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B, C G, with closure B,, also a proper subset of G, (just choose a ball a little smaller than
the largest possible open ball for that point). Since B, is a non-empty open subset of R,
Gns1 = By N Uy, is also non-empty (and open). Furthermore, G,., C B,, and B,.; C B,.
Since R is complete, N2, B, is not empty. Since B, C (GNU,), N2, B, C N, (GNU,) =
GN(NpL,Ux), and GN (N2, U, ) is not empty. Since this intersection is non-empty for every
non-empty open subset G of R, N2, U, is also dense in R.

Step 2: Assume @ is a G set. Thus, there exist open sets {U,}52, such that Q = N, U,.
Since @ is dense, for any open subset G of R, GNQ # @, so U, NG £ § for all n, and all U
are dense as well. Define @,/ as in part (b); R\Q1/, is open (see proof in part (b)).

I claim R\Q1/, is dense: let G be a non-empty open subset of R. Suppose G C R\Q1/n, in
which case the intersection is trivially non-empty. Otherwise, there exists m € Z such that
m/n € G. Then, since G is open, there exists a non-empty open ball with radius r < 1 /m in
G, containing m/n. Thus, m/n + /2 is in G and is not in Q1,. Thus, G NR\Q; /n 18 DOt
empty, and R\@y/, is dense.

Since R\Q1/n is dense and open, and Q N (R\Q) = (N2, U,,) N (N, (R\Q1/n)), using Step
1, QN (R\Q) is also dense. However, Q@ N (R\Q) is obviously empty, which is a contradiction
(an empty set cannot be dense, since the intersection of any open set and the empty set is
empty). Thus, Q is not a Gy set.

Step 3: Choose n > 1, and let B, = U™__ 2N, B(m/n, 1/3) where B(m/n, 1/£) is the open
ball centered at m/n with radius 1/¢. Since B, = N, U"__ , B(m/n,1/£) is the infinite
intersection of open sets, B, € &; for all n. Also, let g =a/beQ (b€ Z*, a € Z). Choose
positive integer ¢ > |a|/b‘“’; then, |a| < b, |ac| < (be)?, and g € By.. Thus, Q C UX B,
'To prove the other direction, let z € U5, B,. Then, there exists n such that = € B,. Using
the definition of B, there exists integer m such that |m| < n?% and z € N2, B(m/n,1/0).
Suppose z # m/n; then |z —m/n| > 0, and z ¢ B(m/n,1/f) for £ > 1/|z — m/n|. Since
this results in a contradiction,  must equal m/n, in which case z € Q. Thus, wee . B, C Q.
So @ = U8, B, and using Step 2, ®; is not closed under countable unions. O

Problem 3.2

Proof (a) For B to be a o-algebra, § € B, and B must be closed under complementation and
\ountable unions. Since § C RY, § € B by definition. Suppose U C RY. Since UC C RY by
definition (complement taken with respect to RY), U% € B. Finally, suppose {U,}>, C B.
Then, U2, U, CRY, since U, C R¥, and UX,U, € B. Thus, B is a o-algebra.

Now, for p1 to be a measure on (RY, B), p1(0) = 0, and pq (U T,) = 320 | (T for all
{L,2,; C B such that TV Py = (Z} for m # n. Clearly 0 is ﬁmte and has zero elements
in it, so (@) = 0 by construction. Now, suppose {T',}22, C B such that Iy N Ty = 0
for m # n. Suppose all ', are finite; otherwise, U I, is also infinite, and countable
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