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2. Consider the problem ‘
2/3
o 4ot d U —Upz =0 2>0,t>0 —_—
- u(z,0) =0 x>0 '
e u(0,8) = g(t) ¢>0
Qé) (a) Using Fourier (cosine) transform solve the problem above where g is continnous and bounded in
gpt -_— L?(0, c0). Prove that this is the only solution.

Let ¢ denote the Fourier cosine transform of u(z,t). That is,
2 o0
(w,t) = ;/ u(z,t) cos (wz)dz.
0

Taking the transform of the pde, we get

Solving, we see that

So we have

u(z, £) = =2 f t cos (wa) ( /0 t g(y)ew”ydy) du.

To prove that this is unique, we first will extend the domain fromz>0toz e R through even
reflection. So if there is another v that satisfies

UVt — Ve =0 .’L‘ER,t>O
v(z,0) =0 zeR
v2(0,8) = g(t) t>0

(note, the even reflection guarantees that v;(0,¢) = 0 because v would be symmetric about z = (.)
then w = u — v satisfies :
W —Wee =0 zER,t>0

w(z,0)=0 zeR
w(0,8) =0 t>0

which has unique solution w = 0. So % = g is the unique solution.



(b) Prove that, without the condition that g is in L? {0 ), the problem above does not have a unique
solution by using the two functions w (z,t) = e sin (2t + z) and ws(z, 1) = —e*sin (2t — z).

Notice that i

wyy = 2e%cos(2t+ 1)
wiey = €e°sin(2t+4 z)+ e cos (2t + )
wizz = 2€"cos(2t+ 1)
and
wy = —2e "cos(2t—x)
woy = e Tsin(2t—z)+e " cos (2 — )
Wogy = —2e *cos(2t—x)

Notice that both w; and ws satisfy u; — Uz, = 0 and u-(0,t) = 0. However, wy(z,0) = e“sin (z)
and wo(z,0) = e~ “sin (z).
We know a solution to

Ug —uy =0 zeR,t>0
u(z,0) = el®lsin(|z]) zeR
ux(O,t) =0 t>0

is given by

wat) = [ eMsin(y)TG— ity
1

o0

. oo 0
= f e¥ sin (y)I'(z — y,t)dy + f e Vsin(—y)T'(z — y,t)dy
0

1

oo 0
f e¥sin (y)T(z — y,t) dy+f e” sin (w)'(z + w, t)dw
0

oo

where w = —y. We can rewrite this as
w(mt) = [ esin) Ole—ut) ~T@+30)dy
o
(Note, we extended the domain from z >0 toz € R, and adjusted the initial condition through

even reflection. This makes w; symmetric around 0, so indeed u1(0,t) =0.)
Similarly, a solution to

Uy — U =0 ) zeR,t>0
w(z,0) = —ePlsin(|z]) zeR

is given by i
sl t) = [ e~Vsin (y) (D@ — v, t) — (@ + 4, £)) dy
1]

(Note, we have again extended the domain from z > 0 to = € R via even reflection).

So the function z; = wy — u; satisfies
2t — Zgz =0 zeR,t>0
2(z,0)=0 zeR
z5(0,t) = sin (2t) +cos(2t) t >0




Similarly, the function Zg = Wz — Ug satisfies

zt—-zm=0 .'L'ERt>0
z(z,0) =0 TeR
2z(0,£) = sin (2t) + cos (2t) ¢ >0

Notice that 2 i
/ (sin (2t) + cos (2¢))%dt = L + f 2sin (2t) cos (2t)dt,
0 4]

which goes to oo as L — co. So the function sin (2¢) + cos (2t) is not L2,
We claim that z; # z,. Consider 21(0,t) and z,(0, ).

z1(0,t) = sin (2t) — /0‘00 e’ sin (y) (T'(~y) — I'(y)) dy = sin (2t)

since I'(—y) = I'(y), Similarly,

Since z1(0,t) # (0, ), we see that 2, # 24, %..g_cve i



Aoi1p

7 o Le,-e— \y Lx, 6 )= Uiy, ) €

L\}( Lt , A;{-!'/ﬂ‘:
Thew g = W& I e
Loethe® i‘Hkt
hxtlt b xtET

U €

wthet
Vg = U i hthx € b
Ve Wiy = emﬂdc (Ut tku ~PUxxZhPUx-L*ou) 7

TU W Ui —p VXX :0} Wwe need Z,LD:é ol [i)‘?*p’ =C
\/

TLIM(; l/\r— __fa ‘/J‘mmg[ !Q e l/
[f‘ L\ qu;( 40 ©
k are jop
f Ut—-DVyx ) - &'g@V{L o Ther

Vv, 9)= {/ux,o)em; g('x)é /20 é&rax) l/

2 vix4)= — f : L
" ?/(‘ﬂf)e 3€ 4pt G%

@bt

hx—fet ;
= uex t) = vix,Hé e,.— =it e

f’x’W)’C by V)
—fetme™ Tl S

£ <0, 3!5W ther) ansiumg  Hopot [G9)] < ,Vga;q

Thus  uox ) g:efﬁx Gyt _m by x-yye
w0t _Jp €0~ FF  @X
Note thast .
when 1 7 ;f"e/ by x-yy 4
—2+of ﬂ«? e=r- 4«% (¥
\/?% T W ad /wwﬁm? leterasool

b b t
y b pondt £, (), MW he. <K Y

for Soe Coutane K / | v ol
. [, . ' | |
Sack +v X, S ce %__,5 e, UWex, t}=0 a4 75_-9”7’;*»@. l/ s



4~ Problem 2.15

Find an explicit formula for the solution of the Cauchy problem

u(z,0)=g(z) ==0

Up = Ugy - z>0,t>0
u(0,t) =0 t>0.

with ¢ continuous and g(0) = 0.

