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1 Linear KdV equation asymptotics (statement).

The deviations u from a flat surface produced by a very small amplitude, uni-directional, long
gravity wave disturbance in a water channel are described by the linear Korteweg de-Vries (KdV)
equation. This equation can be written in the (dimension-less) form

1
ut—g(fQumz:O, where 0<e=h/\ <1, (1.1)

x is the length coordinate along the channel — in a frame moving at the infinite wavelength wave-

speed \/gh, X\ is the wavelength, h is the channel depth, and ¢ is the acceleration of gravity.

Given initial conditions for u, the solution to equation (1.1) above can be written in terms of Fourier

u=/_°; exp {z (kx—§k3t>} (k) dk, (1.2)

g(k) = — |7 e, 0) exp (~ika) da. (1.3)

" 2r )

Transforms, as follows:

where
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Consider now the situation where the initial data are localized in a very small region, of size e.

Namely, assume that
x

u(x,0)=U (—) : (1.4)

€

where U = U(() decays very fast as |(| — 0.

Part (a): Show that the Fourier Transform g — as given by the formula in (1.3) — for the initial data

n (1.4), has the form | g = ¢ G (¢ k) | — for some function G.

Part (b): Use the result in part (a) to write the solution to the linear KdV equation in the form

oo 1
u = /_OO exp{gﬁ} G dk, (1.5)

for appropriately selected variables, where 0 < € < 1 shows up in the solution only in the exponent (as

indicated in the formula above). You need equation (1.5) to do parts (c-e) below.

Part (c): Calculate the leading order behavior of the solution for fixed > 0 and ¢t > 0, ase | 0.
Part (d): Show that, for fixed x < 0 and ¢ > 0, the solution vanishes to all orders in ¢, as e | 0.
Part (e): Calculate the leading order behavior of the solution for fixed t > 0 and x ~ 0, ase | 0.

Hints for parts c-e: Stationary phase, integration by parts, and Airy.

Solution to the linear KdV equation asymptotics problem.

Part (a): From equations (1.3) and (1.4), we can write:

gk) = % /_O:O U(%) exp (—ikz) do
- = /_Z U(X) exp (—iek X) dX = eG(ek), (1.6)

where x =€ X and |G = G(k) | is the Fourier Transform of |U =U(X).

Part (b): From equations (1.2) and (1.6), we can write:

00 2
u = (—:/ exp{i <kx—%k3t>}G(ek)dk

= /_O:o exp{z (mx— %Ii:gt)} G(k)dk = /_O:o exp{é@} G(k) dk, (1.7)
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1
where k = ek and «9:&33—5/1311

Part (c): From equation (1.7) we calculate the leading order behavior of u for > 0 and ¢ > 0, in

the limit € | 0. For this we use the Stationary Phase method.

The stationary phase points k, are given by the solutions to the equation

00

0=

=z — KL (1.8)

Hence | ks = +4/x/t. | Each of these two points will produce a dominant contribution to the solution.

These two contributions are complex conjugates of each other when the solution is real valued —

i.e. when G(—k) = G(k)", where the asterisk denotes the complex conjugate.

The contribution from the stationary point k; = £4/x/t is given by

uy = G(ks) exp {Eﬁs} /_OO exp {QLE 0] (k— &3)2} dk

—00

€
2me l ,
- 071 G(ks) exp{—93+za7r/4}
\ 6. €

- % G (im) exp {ﬂFiw/4 +ie 1 (2/3) 232 t—l/z}. (1.9)

where |6, = +(2/3)2*?t71/2 | is the value of 6 at k = r,, |07 =F2Vxt | is the value of
0.« at Kk = kg, and is the sign of 0. Note that: to perform the integral in the

first line of the equation above, the contour of integration is changed from the real axis to the path

i(r7r/4t

K=~kKste — where —o00 < t < 0.

The leading order behavior of the solution is then given by ........... U~ Uy + U,

where uy are given by (1.9) above.

Part (d): We use equation (1.7) to show that, for x < 0 and ¢ > 0, in the limit € | 0, the solution

u vanishes to all orders in €. We do this using Integration by parts.

