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18.125 Homework #3

Daniel Weller

2/19/10

Problem 3.1

Proof. (a) To be a topology, §, F € 7, and T must be closed over (finite and infinite) unions
and finite intersections. Clearly, § and £ = R = pei[—7n,n) are in 7. Suppose u; =

Ual@a; ba), us = Ug|ag, bg) € 7. Then, uq Nuy = Ua,g([aa, ba) N [ag, bg)). The intersection of
two half-open intervals is another half-open interval:

maxia,ct, min{b, d maxia, c} < min{b, d}:
001 o) = { (e chmins, ), max{a,c} < minb, d)

0, otherwise.
Thus, u; Nus is a union of sets in To, 80 U1 MUy € 7, and by induction, 7 is closed over finite
intersections. In addition, for any {us,} C 7, any union Uqe 1s a union of unions of sets in
To, 80 Ualie € 7 as well. Thus, 7 is a topology.

(b) Given n € Z*, let Qi = {m/n :m € Z}. Then, Q = Une1Q1/m, and R\Q =
Nz (R\Q1/). So, I will prove R\@1/» is open and use the definition of &; to show R\Q is
a G set.

Choose n € Z*, and let z € R\Q1/5. Then, by the least upper bound property, there exists
m € Z such that & < z < ™+ Thus, the open ball B(x, min{z — 2, 2l _ 21 contains
and is contained in R\ @, /n- Thus, z is an interior point of R\Q1/r. Since this is true for all

TE R\Ql/ﬂ? R\Ql/n is open.

Since R\Q1/, is open, and R\Q = Maz1(R\Q1/»), using the definition of &, R\Q is a G5
set.

5 (c) Step 1: Choose a non-empty open subset G C R. Then, to prove M2, U, to be dense,

I need to show that the intersection with & is not empty. Since U; is dense, G; = G N[
is not empty; since U; is open, and G is open, G is also open. Suppose for n > 1, G,, is
non-empty and open. Then, around any point in Gh, there exists a non-empty open ball



