that #/ C ' C G and u(G\F) < e. Then, G is closed, F is open, GE C I'C C FC and
(FO\G®) = u(FCNG) = u(G\F) < e. SoTC € B. Finally, choose {T,}2, C B and
€ >0, and let I' = U2, I';. Then, for each T, we have closed F, and open G, such that
Fo CTy C Gy, and u(G,\Fp) < 27%. Let G = Upe1Gr, By = Up_ Frp, and F = U2, F,,.
Clearly, G is open, and F), is closed for all n. Also, FF C " C G, and by Theorem 3.1.6,
p(G\F) < e. Since F, /' F, again by Theorem 3.1.6, w(Fy) 2 w(F), and there exists ng
such that u(F\F}) < e for all n > ng. Combining these, u(G\F") < 2¢ for large enough n,

and I' € B. Thus, B is a o-algebra.

Furthermore, choose I' to be open. Then, choose G =T, and let

F,={z€E: inf p(z,y) > 27"}
yerc

Clearly, F€ is open, so F, is closed. Also, F,, C F,y, and F,, 2 T. Choose € > 0. Using
Theorem 3.1.6, p(T'\F,,) < € for large enough n, and p(G\F,) < ¢, implying I € B.

Now, choose I' € E”E and € > 0. Then, there exist A, B € Bg such that A C T C B
and p(B\A) = 0. Since 4, B € B, there exist Fy, Fg, G4, Gy such that w(Ga\Fa) < ¢
and p(Gp\Fp) < e. Using Theorem 3.1.6, u(A\F4) < e, u(Ge\B) < ¢, and u(Gp\Fy4) =
#((Gs\B) U (B\A) U (A\F4)) < 2. Thus, F = F4y and G = G satisfty F C ' C G and

1(G\F) < 2, I' € B, and B = B, O

Problem 3.5

Proof. Let B = {I" € By : @~ Y(T") € B;}; I will prove that B is a o-algebra. It is obvious
that § € B. Also, since ®(T'°) = ®~Y(I')° € By, and B is closed under complementation.
Also, consider {T',}52; and I' = U, T'y; then &~ 1(T) = U, &1(T,,) € By, and B is closed
under countable unions. Thus, B is a o-algebra. Since B D C, and C generates Ba, By C B.
Thus, for every I' € By, I' € B, and & 1T) € B,.

Let C be the topology (collection of open sets) on topological space Es. Since @ is continuous,
the inverse image ®~' maps open sets to open sets, and ®~1(G) € B, for all G € C. Since the
Borel algebra B, is generated from C, we can apply the first part to show that o~HG) e B,
for all G € Bs. '

Finally, choose z € RV, and let & : T € RY = I — 1. Clearly, ® is continuous, and
®Y') = 2+ T. Then, applying the second part, z + I' € Bz~ for all z € RY and
r € BIRN- U