When z < 0 and ¢ > 0, 6 is a monotone decreasing function of k, as follows from (1.8). Hence:

u = /OO exp{zﬁ} G dk,
—00 €
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)

= —H’E/OO oG exp{é@} drk, (1.10)

—00 811

-1
where A = (?) is well defined. This shows that u = O(€). However, as long as G has derivatives
K

of all orders in &, this process can be repeated, to show that Ju = O(e") | — for any n > 0.

Part (e): When x ~ 0 and t > 0 fixed, the zeros of equation (1.8) are both near x = 0. Hence the

dominant contribution to the solution u arises from s ~ 0, and (1.7) yields
o0 i 1 4
UNG(O)/ exp{— <K,.73——/-€ t)}d/-i.
—00 € 3
Changing variables k = —(¢/t)"/ 2, we obtain

UA«GUD(Q%VBL/W<mp{i(z§%—%5%>}d&

— o0

T

(= T It follows that

where

u~ 27 G(0) (/t)3 Ai(C). (1.11)

Note that:
(A) For ¢ > 1 (1.11) yields u exponentially small, which agrees with the result in part d.
(B) For —¢ > 1 (1.11) yields, upon use of the Airy function known asymptotic behavior:

w~ Q(T% G(0) sin {7t (2/3) ™24~ 4 7w/4} |

This matches the behavior obtained from part ¢ for z small.

2 An eigenvalue problem (statement).
Let 0 < € < 1, and consider the eigenvalue problem

—y" +V(z)y=FEy, —oo<z <00, (2.1)
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where V' is given by: V(x) =1 for |z| > 1 and V(z) = 0 for |z| < 1. The solutions must vanish as

T — 400 and must be continuous with continuous first derivatives.

Calculate the eigenfunctions and eigenvalues for this problem exactly. Compare the
eigenvalues thus obtained with the answer provided by equation (10.5.6) in Bender &

Orszag’s book. EXPLAIN any discrepancies.

HINT: (i) Eigenvalues exist only in the range 0 < E < 1 (why? — there is an easy argument!)
(ii) For 0 < E < 1 the transformation 1 — 2E = cosfy and 21/(1 — E) E = sinf, with 0 < 6y < 7, is

useful to write the equation for the eigenvalues. The cases £ = 0 and EF = 1 must be treated separately.

Solution to the eigenvalue problem.

From the uniqueness of the solutions to ode initial value problems, it follows that:

Let & = ®(z) be a solution to equation (2.1). Suppose that there is a point z,, 22)
2.2
such that ®(z,,) = ®(x,,) = 0. Then the solution vanishes identically: ® = 0.

(2.a) Case E > 1. |Let ® be an eigenfunction in this case (if any exist). Then:

&P =—(E—-1)®for |z| >1 = & is oscillatory (sine and/or cosine) for |z| > 1. Hence, for ®

to vanish as |z| — oo, it must be ® = 0 for |z| > 1. Then, from (2.2), ¢ vanishes everywhere. Since

eigenfunctions cannot vanish identically ..... There are no eigenvalues such that £ > 1.

(2.b) Case E = 1. | Let ® be an eigenfunction in this case (if any exist). Then:

For |z| > 1, ® = 0 — since ®” = 0 for |z| > 1, and ® must vanish for |z| — co. The same argument

as in (2.a) then shows that ........... .. .. ... .. ... ..., E =1 is not an eigenvalue.

(2.c) Case 0 < E' < 1. | Let ® be an eigenfunction in this case (if any exist). Then:

VI—E

€

(2.cl)Forz < -1, o=A exp{ (1+ x)} — for some constant A.

Without loss of generality, we can assume that | A = 1.

VI—E

€

(2.c.2) Forz > +1, =B exp{ (1-— x)} — for some constant B.
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VE VE
(2.c.3) For |z| < 1, ® = a sin {— (1+ £E)} + b cos {— (1+ £E)} — for some constants a, b.
€ €

1—
VE

(2.c.5) Continuity of ® and its derivative at x = +1 requires B = a sin § + cos § and

i

(2.c.4) Continuity of ® and its derivative at x = —1 requires b =1 and a =

(1—2F)sin0+2v1—EVE cos§ =0, where 0=2VE/e. (2.3)

This is the equation determining the eigenvalues.

(2.c.6) Define J0 < 6y <7 | by 1—2FE =cosfy and 2v1— EVE = siné,.