Hint: Extend g to z < 0 by odd rcflection: g(—z)} = —g(z). Solve the corresponding global Cauchy problem
and write the result as an integral on (0,+o0).

Solution: Following the hint, consider the global Cauchy problem v = Uz on R X (0, 00) with initial
condition v(z,0) = h(z) where h{z) = g(z) for z > 0 and h(z) = —g(|z[) for £ <0, and h(0) = g(0) = 0./
The text gives us the solution

' w(r,t) = ] h(y)Tp(x — y,t)dy.
i3

Since on the interval [0, o) x [0, 00) thefroblems in u and v are the same, this function v solves the firlt two
parts of this Cauchy problem. We just need to check that ©v(0,£) = 0. Observe that

v(0,t) = /R h(y)T {0 — ¥, t)dy

Q oD
= f_ AT (-, By + [D h(y)T (= )dy Q

0 oo
=— | h(=2)Tp(—(-2),t)d= +/ R(y)T p(—y, t)dy by the change of vars y — —2 Vl y
e o
o [ o]

B R AL R v

0 0 - ~

= [ r(y)Tp(y,t) — R(y)To(yt)dy=0 by the change of vars z — y. M
0

Thus we have v(0,£) = 0. Finally, we need to write w = v as an intogral over (0,00). Following the same
steps as above, we can turn v = v into the integral

u(z,t) = fnm 9(y) (Tp(z —y,t) ~Tplz +v,%)) dy |/

5 Problem 2.16 .\ 0110

and we arce done.

Let Qp = © x (0,T), with © bounded domiain in R™. Let u € C2H{Qr) N C{Qr) satisfy the equation

up = DAu+ b(x,t) - Vu + c(x, t)u (2)



9. (Z.16) Let QJp = A2 x (U,4') with il bounded domain in B™, Let 4 e T4 Q)N C(Q7) satisty the

equation
U = DAu + b(x,1) - Vu+ c(x, Dy

in @7, where b and ¢ are continuous in Qp. Show that if « 2 0 (resp. » < 0) on Q7 then u >
(resp. u < 0) in Q. '

Proof. We will first prove that if w > 0 on OpQr then w > 0 in @r. To this end, we first simplify
our consideration to the case that c(x,t) < a < 0. So suppose that u(x,t) = v(x, t)e". Then v, =
DAu+b(x,t) - Vu + ¢(x, t)u if and only if

(X, 1)e = e (DAY + b(x,t) - Vo + (c(x, 1) — k) ) l/

Since Qr is compact, we know that ¢ is bounded above by some M. So if we choose & > M, then v
satisfies

vy (x, t) = DAu + b(x, t) - Vo +c*(x, thy ‘/

where ¢*(x,t) = ¢(x, £)—k< M-k <0. Since u 2 0 iff v > 0, we need only consider the case where
c(x,t) <a <0, (as we can simplify the problem to this case through the above procedure, choosing an
appropriate k). : -

Now, we know that u C*YQr). Since Qr is compact, u achieves a minimum at some point (xo, tg).
We will show that u(Xp,t0) > 0. There are three possibilites: (xq,%y) € FQr, (X0,%) € Q x (0,2,
and (xo,%0) € @ x {T}.

Case 1: (Xg,to) S apQT
In this case, we know that u(Xo,to) > 0, by hypothesis. l/
Case 2: (xo,t0) €Q x (0,T)

In this case, we know that Vu(xg,i5) = 0, by the first partial derivative test. 'Furthermore, since
u{Xo,tp) is a minimum, we know that Aufxg, tg) > 0, by the second partial derivative test. We also
know that u(zq, to) is & minimum with fespect to time, so we have (o, to) = 0. Sp we have

b(xg, fg)ﬂ(.’ﬂo,to) = ut(mo,tg) — DA’LL(CED, tn) _<_ 0

Since ¢(xo,0) < 0, we must have u(a:g,tg) > 0. \/
Case 3: (z0,10\€ @ x {T}.



v/

In this case, we have ¢y = T and we must have ut(Zo,%0) < 0, since the function must decrease to
u(zp, T'). Like above, we have Au(zg, tg) > 0 and Vu(zg, to) = D.}o

e(xo, to)u(xo, tg) = ug(Xg, to) — DAu(xg,t) < 0. /

Since ¢(x,t) < 0, we conclude that u(xo, tg) > 0.
So in all three cases, we see that u(Xo, to) is non-negative. That is,

ming—u(x,t) > 0,/
and we conclude that u > 0 in Q.

Ifu <0 on 3,Qr, we could apply the same ideas above but with the function w — —u and would
conclude that on Q7, w > 0 s0 u <0.
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