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Lecture 16 — Root Systems and Root Lattices
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Recall that a root system is a pair (V,∆), where V is a finite dimensional Euclidean space over R
with a positive definite bilinear form (·, ·) and ∆ is a finite subset, such that:

1. 0 /∈ ∆;R∆ = V ;

2. If α ∈ ∆, then nα ∈ ∆ if and only if n = ±1;

3. (String property) if α, β ∈ ∆, then {β+jα|j ∈ Z}∩(∆∪0) = {β−pα, . . . , β, . . . , β+qα}where

p− q = 2 (α,β)
(α,α) .

(V,∆) is called indecomposable if it cannot be decomposed into a non-trivial orthogonal direct sum.

r = dimV is called the rank of (V,∆) and elements of ∆ are called roots.

Definition 16.1. An isomorphism of an indecomposable root system (V,∆) and (V1,∆1) is a vector

space isomorphism ϕ : V → V1, such that ϕ(∆) = ∆1, and (ϕ(α), ϕ(β))1 = c(α, β) for all α, β ∈ ∆,

where c is a positive constant, independent of α and β. In particular, replacing (·, ·) by c(·, ·), where

c > 0, we get, by definition, an isomorphic root system.

Example 16.1. Root systems of rank 1: (R,∆ = {α,−α}), α �= 0, (α, β) = αβ. This root system

is isomorphic to that of sl2(F), so3(F), and sp2(F).

Proposition 16.1. Let (V,∆) be an indecomposable root system with the bilinear form (·, ·). Then

1. Any other bilinear form (·, ·)1 for which the string property holds is proportional to (·, ·), i.e.
(α, β)1 = c(α, β) for some positive c ∈ R, independent of α and β.

2. If (α, α) ∈ Q for some α ∈ ∆, then (β, γ) ∈ Q for all β, γ ∈ ∆.

Proof. Fix α ∈ ∆. Since (V,∆) is indecomposable, for any β ∈ ∆ there exists a sequence

γ0, γ1, . . . , γk such that α = γ0, β = γk, (γi, γi+1) �= 0 for all i = 0, . . . , k − 1. Define c by

(α, α)1 = c(α, α). By the string property p − q = 2 (α,γ1)
(α,α) = 2 (α,γ1)1

(α,α)1
. Hence (α, γ1)1 = c(α, γ1).

Likewise, by the string property,
2(α,γ1)
(γ1,γ1)

= 2(α,γ1)1
(γ1,γ1)1

. Hence (γ1, γ1) = c(γ1, γ1). Continuing this way,

we show that (γ2, γ2)1 = c(γ2, γ2), . . . (β, β)1 = c(β, β). Since
2(α,β)
(α,α) = 2(α,β)1

(α,α)1
, we conclude that

(α, β)1 = c(α, β) for all α, β ∈ ∆. Since ∆ spans V , we conclude that (1) holds. The same argument

proves (2).

Definition 16.2. A lattice in an Euclidean space V is a discrete subgroup (Q,+) of V , which spans

V over R, i.e. RQ = V . For example, Zn ⊂ Rn
.

Proposition 16.2. If ∆ is a finite set in an Euclidean space V , spanning V over R, such that
(α, β) ∈ Q for all α, β ∈ ∆, then Z∆ is a lattice in V.
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Proof. The only thing to prove is that Z∆ is a discrete set. Choose a basis β1, . . . , βr of V among the

vectors of ∆. Then for any α ∈ ∆, we have α =
�r

i=1 ciβi, ci ∈ R. Hence, (α, βj) =
�r

i=1 ci(βi,, βj).
But ((βi, βj))ri,j=1 is a Gramm matrix of a basis, hence it is non-singular. Hence the ci’s can be

computed by Cramer’s rule, so all ci ∈ Q. So Z∆ ⊂ Q{β1, . . . , βr}. But since ∆ is finite, we

conclude that Z∆ ⊂ 1
NZ{β1, . . . , βr} where N is a positive integer. But

1
NZ{β1, . . . , βr} is discrete,

hence Z∆ is discrete.

Example 16.2. {1,
√
2} ⊂ R, then Z{1,

√
2}is not a discrete set.

Corollary 16.3. If (V,∆) is a root system, then Q := Z∆ is a lattice, called the root lattice.

Proof. By the two propositions, the corollary holds if (V,∆) is indecomposable, hence holds for any

root system (V,∆).

We will list four series of root systems of rank r known to us. In all cases (�i, �j) = δij .