Then equation (2.3) becomes sin(f + 6y) = 0, with solution 6 + 6y = nm — where n

2
is an integer such that [0 <n <1+ — | (since 0 <6 <2/e and 0< 6y <m). It
em

follows that

2V E 1 1-2F
_ — Gy = _ = t e — 2.4
e % (" 2)”””“(2@@) 24

is an | alternative form of the equation for the eigenvalues.

Equation (2.4) cannot be solved explicitly. On the other hand g(E) = ¢ *2VE + 6, is a monotone
increasing function of E, with g(0) = 0 and g(1) = 7 +2¢ '. Hence, for every integer n in the range

2
0 <n <1+ —, equation (2.4) has exactly one solution.
em

(2.d) Case E = 0. | Let ® be an eigenfunction in this case (if any exist). Then

1+
€

(2.d.1) Fora<—-1,o=A4 exp{ } — for some constant A.

1—=x

(2.d.2) Forz > +1, o =18 exp{ } — for some constant B.

€
(2.d.3) For |z| <1, & = a+ bx — for some constants a and b.

(2.d.4) Continuity of ® and its derivative at x = —1 requires a = (1+¢ ')A and b= +A/e.
(2.d.5) Continuity of ® and its derivative at # = +1 requires a = (1 +¢ ') B and b= —B/e.

Items (2.d.4) and (2.d.5) are compatible with A =B =a=>b=0 only. Since eigenfunctions

cannot vanish identically, we conclude that ................... E =0 is not an eigenvalue.
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(2.e) Case E < 0. |Let ® be an eigenfunction in this case (if any exist). Then:

Since ® vanishes as || — oo (and ¢ cannot vanish identically), ® must have either a maximum
or a minimum. Without loss of generality, we can assume that ¢ has a maximum at some point

—00 < Ty, < 00, where ®(z,,) > 0. But then ®"(x,,) = (V(z) — E) e 2 ®(z,,) > 0, a contradiction

since ® has a maximum at xz,,. Thus ........ There are no eigenvalues such that £ < 0.

(2.f) Comparison with WKB: Bender & Orszag’s formula (10.5.6).

Application of this formula leads to the eigenvalue equation

2\/E(

n+ %) 7+ 0(e) (2.5)

€

for 0 < £ < 1. Comparison with the exact formula (2.4) shows that this last equation would be
correct only if 6y + 7/2 = O(e) — which is clearly incorrect. Hence there is a discrepancy
between the exact formula for the eigenvalues, and the prediction of equation (10.5.6)

in Bender and Orszag’s book.

The explanation for the discrepancy is very simple. Equation (10.5.6) is derived using the turn-
ing point connection formulas valid for SIMPLE zeros in (V' — E). Here, however, we have discontinuous

jumps where (V' — E)) switches from positive to negative. Hence the discrepancy.

3 Connection formulas (statement).

Let 0 < e < 1, and consider the ODE problem

ey" = Q(x)y, (3.1)

where Q(x) > 0 for x > 0, and Q(z) < 0 for z < 0. However, () does not have a simple zero at z = 0.
Instead, assume that () has a jump discontinuity at x = 0 — with ) smooth on each side, with left
and right limits for it and all its derivatives. Calculate the connection formulas across the

origin, for the WKB approximations for the problem stated above.
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Solution to the connection formulas problem.

For simplicity, we will assume that lim Q(z) =@, >0 and h%l_ Q(x) =0Q_ <0.

z—0+

The case where either of these limits vanishes is much more complicated, for then the solution to the
problem requires asymptotic information as to how the limit is achieved. For example, if Q = O(z*)

for z > 0, then the answer depends on the value of .

For x > 0, the WKB approximation to the (exponentially decaying) solution has the form

y=cQ Y (14 0() exp{——/ Fds} (3.2)

where c¢ is some constant. Because () > 0, this approximation is valid down to x = 0+.

