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18.152; Fall 2010
Final Exam

Please write only what you want us to grade. The maximum grade you could receive is
100 points.

1. [15pts] Suppose € is a smooth bounded domain, g is a smooth function on  and u is
a smooth solution of

w(o,t) =0 o e t>0

w—Au+yu=0 inzet>0
u(e,0)=g(z)  zeq

with v > 0 constant. Prove that
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forall (z,t) € Q % [0,T, aﬁdT>D.
o ; +
/gw&ﬂtwwé m \/(xl—(;): = w(x‘,ﬂf:\a\“—‘ ‘%, oV ﬂb%!
Vi (x4€) = W, [};’(:Xe_rt_ +pwlx,t)e¥f®
-}
Av (x,£) = Awlxt)e
| e
“Hene V-(;‘sz (M't -'Au"i'bj—“"\e‘ =0
Magy y(C £ )= O 6€ 30 50
v (x,0)= g(x),

%u,, V4 as&rm ;

%V-E_AV :O/ POV 4 C."JL -f;vO

"

v(G6,t) =0 G €232 +20
(xl‘b) =C2}(ﬂ XG—O_

o, Ly P acimmnsnn Pvmcrple (% € ¢ %( € C <00
+bre. ,gvu.)b U&.o:“:e‘;\a‘n wvﬁ&mﬁ,mcﬁ-ﬂ—ﬂﬁ
U»Ub\

S wlxe)e Ce 0. & gwﬂg VY eobre { (( \3’62;"?(”5) Oc';:la t;
Vx4 €.0x EDTJ VT2 V)t =gl
omde VI E) € sup %[xﬂ‘ C_ coo amd Luma !

XG-—O_ .
wlx, eV 2 = Ce ¥ V(%) e nxLOTIVTy0 (2).54 Gomon §C (350,
=) o 0 b dhe clisis |




2. [10pts] Using Fourier transform with respect to z, find the formula for the solution of
the Cauchy problem

u — DAu= f(z,t) zeR",t>0
u(,0) = g(z) v e R,

where D >0, g € L*(R") and f € L*(R™ x R).
Hint: You will need to know that anti Fourier transform of e~ Pt is
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3. [15pts]

s P31 (a) Suppose that u(z, t) is smooth and solves the heat equation
—~DAu=0 z€R" ¢t>0.

Let A > 0. Show that
wslm 1) seul e A%
is also solution of the same equation for all A € R.

EADFﬁ;j (b) Use (a) to show that
“u(z, t) = xVu(z, t) + 2tu(z, t)

also solves the heat equation.
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4. [15pts] Use separation of variables to solve in the rectangle @ = {(z,y) : 0 < z < a, 0 <
y < b} the problem

u(z,0) =0, u(z, b) = glz) 0<z<aq
w(0,y) = uz(a,y) = 0 DZpLh,

{ Au =1 in @
where g € C'(R), and g(0) = g'le) =1,
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5. [15] Discuss the well-posedness of the problem

e, o) = flz) zeR

Usp — Uz = 0 in the set {(z,t) : z >t}
Oou(z,z) = g(z) z€R,

where v = -lﬁ{l, —1), in terms of the function g.

Hint: First write the generic solution u(z, t) = F(z —1t) +G (z+12) and then check when
the conditions are compatible.
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6. [20pts] Consider the linear, second order equation
2z + GMIU + 4u’yy “+ ug 4+ uy = 0.

Spte j a) Classify the equation and find the characteristics. - _
F y q
[ 5“!;..1—,,] (b} Write the equation in canonical form and determine the general solution.
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7. [10pts] Consider the non homogeneous problem

ey + o= f(x,1) zeR, t>0
efz, 0 =0 zeR,

where v is a nonzero constant.

e p
L5 j (a) Using the Duhamel’s principle write the solution for this problem.
ES-PdD] b) Find an explicit formula when f{z,t) = e*sinz.
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