Type g V ∆ Q

A slr+1(F) {
r+1�

i=1

ai�i|ai ∈ R,
r+1�

i=1

ai = 0} {�i − �j |1 ≤ i, j ≤ r + 1} {
r+1�

i=1

ai�i|ai ∈ Z,
r+1�

i=1

ai = 0}

B so2r+1(F) {
r�

i=1

ai�i|ai ∈ R} {±�i ± �j ,±�i|1 ≤ i, j ≤ r, i �= j} {
r�

i=1

ai�i|ai ∈ Z}

C sp2r(F) {
r�

i=1

ai�i|ai ∈ R} {±�i ± �j ,±2�i|1 ≤ i, j ≤ r, i �= j} {
r�

i=1

ai�i|ai ∈ Z,
r�

i=1

ai ∈ 2Z}

D so2r(F), r ≥ 3 {
r�

i=1

ai�i|ai ∈ R} {±�i ± �j |1 ≤ i, j ≤ r, i �= j} {
r�

i=1

ai�i|ai ∈ Z,
r�

i=1

ai ∈ 2Z}

Remark Explanation: in case A, V is a factor space of �V =
�r+1

i=1 ai�i by a 1-dimensional subspace

R(�1 + . . .+ �r+1). Notice that (�1 + . . .+ �r+1)⊥ = V in the table, so �V = V ⊕ R(�1 + . . .+ �r+1)
with direct sum. Secondly, why is ∆A = {

�r+1
i=1 ai�i|ai ∈ Z,

�r+1
i=1 ai = 0}. Clearly, Z{�i − �j |i �= j}

is included in this set. To show the reverse inclusion, write

Q �
r+1�

i=1

ai�i = a1(�1−�2)+(a1+a2)(�2−�3)+. . .+(a1+a2+. . .+ar)(�r−�r+1)+(a1+. . .+ar+1)(�r+1),

where the coefficient of the last term is zero. So the reverse inclusion is also true. For case B, the

form of the root lattice is clearly correct.

Exercise 16.1. Explain the root lattices in cases C and D.

Proof. C. Z∆Cr ⊂ QCr as each member of ∆Cr is of the form a1�i+a2�j with a1 = ±1, a2 = ±1.
So each element of Z∆Cr is of the form

�r
i=1 ai�i where ai ∈ Z,

�r
i=1 ai ∈ 2Z. QCr ⊂ Z∆Cr

as any
�r

i=1 ai�i with ai ∈ Z,
�r

i=1 ai ∈ 2Z can be written in the form

r�

i=1

ai�i = a1(�1−�2)+(a2+a1)(�2−�3)+ . . .+(ar+ar−1+ . . .+a1)(�r−�1)+(ar+ . . .+a1)�1.

All these coefficients belong to Z and the final coefficient of �1belongs to 2Z so can be written

as
ar+...+a1

2 2�1, hence
�r

i=1 ai�i ∈ Z∆Cr .
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D. The proof for QDr is identical except 2�i ∈ ∆Dr , so write

r�

i=1

ai�i = a1(�1 − �2) + (a2 + a1)(�2 − �3)+

. . .+
ar + . . .+ a1

2
(�r − �1) +

ar + . . .+ a1
2

(�r − �2) +
ar + . . .+ a1

2
(�1 + �2)

as r ≥ 3, and this belongs to Z∆Dr .

Definition 16.3. A lattice Q is called integral (respectively even) if (α, β) ∈ Z (respectively (α, α) ∈
2Z) for all α, β ∈ Q. Note that an even lattice is always integral: if α, β ∈ Q, Q even, then

(α+ β, α+ β) = (α, α) + (β, β) + 2(α, β), (α, α), (β, β) ∈ 2Z. Hence 2(α, β) ∈ 2Z, so (α, β) ∈ Z.

Example 16.3. For a positive integer r let

Er = {
r�

i=1

ai�i| either all ai ∈ Z or all ai ∈ Z+
1

2
, and

r�

i=1

ai ∈ 2Z},

with Er ⊂ Rr,(�i, �j) = δij .

Proposition 16.4. Er is an even lattice if and only if r is divisible by 8.

Proof. We use that a2 ± a ∈ 2Z if a ∈ Z. Let α =
�r

i=1 ai�i ∈ Er. Case 1: all ai ∈ Z, then

(α, α) =
�r

i=1 a
2
i =

�r
i=1 ai mod 2 ≡ 0 mod 2 by the condition of Er, so (α, α) ∈ 2Z. Case 2: write

α = ρ + β where ρ = (12 , . . . ,
1
2) and β has integer coefficients bi. Then (α, α) = (ρ, ρ) + 2(ρ, β) +

(β, β) = (ρ, ρ) +
�r

i=1(b
2
i + bi) =

r
4 + n, n ∈ 2Z. So (α, α) is even if and only if r is a multiple of

8.

Theorem 16.5. Let Q be an even lattice in an Euclidean space V , and assume the subset ∆ =
{α ∈ Q|(α, α) = 2} spans V over R. Then (V,∆)is a root system.

