Claim 4.3. The space X is locally compact Hausdorf.

Proof. The space X is metric, and therefore Hausdorff. V
As shown above, every point {z,y) has a nmgbboﬂlood {z} x R homeomorphic to R in the usual
topology, which is locally compact. Hence, so is X. O

Claim 4.4. For any function f € C.(X), the set Af {r € R: f(x,y) # 0 for somey € R} is
finite.

Proof. If f € C.(X), then there is a compact set C' C X containing the support of f. Hence,
Ap C Ac. By the lemma above,A¢ is finite. Thus, so is Af. O

Define the functional A on C.(X) by
AP =D / T, y)dy
TEs l_f

Let y be the measure given by the Riesz Representaion Theorem, and F = R x {0} C X.

Claim 4.5. For any x € R, the restriction of p to {x} x R gives us the usual Lebesque measure on
R. ;

Proof. Riesz representation theorem says that the measure p is the unique measure such that
functions f compactly supported on {z:} x R have

00
/ [z, y)dy = / fdu
J o J{x} xR

hence, it has to be the Lebesgue measure. a
Claim 4.6. For any compact subset C' C E, we have p(C) = 0.

Proof. As C C F, then, as sets, C = Ax. Hence, C is a finite set.
Let U = C' x (—¢,¢€). Hence,

#(C) < pU) =) p(—e,€) = 2e4C
zeC
for any € > 0. Hence, p(C) =0. / O
Claim 4.7. The measure u is such that p(E) = +o0.

Proof. It is enough to prove that every open set containing U > E has measure 4+-co. Indeed, then
wE) = mf ;L(U) = +00

Let ny = p(U N {z} x R). Note that U N ({L} x R) is a non-empty open subset of R, hence its
Lebesgue measure n, is not zero. For every m € N, let
Fon={z€R:n; >1/m}

Note that R = Up,enFy, because for every x € R, there is m such that n, > 1/m. Hence, not
all Fy, can be finite, otherwise R would be countable. Pick mg such that F,,, has infinitely many
elements.

Hence, for every N € N, we can pick x1,x0,...,z5y € F, and

N N
w(U) 2 p(OR (U N o} x B) = S a0 0 ({zid xR) =S ngy > N x 1/m

i=1 i=1

As this is true for every IV € N, we have that p(U) = +oco, as we wanted to prove. |
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