For x < 0, the WKB approximation to the solution has the form

y=a|Q"Y* (1+0(e) sm{ /ﬁds}+b\@| V4 (14 0(e) cos{ /ﬁds}

(3.3)
where a and b are some constants. Because ()_ < 0, this approximation is valid up to x = 0—.
Continuity of y at x = 0 requires ................ c (14+0(e)) Q;l/4 =b(1+0(e) \Q_\_IM.
Continuity of 3" at © = 0 requires ................ c(14+0(e) QI =a (1+ 0(e)) |Q_|T*.
Hence the WKB connection formulas across a discontinuity are
a=1Q+/Q-["" (1+0(e)) ¢ and b= |Q-/Q:|"" (L+0(e)) e (3.4)

4 Klein Gordon Reflection & Transm. Coeff. (statement).

Consider a string under tension, attached to a (very stiff) elastic bed, with the stiffness of the elastic
bed varying along the string length. The small deviations u from equilibrium (straight string) then

satisfy the Klein Gordon equation, which can be written in the dimension-less form
1
Uty — U + =V (T)u =0, where 0<e< 1. (4.1)
€

Assume now that V' is a smooth even function, vanishes outside some finite interval |z| < a, and is

positive inside it. In fact, assume that dV/dx > 0 for —a < x < 0, with a single maximum at the origin,
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where V' (0) = 1. In this case the solutions outside of the interval |z| < a must have the simple form:

u= f(x —t)+ g(x +1t) |— for some functions f and g. In other words, they are the superposition

of two steady waves with unit speed: one moving to the right and the other moving to the left.

In particular, we now look at the situation where a single frequency wave is launched from x = —oo,
and we want to compute how much is reflected and how much is transmitted. This problem can be

formulated mathematically as follows: Find the solution defined by the following properties

(A) Forx < —a ... u:exp{i%(t—x)}+Rexp{i%(t+x)},

w
(B) Forz > +a o u:Texp{i—(t—x)},
€

where w, R, and T are constants, with w given (and real) and the other two are to be determined.

(a) Use WKB techniques to produce approximate expressions for R and 7.

(b) When V =1 — |z] for |z|] < 1, give explicit (approximate) formulas for R and 7.

EXTRA CREDIT (15 points): In case (b) above the problem can be solved exactly, and the WKB
approximation can be checked. Do this. Important: The extra credit applies ONLY if you do this
right. You can, and will, get NEGATIVE credit if you botch this up, even minimally. Hence: hand

this part in ONLY if you are 100% certain of your answer.

Solution to the Klein Gordon R. & T. Coefficient problem.

Separate time in the problem, and write u = ' %€ ®(x). Then ® must satisfy

e = (V(z)—w?) P, (4.2)
W W
o = exp{—z—x}+ReXp {+Z—x}, for z < —a, (4.3)
€ €
® = T exp {—i Ex} , for = > +a, (4.4)
€

where the objective is to find R = R(w) and T = T'(w), for —oo <w # 0 < co. Note that the
problem is not defined for w = 0, since then the solutions are not oscillatory for |x| > a (i.e. there
are no zero frequency “waves”). Hence we must exclude from consideration the case w = 0, as

noted above.



18.305 MIT, Fall 2005 (Margetis & Rosales). Problem Set # 4. 10

We observe that

(4.a)

(4.b)

(4.c)

(4.d)

We need only consider 0 < w < o0, since | R(—w) = R(w) |and | T(—w) = T'(w) | — where

the over-bar indicates the complex conjugate. This follows easily upon taking the complex
conjugate of equations (4.2 — 4.4).

For 0 < w < 00, with E = w? and VE = w, the problem above in equations (4.2 -4.4) be-
comes exactly the tunneling problem considered in the lectures and in Bender and Orszag’s
book. Namely:

Tunneling problem: Let V = V(x) be a smooth single bumped positive potential, vanishing

at infinity and with maximum value V,,, > 0. Then solve, for 0 < F < oo,

e = (V(z)-E)9,
VvVE VvVE
o ~ exp{—i—x}—i—Rexp{Jri—x}, as T — —o0,
€ €
vE
P ~ Texp{—i—x}, as T — +00.
€

Tunneling problem 0 < ¢ < 1 WKB approximation to the solution: For (0 <e¢ < oo, WKB

provides an approximation for the solution, as follows:
(4.d.1) For E >V,,, T ~1 and R vanishes, to all orders in the WKB approximation.

