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GABRIEL BUJOKAS

1 Ezercise 1 (Constructive Urysohn’s Lemma). Let X be a metric space with metric p. For any
Lo / {S non-empty subset £ C X, define

_ pr(z) =inf{p(x,y)|ly € E}.
Claim 1.1. The function pg is uniformly continuous on X.
Proof. T'ix € > 0. Then, for § = ¢ > 0, for any x,y € X such that p(x,y) < 4,
() — pe(y)] =| inf p(x,e) — inf p(y, e
lpE() - pe(Y) = Inf plz,€) — inf p(y,e)|
< i ' € — inf p(y,
=l mflp(e,y) + p(z,y)] inf p(y, el
=|p(z,1 inf y) — inf p(e
|p(z,y) + 1nf ple,y) — inf ple,y)|

=plz,y) <d=¢
Hence, f is uniformly continunous. ‘l O
Claim 1.2. Let E C X. Then

pe(e) =0 < ec E
Proof. Note that

pele) =0 <= Vec R, e>0,3c € E st p(z,e) <e

1
<= Vn € N,dr, € E st. p(z,,e) < —
n
<= Vn € N,dz; € F s.t. the sequence z; converges to e
=se€l O

If A, B C X are disjoint closed subsets, define
palx)

e 0= @ + s
Claim 1.3. The function f defined above is such that

(1) The function f is continuous, and f(X) C [0,1].

(2) For anya € A, f(a)=0.

(3) For any be B, f(b) =1.
That is, the function f separates A and B.

Proof. Note that ps(z) + pp(z) # 0 for all z € X. Indeed, pa(z) + pp(z) = 0 = pa(z) =
0 and pp(z) =0 = xz € ANB = AN B = g, contradiction!
Hence, the function = — pa(z) + pp(z) is continuous and non-vanishing. Therefore, the map

z =+ (pa(z) + pp(x))~! is also continuous. Finally, the map
. palz)

z— fz) = —————
pa(z) + pp(z)
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