18.305 Problem Set 8

Mason Rogers

1. We want to study the asymptotics of
IN)=T(A+1) :/ et dt.
0

We rewrite t* as e}, giving I(A) = [ e*""=" dt. The largest contribution of the
integrand comes from where Aln(¢) — ¢ is maximized, so we solve for its maximum.

Observe that
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which vanishes when ¢t = A. Accordingly, we expect our rnaximmy/ contribution to
occur near where ¢t = A\. Expanding our integrand around this point gives
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Rearranging, we have the familiar Stirling’s Approximation:
A #

I(\) ~ (g> ' 21\ \/ |

2. We now wish to study the asymptotics of the Laplace transform, so we have

co
I(s) :/ e ' f(t) dt.

0
Suppose f ~ f(0) + f’(0)t near the origin, i.e. that f is not chosen such that the
dominant contribution of the integral comes from a point other than the origin. We
can then evaluate the approximate integral directly, giving

I(s) ~ /UOO e * £(0) dt + /Ooo e 't f'(0) dt
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Suppose f(t) = cos(t). Then L{f}(s) = 77y which in the limit of large s reduces to
5- Since f'(0) = 0 and f(0) = 1, our asymptotic formula agrees: [ (s) ~ 1,

Now suppose f(t) = sin(t). then L{f}(s) = ;}4_—1, which reduces to :17 if 5 is large. We \/
now have f'(0) = 1 and f(0) = 0, so our asymptotic formula gives J (s) ~ &, which
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3 Let f(2) = —ikz — 2%, so I(k) = [,e/®dz. We look to find where the dominant
R

contributions will come from, i.e. where f has saddle points. We find f'(2) = —ik—423,

s0 z3 = =K. Letting ¢ = e*™/%, we have
IANA:
20=1 (Z) ", ne{0,1,2}.

Substituting and solving for f(zo) at each of the roots, we have

f(z) = 3 (g)% o

The n = 0 root grows large with %, so we do not expect it to be a dominant contributor
to the integrand. The other two roots have negative real part, so we expect them to
be dominant contributors.

While there is no contour connecting these two roots along which the phase of I is
constant, the direction of steepest descent near each point is along the real axis, and
the integrand is exponentially small between the two contributing roots. Thus, we

deform our contour to be the line Im(z) = —% (%)1/3, passing horizontally through
each of the two roots. We have

I(k) %/ " e~he=2* gy,
tm(z)=—3(})

Near the n = 1 root of f'(z), we have

LA/3 L\ 23
f(Z) =~ 3t (Z ) + 6L2 (Z) (3 — 20)2.

This point therefore contributes
) s 7 R\ Y3
—6:2 (Z) '

The contribution from the » = 2 root of f’(z) gives the complex conjugate of this

contribution, so we have

N\ /3
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I(A) ~ 2Re [6 4 —6L2 4

INE

eBL(

g
fh Ooooo0o oo