(4.d.2) For 0 < E<V,, let —co < A= A(F)< B=DB(E)<oo be the two solutions to
the equation V = E. Then define p; = pp(E), py = pu(E), and pg = pr(E) by

= /_:(\/E—V(x)—\/ﬁ) dr + AVE,
Uy = /AB\/V(x) — E dx, and
pr = /BJFOO <\/E—V(x)—\/E> dz — BVE.

Then Rwexp{i (g —2&>} and Twexp{—% [uM+i (/LL—l—,uR”}.

€

(4.d.3) Notice that these approximations breakdown for £ ~ 0 and E ~ V,,,. This because

the problem becomes singular for E = 0, and because the two turning points A and B merge

for E=1V,,.
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Solution to part a.| Using the results in items (4.a — 4.d) above, we can now write an

approximation to the solution of equations (4.2 — 4.4), valid for | 0 < ¢ < 1. | Namely:

(4.€) For 1 <w < o0, T'~ 1 and R vanishes, to all orders in the WKB approzimation.

(4.f) For 0 <w <1, let B = B(w) be the unique solution to the equation V(x)=w* in the

interval 0 < x < a. Then

Rwexp{z' (g—2%)} and Twexp{—% (0+2iu)}, (4.5)
where —
,u:/B Md:ﬂ—aw and 022/0 mdaz. (4.6)
In these equations we have used that V' is even — e.g.: A= —B and pup = ugr = p.

(4.8) R(~w) = R(w) and T(-w) = T(w).

(4.h) These approximations break down for w ~ 0 and w ~ 1.

Solution to part b.|Assume now that o« =1, with V = 1 — || for || < 1. Then, in

2 4 3
equations (4.5 — 4.6) above, we have: B=1-Ww? pu= 3 w*—w, and o = 3 (1 — w2) /2.
Thus

29 (2 4 24 (2
sz'exp{——Z (—w3—w)} and Twexp{——(l—wz)?’/z——Z (—w3—w)}, (4.7)
€ \3 3e 3

€

for 0 < w < 1. In particular, note that:

For w =10, we get =0 and o =4/3.

Forw =1, we get p=—-1/3 and o =0.

Though the approximation is not to be trusted in these limits!

In fact, the potential V' in this example is not smooth — while the WKB approx-

imation, in fact, assumes a smooth potential (see remark 4.1 below). Hence can we trust

the WKB answers in this case? — see next part for a (partial) answer.
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Remark 4.1 Where does smoothness play a role in WKB theory?
In WKB we solve the equation €y" = Q(x)y — where 0 < e < 1 — as follows'

1

First we assume a solution of the form y(x) = A(x) exp (:l:— S(:E)), where 8" =X =4/Q. Thus A
€

must satisfy the equation

+2V (VAA) +ea” =0, (4.8)

Then we expand A ~ Z €' A,, so that

n=0

+2 VA (VAAu) + AL =0, for n>0, (4.9)

where Ay = c/\/X —cQY* — with ¢ a constant. Now, suppose that Q fails to have a second
derivative (for example, Q has a corner) someplace. Then Aq will fail to have a second derivative
as well, and equation (4.9) will be undefined for n = 0. More generally, if Q@ has derivatives only
up to order N (for some N ), then equation (4.9) implies that (in general): Ao has derivatives up
to order N only, Ay has derivatives up to order N — 1 only, As has derivatives up to order N — 2

only, and so on. Clearly, at some point the expansion will fail.

When @) is piecewise smooth, we can get around the problem by using a different WKB ezx-
pansion on each side of the points where smoothness fails, and then matching the solution and its

derivative across these points. But, this can get rather messy!

Solution to extra credit.|Asinpart (b), we assume that a = 1, with V =1 — |z

for |z| < 1. But now we solve the equations exactly — for jw <# 0 | — as follows:
LW LW
o = exp{—z —x} + R exp {+Z—x}, for x < —1, (4.10)
€ €
® = T exp {—i Ex} , for = > 41, (4.11)
€
1+ —w? 14z —w?
d = ClAl{ 62/3 }+C2B1{T}7 for —1<.23'<O7 (412)
1 -2 —w? 1 =2 —w?
d = C3A1{T}+C4BI{T}’ for 0<£E<1, (413)

