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é(l +1)=1<02c. So % € L*(R). Also, “iHi{Lﬂ) = f(foc_.()) c*dp + -I-(ﬂ.-:'o} e~*dp < o0. So
feH.

I couldn’t show H is complete, bhut will give some starting observations.,,/
Suppose {f,} C H is a Cauchy sequence w.r.t. the metric induced by (-.-)y- Then %
is defined g-a.e. and is in L*(R), for each n. We have
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as n,n’ — oco. Thus {‘{{—:‘} is a Cauchy sequence in L*(R). Similarly, {f,} is also L2-Cauchy.
Since L*(IR) is complete, there exist f, g such that {f,} — f in L2, and {'—%} — g in L%
Let D(f,m)(x) := Lt ljm=J@) o that g{ = lim,y00 D(f, m) = lim D(f.m) whenever

1/m =m—oc
j—{ is defined. For au fixed m, note that f,(x+1/m) = f(a+1/m) in L? as n — oo, since by
translation invariance of p, [ o |ful@+1/m)— fla+1/m)|2dp = Joew [ fu() = fl2)Pdp — 0,
Thus D(f,,m) = D(f,m) in L? as n — oo.
We would like to show that % = g (p-a.e.). One thing that would suffice to show this
is if [, |% — gldp = 0. Unfortunately I don’t know how to use the facts gathered to show
this.

(c) First, suppose f,g € M := L*((-1,1))NC((=1,1)) (i.e.. L? w.r.t. Lebesgue measure,
denoted p) and o € C. Then, ||f+ag|l2 < ||fll2+ ||ag|ls (Minkowski) = |[f]2+ |a]- [lg]|2 <
oo, so f +ag € L*(—1,1)). Also, f 4+ ag is continuous by the usual closure properties
of continuous functions. So f + ag € L*((—1,1)) N C((=1,1)), and M is a subspace of
L3((=1,1)).

Al is not closed, however, as the following example shows. Let f : (=1,1) = R he the
sign function: f(z) := x/[z| if 2 # 0, and f(0) := 0. f is not continuous, hence not in
M. (Technically, we need to argue that the p-a.c-equivalence class of [, that is, the class
of functions f which equal f p-a.e., has no representative in A{. This is simple: if f =f
p-a.c., then for every ¢ > 0 there exists an a € (—¢,0) where f () = f(x) = —1; similarly,
for every & > 0 there exists an 2 € (0,¢) where f(x) = f(x) = 1. So f is discontinuous at
+ =0 and is not in M.) On the other hand, for n > 0 consider f, : (—1,1) = R given by
fulx) cna if |x] < 1/n, folx) = af|2| if |2| > 1/n. Clearly f, € M, since f, is continuous




