—cbj

In all three cases, it is easily verified that Q' = S"09 g/p) = S W19 4,5, = Q. O

Lemma on dual basis:

Lemma 22.3. For any a € g write
(2) la,ai] = >_; aujag, (3) [a,bi] =32, Bijbj, cij, Bij € F. Then ay; = —Bj;.

Proof. Taking the inner product of (2) with b; and of (3) with a;, we get
(la, ai], bj) = oy and ([a, b;], [a;]) = Bi;. We also have
(la, ai], bj) = (a, [ai, bj]) and ([a, bi], [a;]) = (a, [bi, a;]) = —(a, [a;, bi]), hence aij = —fji. -

Definition 22.3. Let g be a Lie algbera, and V be a g-module.
(We used the language of a representation 7 of g in V', notation 7(g)V, g € g, v € V. A little more



convenient is the equivalent language of a g-module V', notation: gV)
A 1-cocycle of g with coefficients in a g-module V is a linear map f : g — V such that

(4) f(la,b]) = af(b) —bf(a)
Example: Trivial 1-cocycle: for v € V| let f,(a) = av.
Exercise 22.5. Show that f, : g — V is a 1-cocycle.

Solution: f, is clearly linear, and f([a,b]) = [a, b](v) = a(b(v)) —b(a(v)) = af(b)—bf(a), as needed.
Thus, f, is a 1-cocycle of g. O

Denote by Z'(g,V) the space of all 1-cocycles of g with coefficients in V. Then by exercise 22.5,
trivial cocycles form a subspace denoted by Bl(g, V).

Definition 22.4. H'(g,V) = Z'(g,v)/B'(g,V) is called the first coboundary.

Note that H'(g, V) = 0 just means that any 1-cocycle of g, i.e. any linear map f : g — V satisfying
(4) is trivial, i.e. of the form f = f, for some V.

Theorem 22.4. If g is a semi-simple Lie algebra over a field F of characteristic 0 and V' is a
finite-dimensional g-module, then H'(g,V) =0

Lemma 22.5. If {a;} and {b;} are dual bases of g and f is a 1-cocycle of g with values in V' then
for any a € g we have a(}_,; a;f(b;)) = Qf(a)

Exercise 22.6. Prove this using Lemma 1.

Solution: The equation (4) gives that for all a,b € g, af(b) = bf(a) + f([a,b)).

@(Z a; f(b;)) = Z a(a;f(bi))

= Z az, z +Z bfaz
= Zf aza z +Z ai,b 2 CL )+Za(blf(al))

By the Jacobi identity, for all a, b, c € g, [a, [b, c|] + [b, [c, a]] + [c, [a,b]] = 0, so

[a, b, c]] = [b, [a, c]] = [c, [a, b]].
Zf o bill) = 3 fllai labil]) = 3 (b [a ail])
= iZf([%ﬁubj])Z—ZZf([buaz‘jaj])
= iiﬂijf([a,, -i—ZZaﬂf a;,b;]) = 0 by Lemma 1



(Y _aif (b)) = Zaw +Z (bif(a:))
= Za” —Zbiai a) —i—Za(bZ-f(ai))
= - Z bia(fl(ai)) - Z bz-f<[c;-, a)) + Z a(bi f(a;))
= +beaaz +Z (bi f(as)) Zba
= +ZbeaUa] +Zab
— +ZZa”blf a; +ZZ@’,]be a;) = Qf(a) by Lemma 1
. i



