is the product of two real valued continuous maps, thus it is continuous itself.
Moreover, we know that pg{xz) > 0 for any z € X, E C X. Hence,

. 0 < palz) < palz) + pp(=)
what implies f(z) € [0, 1], what completes the proof of (1).
(2) If a € A, then pa(a) =0 = fla) =0.
(3) If b € B, then pp(b) =0 = f(b) = % =1.
and we are done. O

Proposition 1.4 (Constructive Urysohn’s lemma). If X is a metric space. then any two disjoint
closed sets can be separated by a continuous function.

Proof. By the claim above, given any two disjoint closed sets A, B, the function f defined hy (1)
separates the sets A and B. O
I\ /o < Erercise 2. Assertions (a), (0), (d) are true, while assertion is false.
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(a) and (b): Both assertions are true. Indeed, if fi, fg are real-valued functions, then,
{fi+ f2 <a} =Uger{fi < BYN{fi <a -3}
{fi+f2>a}l =Uper{fi > B} 0 {fi > -5}
Hence, as a finite intersection of open sets is open, and an arbitrary unions of open sets is
open, we conclude that f; + fo is uppel (lower) semicontinuous if both f; and f» are upper

(lower) semicontinuous.
(c): This assertion is false. For example consider the functions

1 <zr<
fn(.’l?) = { B sy n+1 Z 1/71

0, else.

Then, each function f, is upper-semicontinuous, but f(x) =3, fu(z) is such that

{f <1} = (-00,0]
is not open. Hence, f is not upper-semicontinuous,
(d): Let g = fi+ fo+ ...+ fa. By (b), we know that finite sums of lower semicontinuous
functions are lower-semicontinuous. In particular, each g, is lower semicontinuous. Let
flx) =3, faulz). As f; are non-negative,

f(z) > a <= 3n such that g,(z) >
Therefore,
{f > a} =Unen{gn > a}
is a union of open set, and therefore open. Hence, f is lower-semi-continuous.

~

<c /2 Erercise 3. Let X be a metric space with metric d.
(1) Let 0 < g1 £ g2 £ ... be a non-decreasing sequence of continuous functions. Let f =
limy—y00 gn. Then, for any a € R,
{f > O!} — UHEZ{Q?L > Cl.’}

is open. Hence, f is lower- semicontinuouc;
(2) Conversely, suppose that f : X — [0, 00] is lower-semicontinuous, and f(p) < co. Define

gn(-'c =(}g_§_{f(q + nd(z,q)}

Claim 3.1. The function g, is continuous.
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