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H. we have

[l = (w, w) =" azaj(v;, v;)

i<m

= Z |oi|* (by orthonormality)

i<m

= Z |(w, vi))?

1<m

= [lo(w)|[*.

This shows that ¢(w) = 0 iff w = 0, so ¢ is injective; and it shows that ¢ has operator norm
1. Also, we verify that ¢ is invertible, with the formula e Hay, ..., tiy) = ZKM av; € A
(so that in particular ¢ has image equal to all of CV), and

oY ay,..., f,l-J-)H2 = (Z Q;v;, Z a;v;)

i<m i<m
= Z |(1j|2
i<
= |I(e, ..., )|

Now suppose {w, },s0 is a Cauchy sequence in A/. Since @ is a bounded linear map, {o(w,)}
is Cauchy in ¢(A/) = C™. By completeness of C", {¢(w,)} = v for some v € C™. By the
boundedness of ¢=!, we can apply ¢! to hoth sides to get {w,} = {¢7Y(p(w,))} — o) €
M. Thus {w,} converges in A, and A is closed.

(b) First we show H is a subspace of L2*(R). Clearly if f.g€ HC L*(R) then f+ ag e
L*(R). Also, we have

d . o df dg
”E” +ag)|l = ”E +r.1a“2
(linearity of d/dx)
df dg
< [1=][s o I | s
< Mgl +lal - {12211

{(Minkowski)
< oo,

since f,g € H.

limg g (e™*—e™0) /2 = r—&(rﬁ‘") = —e’ = —1, while lim,_,,- (f(®)=F(0)) /2 = lim,_g+ (== —

e )je=Le) =" =1.
We have f = ¢™ on (0,20), so % = —¢™" on (0,00). Similarly f = ¢* on (—00,0), so0

% = ¢’ on (0,00), and [ fl 2wy = f(ﬁoo..ll) e*dp + | e~y = 2le®e . — sle=e =

The function f(z) = e~ is not differentiable at zero, since lim,o+(f(2) — f(0))/a =

(0,c) e
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