18.705 Commutative Algebra Fall 2026
Midterm 1 Solutions

Problem 1.

For each of the following modules M over the ring R (K a field), indicate whether M is
finitely generated, free, projective, flat, injective, by writing yes or no in each cell of the
table. No justification is required.

f.g. free projective flat injective

(a) R=Z, M =7 yes  yes yes yes no
(b)) R=2Z, M =Q no no no yes yes
(c) R=7Z, M =7/2Z yes 1o no no no
(d)R=27Z,M=Q/Z no no no no yes
() R=7Z, M =7Z[1/2] no no no yes no
(f) R=Kl[z], M = K(x) no no no yes yes
(g) R=Klz,y], M = (z,y) yes  no no no no
(h) R = KJz,y], M = K[z,y]/(x) yes no no no no
(i) R=7/6Z, M =7/27 yes  no yes yes yes

Solution. Over a PID, a module is injective if and only if it is divisible, and projective
if and only if it is free (Lecture 7). Q, Q/Z, K(x) are divisible; Z, Z/2Z and Z[1/2]
are not. Q, Z[1/2], K(x) are localizations of R, hence flat (Lecture 7); they are not
finitely generated and not free (any two elements are linearly dependent, and they are
not cyclic), hence not projective. A flat module over a domain is torsion-free: if xm = 0
with z # 0 then m € Ann(x)M = 0 (AK 9.28, also on PS3). So Z/27Z, Q/Z, K[z,y]/(x)
are not flat, hence not projective and not free.

(g) M = (x,y) is not free, since y - * — x - y = 0 means that a basis has at most one
element, but M is not principal. It is not flat: tensoring the inclusion M — R with M
gives the map M g M — RRr M = M, a ® b — ab, which kills z ® y — y ® x; but
this element is nonzero, since its image in (M/mM) @k (M/mM), with m = (z,y), is
TRY-7®T #0in K? @K K?. Hence not projective. It is not injective: an injective
module over a domain is divisible (by Baer’s criterion applied to (a) C R), but = ¢ xM.
Klz,y]/(x) is not injective because it is not divisible: y - K[z, y|/(x) # K|z, y|/(x).

(i) z/6Z = {0,3} ©{0,2,4}, so Z/2Z ~ {0, 3} is a direct summand of a free module:
projective, hence flat; not free, since #M = 2 is not a power of 6. It is injective by Baer’s
criterion: the ideals of Z/67Z are (0), (2) ~ Z/3Z, (3) ~ Z/2Z and (1); a homomorphism
(2) = Z/2Z is zero, and a homomorphism (3) — Z/2Z extends to Z/6Z via the quotient
map.

Problem 2.

Let R C R be a ring extension with an R-linear retraction p: R’ — R (so p(r) = r for
all r € R). Assume R’ is Noetherian, and prove R is too.

Solution. Let a C R be an ideal. As R’ is Noetherian, the ideal aR’ is finitely generated;
since a generates aR’, finitely many elements ai,...,a, € a generate aR’ (Lecture 1).
Given a € a, write a = a1z} +- - -+ apz), with 2 € R’; applying the R-linear map p gives
a=aip(xh) +--- +app(al,) with p(z}) € R. Thus a = (ai,...,a,) is finitely generated,
so R is Noetherian.



(Alternatively: a chain a; C as C - -- of ideals of R gives a chain ay R’ C agR' C -+ of
ideals of R’, which stabilizes, and p(a; R') = a;p(R’) = a;, so the original chain stabilizes.)

Problem 3.

Let R be a ring and f € R. Show that Ry ~ R[z]/(fz — 1) as R-algebras.
Solution. The R-algebra map R[x] — Ry sending z — 1/ f is surjective (r/ f" is the image
of rz™) and kills fz—1, so it induces a surjective R-algebra map ¢: R[z]/(fx—1) = Ry.
In R[z]/(fx — 1) the image of f is a unit (with inverse &), so by the universal property
of localization (Lecture 4), the map R — Rx]/(fx — 1) factors through a ring map
0: Ry — Rlz]/(fx —1), r/f" — rz™. Then ¥0(r/f") =r/f", so ¥0 = id, and 6% is an
R-algebra endomorphism of R[z]/(fz — 1) fixing the generator Z, hence the identity. So
1 and @ are inverse isomorphisms.

(Alternatively, check that R[x]/(fr — 1) has the universal property of Ry: for any
ring map ¢: R — A with ¢(f) € A* there is a unique R-algebra map R[z]/(fz—1) — A,
namely z +— o(f)71.)

