18.303 Fall 2009, Problem Set 5 Solutions

November 21, 2009
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Let k = ax, then
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Rewriting the integrand by partial fraction expansion,

1 o 1 i 1

(x—i)2(x+i)2 Ax+i) 4z+i)2 4Adx—i) 4x—i)?

We now evaluate the integral by contour integration. The real axis is the contour from —R to
R along the real axis as R goes to infinity. We close the contour by adding the counterclockwise
semicircle arc from R to —R in the upper-half plane. We then have a closed contour and the integral
over the semicircle arc vanishes as R — oco. Thus we have,
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The closed contour encloses the pole zg = i. f(2) = q/(z — 20)® + r/(2 — 20)+non-singluar terms

near z = i, where ¢ = —1/4,r = —i/4. Using the hint given in the problem statement,
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Substituting (2) into (1),
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Simplifying the term of the exponent (details omitted), we will get
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(b) The spectral form of G(x,y,t) for heat flow on a finite interval is

1, Ly, Ze—Ant¢n n( )

We show that the Green’s function satisfies the “time composition” property:
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Since the eigenfunctions ¢,, satisfies the orthogonality conditions:

the only nonzero terms in the products of the two series in equation (3) are the ones corresponding
to n = m. This gives us
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The one-dimensional Schrédinger equation:
v 1 O*w
=————+V(x)¥
Yor T T2 0a2 +V(z)
0, —a<z<a
where V(z) = { Vo, |z|>a

We consider the energy, i.e. the eigenvalue of the ODE which satisfies E > V. We require |¥|
remains bounded as x — oo. Applying separation of variables:

U(z,t) = ¢(z)T'(t)
6T = — L' T + V(2)oT
T 1 ¢//
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We then have
= —iF
— e—iEt (4)

—50" + V(@)= Fo
¢ +2(E-V)p=0
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We only consider solutions for which the energies satisfy £ > Vj. For |z| < a, V(z) = 0,
thus we have ¢ = Acos (kinx) + Bsin (kinz), where ki, = V2E. For |z| > a, we have ¢ =
Cexp(—ikoytx) + D exp(ikoyrx), where ko = +/2(E —Vp). Note that ¢ remains bounded as
|| — oco. A symmetric potential V(x) allows the solution to be classified into two symmetric
classes: either even or odd parity. For simplicity, we set C = 1.

Consider ¢ even, then ¢ = Acos (kinx), for |z| < a. For x > a, ¢ = exp(—ikowx) + D exp(ikoyi).
Requiring the solution to be continuous at x = a:

Acos (kipa) = e koutd 4 peikoura

—kinAsin (kina) = —ikoure " HFeut® 4 ik Detkouta,

Therefore,

Qikoute_lko“ta

A = - -
ikoyt cos(kina) + kip sin(kia)
D = o 2koua Fout = Kin
Z.kout + km
Thus for even parity,
Acos (kinz), lz] <a
Geven () = { e Hout® 1 Dethour g5 g (5)

ethout 4 De=ikou 2 < g,

Consider ¢ odd, then ¢ = Bsin (k;jpz), for |x| < a. For x > a, ¢ = exp(—ikoyx) + D exp(ikoyir).
Requiring the solution to be continuous at z = a:

Bsin (kma) = e*ikouta + Deikouta
kan COS(kina) = —ikouteiikouta’ + /L'koutDeikouta.
Therefore,
B — Qikouteiikouta
ikout sin(kina) — ki, cos(kina)
D — ¢ 2ikowa Hout Kin
ikout - kzn
Thus for odd parity,
Bsin (kinz), lz] <a
¢Odd($) = e—ik’()utilf + Deikoutz, X > a (6)

—ethoutr _ De‘zk"“ix, r < —a.
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Combining equations (4), (5) and (6), we get the solution of the Schrédinger equation:

\Il(x) t) = e_iEt(gz)even(x) + ¢0dd(l‘)) (7)
22
ou  0%u
E = P) bR O<z<m
ou ou

——(0,t) = A(t), —=—(mt)=DB(t

L0, = AW, So(mt) = B(Y)

First we consider the heat equation with homogenous Neumann boundary conditions. It is easy to

show that the eigenvalues and eigenfunctions are
A\p = n?

¢n(x) = cosnz

The Green’s function for the homogeneous system is thus

Gn(z,y,t) Ze "t cos (nx) cos (ny) (8)

We now solve the original inhomogenous system in terms of the Green’s function. We present a
similar derivation to the Dirichlet case (notes pp 99-100).

= 3" ba(t)6n(x)
n=1

1

bn(t) = e /07r dzxpp(z)u(z,t)
bo(t) = % / " o (2)pu(, )

~ 3z [ dou@Eulat)

Using Green’s formula for Strum-Liouville problems,
b
/ dz[v(z)Lu(z) — Lv(z)u(z)] = p(x)(vdpu — udyv)|’

In this case, v = ¢, L = 88—;2 and Lo, = —\yén, p(z) = 1. Then

B(t) = 2 {—)\n /0 " dnga(@)u(z, 1) + [dn(2)O0ulz, 1) — u(a;,t)@x(ﬁn(x)]g}

n

= Anbu(t) + 55 B(O)Gn(r) — A1) (0)]



18.303 Linear Partial Differential Equations — Fall 2009 — PSet5 Solutions 6

Let fn(t) = NL%[B(LL)Q%(W) - A(t)(bn(o)]’

bu(t) = =Aubn(t) + fa(t)
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dt'[Gn(z,m,t —t)B({t') — Gn(z,0,t — t')A(t)]

dt' |Gy (z,m t —t")B(t') — Gn(x,0,t — ') A(t)]
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= /Z /Z /o; drdydze™™* f(x)

Using spherical coordinates and choosing the z-axis in the same direction as the wave-vector k of
the Fourier transform,
k-x = krcoso,

2T
/ / / g~ tkrcosg—r/a,2 4 odrdodl

= 271'/ smgfydgb/ 72 —(ZkCOS¢+1/a)rdr
0
2
(tkcosd + 1/a)?

where k = |k|.

=27 / d¢sin ¢ (Integration by parts twice)
0

1 ™
=27 [zk(zk: cos ¢ + 1/a)2}0

2w 1 1
T ik [(1/@ —ik)2  (la+ ik)Q]
2 dik/a
T ik (1/a2 + k2)2
8ma®

T (1+ a2k2)?



18.303 Linear Partial Differential Equations — Fall 2009 — PSet5 Solutions 7

Thus the three-dimensional Fourier Transform is

8ra3

24

Consider the 2D Laplace equation

V(@) =0 inR
- u(T)]or = —P(7)

Using Green’s second identity,
/ d*x[u(Z)V0(Z) — v(Z)Viu(T)] = / dx[u(Z)n - Vu(Z) — v(@)n - Vu(Z)]
R OR
Choose u(Z) to be the solution to our PDE and v(Z) = Gn(Z, ),
/ d?zu(Z)6(Z — ) = — / dxG N (T, i)h - Vu(T)
R OR
u(@) =~ [ doli Vu@) Gu (@ 5)
OR
_ / 42 ()G x (7, 7)
oR
w(@) = | dy®(HGn (Y, T)

OR

Using symmetry of the Green’s function,

u(@) = /a RLLINEY) (11)




