1. (3.8) Let
B = {(:c,y) RN+ <1,y > O}

and u € C2(B}) N C(BY), harmonic in By, u(z,0) = 0. Show that the function

_Julzy)  y=0
Hiemil)= {—U(E, —y) y<0

obtained by « by odd reflection with respect to y, is harmonic in all of B;.

Proof. Let v be the solution to
Av = 0 in Bl
v=U ondB;.
Now let w(z,y) = v(z,y) + v(z, —y). Notice that Aw =0in By .\'We claim that w = 0 on 8B;. To this
end, let (z,y) € 8B;. First suppose that y > 0. From definition of U, we know that u(z, —y) = —u(z, y).
So w(z,y) = v(z,y) + v(z, —y) = U(z,y) + U(z,—y) = 0. Suppose, now that y < 0. By similarly
reasoning we can see that w(z,y) =0, in this case.

a

Ay
Therefore, on dB;, w = 0. So w is a solution to the problem
Aw=0 in B]
' w=0 on 0B,
Therefore, by uniqueness, we see that w = 0. This means that v(z,y) = —v(z, —y). In particular, we

see that v(z,0) = —v(z,0), and conclude that v(z,0) = 0 = U(z, 0).
Now consider 8Bf = 8, + 8,, where 8 = {(z,y) € B1|y > 0} and 8, = {(z,y) € 8B1|y = 0}. Then
on 01, we know that v = U, and on 82, we know that v = 0 = U. This means that v is a solution to
Av=0 in By
v=U ondBy.

By uniqueness, we conclude that v = U on B_i"
By similarly reasoning with the set B; (the set of points in By below the z—axis), we see that v = U
on B 1 Sov=Uon B, and we conclude that U is harmonic in all of Bi. O

Notice that this argument can be extended to balls of any radius.



Problem 2 (3.8, Harmonic and 12 op R”)

By the Mean Value Property, for any R > 0,

u(x) = v—orim/;m) u(y) dy
Hence |
vol(Bg(x)) /Bg(x) u(y)idy = (/L;R(x) ldy) (/I;R(x) u(y)zdy)

2

= ( / u(y) dy) Cauchy-Schwarz inequality
Br(x)

= (vol(Bg(x))u(x))>2 - Mean Value Property



Problem 3

This gives
/ u(y)? dy > vol(Br(x))u(x)>.
Bg(x}
If u(x) £ 0, then letting R — o0 above we get that the right-hand side diverges, and

/ u(y)* dy = oc.
B3

Hence, if

/ u(y)’dy < =
]E:ﬂ

then w = 0. 2 g e T
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