18.152: Fall 2010
Midterm Exam

Each problem is worth 20 points. Partial credit is given only for statements clearly writ-
ten and following logically.

(5 }P@}xw‘ibj 1. Let D > 0. Use separation of variables to solve the Cauchy problem with mixed bound-

ary data
wlz,t) — Duge(2,t) =0 O<a<m 0<i
u(z,0) = 2sin(z 0<z<w
u(0,t) = ug(m,t) =0 0<t.
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leruml 2. Letu(

z,t) be a solution to the problem

() — Uge (2, 8) =0 D<a<l, 0<t
w(z,0) = sinwx 0<z<1
u(0,%) = 2tel% wu(1,t)=1—coswt 0<t.

(a) Prove that v > 0.
(b) Prove thatu (3,4) < landu(3,3) <2

. !.- /‘(1 :J_,_ 4
- V.f -
| 4 4 ik I
- o A —t 5 L/ (‘l ol
| - M. 20 ¥ -
. M“/}\J?_. U A -ﬁi"\/\nm‘:-l - 1"’" “Owh v )
;o o e '
J ‘[\A‘je, "J"]L, P
o ] % < \/n.__', < A ( )
Jet L) et P L) = 2(1-€)e Tt
'{"r ‘IC oV .~,-..-.r-_,_ /\ o C\ ,.,UU'D/L- V) \ "‘-_{:‘ ' el - {4 = L .
(/\/6-50’ ‘WL' /\¢ Aloere o) g Ove :p, 11, g-'.‘
a
A A j A-4 = :
£ (€} 2 £(%)= te v 1es 15? I MO <L £4 (0,
,—{— ) & —{“ ( l = ) O f ._‘. Tr’ ‘.)
o A Q'?“A’

—‘)\_/‘1
N
\
mn
2
i
™~
—
e,
-2
i
/)
=
&

<& (TLL)
“}\.Z’"HP, (T—) ; (Ic .') OA anch d‘%l (YY\U‘J&M AAANA EHMUJQQH "Wiw“:;

I a
[ 6- me'i:aj

W i 2 ke \ . aa f:l G"gLQ. Gj}ﬂi&{){ |" 1AL ‘-'\/\_’\ L _))‘i‘ 1 lf,\lzaljc_




3. Consider the symmetric random walk on the line we discussed in class. Suppose that
L 2o €+5J a perfectly reflecting barrier is located at the point L = mh + 2/2. By this we mean that
if the particle hits the point L — 1/2 at time ¢ and moves to the right, then it is reflected
and it comes back to L — h/2 at time ¢ + 7. Show that for i,{ — 0 and h?®/7 = 2D,
p = p(x,t) is a solution to the problem

p(z,t) = Dpee(a,t) =0 <L, 0<t
P(l“)‘ 0<a <L
pe(Lt) = B

and moreover explain why it should be that | tdz=1.
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L2 f{'ﬁ'] 4. Let u(z Yy be an harmonic function in R™.
{a) Is w? an harmonic function in R"?

(b) Prove that if F'(z) is a C° function on R and it is convex, then w = F(u) is subhar-
monic, that is Aw = 0.

(c) Is u* subharmonic?
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5. (a) Prove that

1
w(z,y) = 3 sinh(ny) cos{nx)

solves the Cauchy problem

Au, zeR, y>0 6/
U R
= 2cos(nz) z €R,

where n > 1.

(b) Deduce from here that the Cauchy problem for the Laplace operator A is not well
posed, in the sense that there is no continuous dependence from the data.
(Hint: Note that by taking n large one can make u,(x, 0) as small as one pleases. Is
this also true for the corresponding solution u?)

(IZMQ) e a(ﬁ,f)) = 4I’&§@&14(wx)5l'/m& (hq)

Jxx(f{(k’:ﬁ @Tav(m) 51/1,,b;(mj)
:j:)a (";‘j = ‘{,,lf'j Coo(hx) Sim l)(lﬂj) =V DU =0 ¢«
A (x,0) = J.z Simh (0) Covlux) = O “
h
& (= A1 cosh (hy) CosCluy) = A o)
j(_ he J ( )c=o h .
i to J 20 St g0
. N hy ha.
.2 £ Cx ¢ . 5) J
fS(f)%] b) /_ZZW 4) LIQM \Q/‘“\e - Coo(hn)
B -V toy 212 j
i , e i
B e P B R R o
=) oo Wetn “”‘“‘-9’(1

”{m ackoty u sbhilion gy

O 1 cortus) = 0 s o Souss oot @ Ginn € 30

h-

U}CWM lfli,l/!-z % 6«‘\.(6![" G, X) “"4'12667(“2}1)/68 Mﬁ&q %&UAW 5

o ot s !



