
Nonlinear dynamics: Chaos  
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Introduction: 
From the Fall 2020 term (by Matt 
Durey)

The basics of the class will not change 
much for the Fall 2021, so I decided to 
recycle this, removing things that are 
not relevant for this term.

Find a PSET partner:

 https://psetpartners.mit.edu

For details about the class, such as 
grading and “term paper”/“course 
project”, please see the syllabus.

https://psetpartners.mit.edu/


Methods of • Find a homogeneous and particular solution

• Express as a matrix-vector system and use 

fundamental matrices


Since Newton and Leibniz independently developed the 
theory of calculus in the mid 17th century, a great deal has 

been understood about linear differential equations 

m
d2x

dt2
+ b

dx
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+ x(t) = F (t)

<latexit sha1_base64="xkQ9ZDgpmdMTW3acLKX82qnI9SA="></latexit>

E.g.
x(0) = x0
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dx

dt
(0) = v0
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x(t)
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z(t) = ↵x(t) + �y(t)
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y(t)
<latexit sha1_base64="91GELvzX3+ZjKrm8RCfHFBwN75o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXisYGuhDWWz3bRLdzdhdyOE0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBTFn2rjut1NaW9/Y3CpvV3Z29/YPqodHXR0litAOiXikegHWlDNJO4YZTnuxolgEnD4G09vcf3yiSrNIPpg0pr7AY8lCRrDJpbRuzofVmttw50CrxCtIDQq0h9WvwSgiiaDSEI617ntubPwMK8MIp7PKINE0xmSKx7RvqcSCaj+b3zpDZ1YZoTBStqRBc/X3RIaF1qkIbKfAZqKXvVz8z+snJrz2MybjxFBJFovChCMTofxxNGKKEsNTSzBRzN6KyAQrTIyNp2JD8JZfXiXdZsO7aDTvL2utmyKOMpzAKdTBgytowR20oQMEJvAMr/DmCOfFeXc+Fq0lp5g5hj9wPn8AhJ6N5A==</latexit>

Linear ODE defintion: An ODE is linear if two solutions 

may be combined to give a third solution

for arbitrary constants ↵, �
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Linear equations



d2✓

dt2
+

g

L
sin ✓ = 0

<latexit sha1_base64="wMibBKo5ttC3O0uTD5al5QpkeQ4="></latexit>

✓
<latexit sha1_base64="VRbFNfU2yJrhxTioHNG9u2eQ22g=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSqlW9i2rt/rJSv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/pUWPLA==</latexit>Pendulum

What happens when the drag depends quadratically on the speed?

m
d2x

dt2
+ b
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dx
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◆2

+ x(t) = F (t)
<latexit sha1_base64="Zo64ufe+kBUjpUc7q35FWiU/riE="></latexit>

Can we still analyze the dynamics of this system?

Nonlinear equations

Only some nonlinear ODEs can be solved analytically, and often the answer 
is too messy to interpret! We instead seek simple graphical methods.

We aim to understand the solution of nonlinear ODEs 
doing as little math as possible!



In other words, when the long-time 
dynamics of a system is highly 

sensitive to the initial conditions: 
The Butterfly Effect

Chaotic dynamics
When the present determines the future, but the approximate 

present does not approximately determine the future. (E. Lorenz)

All chaotic systems are described by nonlinear equations, 
but not all nonlinear equations yield chaotic dynamics 

“Remember that hurricane a thousand miles away? 
That was me!”