Problem 4.

Let R be a ring, p a prime ideal. Show that the image of Spec(Ry) in Spec(R) is the
intersection of all open neighborhoods of p in Spec(R).

Solution. The primes of R, are the qR, with q C p prime, and the image of qR, in
Spec(R) is q (Lecture 4); so the image X, of Spec(Ry) is the set of primes q C p. If
g Cpand f ¢ pthen f ¢ q; thus X, C D(f) for every basic open neighborhood D(f)
of p, and since every open neighborhood of p contains some D(f) > p, X, lies in every
open neighborhood of p. Conversely, if ¢ Z p, pick g € g\ p: then D(g) is an open
neighborhood of p not containing ¢, so q is not in the intersection.

Problem 5.
Let R be a ring, a and b ideals, and M a module.

(1) Use (8.13) to show that (R/a) ® M = M/alM.
(2) Use (1) to show that (R/a) ® (R/b) = R/(a+b).

(Here (8.13) is the right exactness of ®: if M’ — M — M"” — 0 is exact, then so is
M&@N-—-M@N—M'®N —0.)

Solution. (1) Tensoring the exact sequence a — R — R/a — 0 with M gives an exact
sequence a ® M — R® M — (R/a) ® M — 0. Under the isomorphism R ® M ~ M,
x ® m — xm, the image of a ® M is aM, so (R/a) @ M ~ M/aM.

(2) Apply (1) with M = R/b: (R/a)©(R/b) = (R/b)/a(R/b) = (R/b)/((a+b)/b) =
R/(a+b).
Problem 6.
Let I, J be ideals of a ring R. Show that the sequence

( 7,8)—r—s

0= R/(INJ) =20 RiTa Ry g - R/(I+J) =0

of R-modules is exact. Deduce that if I +.J = R then R/(INJ)~R/I x R/J.

Solution. Both maps are well defined (if r € INJ then 7 =0 in R/I and R/J;ifr eI
and s € J then r — s € I + J) and R-linear. The first map is injective: (7,7) = 0 means
r € I'NJ. The second map is surjective: t is the image of (¢,0). The composition is



zero. If (7,8) = O thenr —s=1i+j withi € I and j € J; putting t :=7r —i=s+ j we
have t =7 in R/I and t = 5§ in R/J, so (7,5) = (¢,t) lies in the image of the first map.
Hence the sequence is exact. If I + J = R then R/(I + J) = 0, so the first map is an
isomorphism R/(INJ)~R/I® R/J = R/I x R/J (and it is a ring isomorphism, since
7+ (7,7) is a ring map: this is the Chinese remainder theorem).

Problem 7.

Let R be a ring. Using the adjunction Homg(M ®r X,Y) ~ Hompg(X, Homgr(M,Y))
(natural in X and Y'), prove that if P and @ are projective R-modules, then P ®p @ is
a projective R-module.

Solution. A module N is projective if and only if the functor Homp (N, —) is exact
(Lecture 7). Taking M = P and X = @ in the adjunction gives an isomorphism of
functors

Homp(P ®r Q, —) ~ Homp(Q, Homp(P, —)),

and the right hand side is the composition of the functors Hompg(P, —) and Hompg(Q, —),
both exact because P and () are projective. A composition of exact functors is exact, so
Homp(P ®r Q, —) is exact and P ®pr @ is projective.

Problem 8.

Let R := Hn21 [Fy be the product of countably many copies of the field Fy (with coordi-
natewise addition and multiplication).

(a) Show that R is not Noetherian.

(b) Show that every element of R is idempotent, and that the only idempotents of a
local ring are 0 and 1.

(c) Deduce that R, ~ [y for every prime ideal p of R.

Solution. (a) For N > 1let Iy :={a € R:ay, =0foralln > N}. Then I; C Iy C ---
is an ascending chain of ideals that does not stabilize.

(b) (an)? = (a2), = (an)n since a? = a, in Fy. If € = e in a local ring A with
maximal ideal m, then e(1 —e) = 0; since e+ (1 —e) =1 ¢ m, not both of e and 1 — e
lie in m, so one of them is a unit (Lecture 5), and then the other is 0.

(c) Ry is a local ring (Lecture 4), and it is nonzero since 0 € p means 0 is not in the
multiplicative set R\ p. Every element of R, is idempotent: (a/w)? = a?/w? = a/w.
By (b), Ry = {0,1} with 0 # 1, so R, ~ Fy. (In particular every localization R is
Noetherian although R is not, so being Noetherian is not a local property.)