'Here we consider the case @ > 0 only. The case @ < 0 is similar.
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where ¢, ¢, c3, and ¢4 are constants — determined by the condition that ® and its derivative must
be continuous. The continuity of ® and @', enforced at x = +1 and = = 0, leads to six linear

equations (that uniquely determine R, T and the four ¢;’s — in terms of w) as follows:

Continuity of ® and @ at x = 1. This leads to two conditions, that we state in the vector form:

Q(-¢*) 6 =ATF = &=ATP(-(*)7F (4.14)

. w LW
where the overbar denotes the complex conjugate, | ( = 75 A =exp <z —> ,
€

Q= | MEBET el P e ag | D) RO
Ailz) Bi(2) C ol ic] —Al'(z)  Ai(z)

Note that P = Q*, as follows from the Wronskian identity AiBi’ — Ai'Bi = 1/7.

Continuity of ® and @ at x = 0. This leads to two conditions, that we state in the vector form:

Q) a=M(E g = a=PE)M(Yqg (4.15)
1 — w? c Ai(z Bi(z ]

where £:T§}, g=| " , M(z) = =) =)

£ 2 —Ai'(z) —Bi'(2)
Continuity of ® and ® at x = —1. This leads to two conditions, that we state in the vector form:

Ao x| ) 1 1 licx > )
_ (- a = = o Q(~¢*) & (4.16)
N iCN| | R R iClach A
N
Putting all three continuity conditions together:
1 _

T =ANG ()P MEP (=) 7, (4.17)

which gives an “explicit” expression for R and T in terms of w and e.

13 and lw—1| > ¢2/3 we can use the asymptotic formulas for Ai

Notice now that, as long as w > ¢
and Bi — for large values of its arguments — in equation (4.17), to obtain asymptotic expressions
for R and T in the 0 < e < 1 limit. This, however, is easier said than done, and we will only

do it partially — as the calculations involved are quite messy.
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Consider the case when 0 < w < 1. Then we can argue that ¢, in equation (4.12) has to be
exponentially small. Otherwise the term involving Bi would become dominant (and very large) by
x = 0, which would eventually lead to a very large T" — not possible, since it can be shown that
|R?*| + |T?%| = 1. Notice that this is, essentially, the same argument made in the WKB calculation,

when using the connection formulas across the left turning point.

Sketch of the proof that |R?| + |T?| = 1: Consider ® and its complex conjugate
®. Then both are solutions of the equation € y” = (V — w?)y, and their Wronskian

W =& ® — & P is constant. Evaluation of IV at +o0 then yields the desired result.

We now use the fact that ¢y is exponentially small to write the conditions in equation (4.16) in the

form

_ — 1
A+ AR=c Ai and —)\+)\R%E01Ai’, (4.18)

2 -2/3

where Ai and its derivative are evaluated at | —(? = —w — and the error is exponentially

small. Hence, to within exponentially small errors, we can write:

i (A4 AT

R_iCAi—Ai’

A2 (4.19)

where | A = exp(iw/e€). | Use in this last equation of the large argument asymptotic expansions for

the Airy function yields, at leading order, the same answer for R as in equation (4.7). However,
were we to compute the higher order corrections from WKB theory to R in equation (4.7), we

would find that they differ from the higher order corrections provided by (4.19) above.

The case w > 1 provides a striking illustration of the differences
that the introduction of a non-smooth potential introduces.
this situation, for a smooth potential, WKB theory predicts a wave reflection coefficient R which
is smaller than any power of € for 0 < € <« 1. That this is not the case here is shown by figure 4.1,
where the absolute value of R — as provided by a numerical evaluation of equation (4.17), is plotted

as a function of ¢, for a fixed value of w = 1.5.

In general, one can show that the rate of decay of R as a function of €, as in the situation being

considered here, is directly related to the degree of smoothness of the potential. In particular, each
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Figure 4.1: Plot of the absolute value of the reflection coefficient, as a function of ¢, for an w such that
w? > max(V). Were V a smooth potential, R would be smaller than any power of ¢ for such an w.
This is clearly not the case here, where we see that R = O(¢). This behavior is produced because the

potential has corners: its derivative has discontinuities.

extra derivative provides an extra power of e. The situation is, in fact, very similar to that of the

decay rate of the Fourier Transform for large values of k.

THE END.



