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1 o—ck?sikz gk and show that in the limit € — 0, the integral

We wish to compute F (z) = f * o=
converges to the Dirac delta. We will do so in three steps. First, we will evaluate the integral

for € > 0. Second, we will show that in the limit € — 0, the integral vanishes for all z # 0
and is infinite for z = 0, i.e. that lim,_,o F.(z) = cd(z) for some c. Lastly, we will show by 27

9//0 integrating with respect to x that ¢ = 1. ;O
To evaluate the integral for € > 0, we must complete the square of the exponent. Observe
that
2
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We thus rearrange our original integral, revealing
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A substitution &’ = k — £ yields a standard Gaussian integral, which evaluates to

€ e T e de
F(z) = =
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As our next step we take the limit when € — 0. First, suppose  # 0. Defining 1 =1 /€

and manipulating the expression a bit yields
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lim —— = —— lim \{2;7 lim =0,
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0) = 1/\/4re.

where in the last step we applied L’Hopital’s rule. Now suppose 2 = 0, so F(

‘In this case, .

lim F,(0) = lim
e—0 =0 \/41¢

= OQ.

From this, we conclude that lim._,o F(z) vanishes everywhere except at & = /(), where its
value is infinite. Thus, lim.q Fi(z) = ¢d(z) for some constant ¢, and Ce>gust figure out

what c is.




To show that ¢ = 1, we will evaluate the integral ¢ = lim._,o ffooo F.(z)dz. We have
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¢ =lim —— dz = lim =liml=1.
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We conclude that lim.,o Fe(z) = d(z), as desired.
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lo / (o  Observe that the potential g|z| is symmetric about z = 0, so for any energy E > 0, there will

be exactly two turning points. Thus, we will finish deriving the matching condition at the left

turning point from class, which will give us an integral constraint on the energy eigenvalues.
Evaluating the integral will allow us to calculate the energy eigenvalues explicitly.

Let zo and z; be the left and right turning points, respectively. Coming from the left of

Zp, in the classically accessible region we have

csin (f:; MWE =V de' + %)

wkb(Z) =
Y () VNE — V)i
Coming from the right of z;, we have another form for ¥yp(z) in the classically accessible
region, namely
sin ([ MWE-V dz' +I)
Ywib (T) = .
VAE - V)1/4

Our matching condition is thus that for all z € [z, z1],

csin(/ )\\/E—Vdg:’—f—g):sin(/ /\\/E—Vdm’+%). (1)
T
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For brevity, let I(z) = f:; ME — Vdz'. Substituting z = z¢ in (1) reveals
csin (%) = sin (I(a:l) + %) .
Now setting z = z; in (1) and substituting the previous relation yields

c? sin (E) = sin (E) ,
4 4
or in other words ¢ = £1. Now we have reduced to solving

+sin (I(m) + %) = sin (I(wl) —I(z) + %) :

Applying the ‘sine of sum’ identity and observing that cos(m/4) = sin(r/4) yields
£[sin(I(z)) + cos(I(z))) = sin(I(z1) — I(z)) + cos(I(z1) — I(z))]
= sin(I(z;))[cos(I(z) + sin(I(x))]
+ cos(I(z1))[cos(I(x)) — sin(I(z))).




This only holds ’for1 all z when sin(/(z;)) = 1 (and accordingly cos(I(z;)) = 0). Thus, we
have I(z1) = (n+ )7 for n e N.

| Now 'that we have derived the energy constraint in integral form, we can substitute
Lhe particular potential V = g|z| and evaluate the integral. Observe that in this case,
Ty = —29 = E,/g, where E, is the n-th energy eigenvalue. We have
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In this problem, we only have one turning point zp, SO our energy constraint will have to
take a new form. Instead of solving a matching condition, we impose 1(0) = 0 and obtain

the restriction
Xo 62 T
Yuin(0) = sin (/ M E+ = dr’+—> =0,
0 ! 4

or after simplifying and setting 2o = —e?/ E,, to be the turning point corresponding to energy

En, -
—€/En TR 1 3
)\e/o \/—6—2-+Fdr'=(n+z>7r.

Making the substitution u = /—1'Ey/e? yields

Ae? 1 > 3
VI— 2 du= —(n+3)n
J—F. /0 v =y /~E, (n t 4> ™
/
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The difference between this result and the actual result is that the WKB result has
(n+ 3)? in the denominator instead of (n + 1)2. This difference may be noticeable when the

denominator is small, but it will become less significant for higher values of n.

which rearranges to

n —