Proof. Axiom (1) of a root system is clear, as is axiom (2): if (α, α) = 2, then (nα, nα) = 2 iff.

n = ±1. It remains to show the string property. Reversing the sign of α if necessary, we may assume

(α, β) ≥ 0. Note that for α, β ∈ ∆ we have:

0 ≤ (α− β, α− β) = (α, α)− 2(α, β) + (β, β) = 4− 2(α, β),

where (α, β) ∈ Z, (α, β) ≥ 0. So the only possibilities are (α, β) = 0, 1 or 2. In the last case, hence

q = 0, p = 2, so p− q = (α, β) = 2 and the string property is satisfied.

Exercise 16.2. Complete the proof, for (α, β) = 0 or 1.

Proof. For (α, β) = 1, α − β ∈ ∆, α + β /∈ ∆, so p = 1, q = 0, and p − q = (α, β). For (α, β) = 0,
α+ β /∈ ∆, α− β /∈ ∆, p = 0, q = 0, and p− q = (α, β). So the string property holds generally, and

the theorem holds.
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The most remarkable lattice is E8 (which is even by proposition.)

Exercise 16.3. Show that

∆E8 := {α ∈ E8|(α, α) = 2} = {±�i ± �j |i �= j} ∪ {1
2
(±�1 ± . . .± �8)| even number of minus signs},

that |∆E8 |= 240, and that R∆E8=V.

Proof.

E8 = {
8�

i=1

ai�i| all ai ∈ Z,
8�

i=1

ai ∈ 2Z} ∪ {
8�

i=1

ai�i| all ai ∈ Z+
1

2
,

8�

i=1

ai ∈ 2Z}.

The elements from the first set satisfying (α, α) = 2 are clearly {±�i ± �j |i �= j} as (�i, �j) = δij ,
and the second set must have all ai = ±1

2 else (α, α) > 2, and as
�8

i=1 ai ∈ 2Z, there must be an

even number of minus signs.

|∆E8 | = |{�i + �j |i �= j}|+ |{−�i − �j |i �= j}|+ |{�i − �j |i �= j}|+
����{
1

2
(±�1 ± . . .± �8)| even number of minus signs}

����

=
8.7

2
+

8.7

2
+ 8.7 + 27 = 240.

Clearly �i =
�i+�j

2 + �i−�j
2 ∈ R∆E8 , and {�i} form a basis of V , hence R∆ = V .

So (R8,∆E8) is a root system by the theorem, which is called the root system of type E8.

Exercise 16.4. Consider the following subsystem of the root system of type E8 : take ρ = (12 , . . . ,
1
2)

and let ∆E7 = {α ∈ ∆E8 |(α, ρ) = 0}, QE7 = {α ∈ QE8 |(α, ρ) = 0}, VE7 = {v ∈ VE8 |(v, ρ) = 0}.
Show that (VE7 ,∆E7) is a root system of rank 7, and that |∆E7 | = 126.

Proof. Clearly ∆E7 = {α ∈ QE7 |(α, α) = 2}. QE7 is an even lattice in VE7 as it is a subgroup of

QE8 and clearly RQE7 = VE7 , so (VE7 ,∆E7)is a root system of rank 7 as VE8 = VE7 ⊕ R(12 , . . . ,
1
2),

VE7 = (12 , . . . ,
1
2)

⊥
, and dimVE8 = 8.

∆E7 = {�i − �j |i �= j} ∪ {±�1 ± . . .± �8
2

| 4 minus signs.}

Hence,

|∆E7 | = 56 +

�
8

4

�
= 126

Exercise 16.5. Let ∆E6 = {α ∈ ∆E7 |(α, �7 + �8) = 0}, QE6 = {α ∈ QE7 |(α, �7 + �8) = 0},
VE6 = {v ∈ VE7 |(v, �7 + �8) = 0}. Show that (VE6 ,∆E6) is a root system of rank 6, and that

|∆E6 | = 72.
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Proof. Clearly ∆E6 = {α ∈ QE6 |(α, α) = 2}. QE6 is an even lattice in VE6 as it is a subgroup of

QE7 and clearly RQE6 = VE6 , so (VE6 ,∆E6) is a root system of rank 6 as VE7 = VE6 ⊕ R(�7 + �8),
VE6 = (�7 + �8)⊥, and dimVE7 = 7.

∆E6 = {�i−�j | if i = 7, j = 8, if i = 8, j = 7}∪{±�1 ± . . .± �8
2

| 4 minus signs and �7,�8 have opposite signs}

Hence,

|∆E6 | = 6.5 + 2 + 2

�
6

3

�
= 72.
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