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over the remaining intervals and is at most T Asi < 5. Thus by restricting
the mesh size we can keep cach cover’s possible Riemann sums arbitrarily
close together.

Suppose now that €' is a refinement, of €, with corresponding choice
functions & and £. Suppose 1 € ¢ splits into /; € €’ and consider the error:

HEINA = ) 7 plE€' (1)) A

L

= Z (A1) — @(€'(11))) Ay

The crucial observation here is that the ¢(&'(1)) all lie within the range ol
possibilities for ¢(£(7)), and so the error between a cover and its refinement
is less than the error between sowme two choice functions of the coarser cover.

Now if we're given € > 0, fix n mesh sizo limit § > 0 such that for any
two choice functions over the same cover € witl, [ICl] < &, the difference in
the resulting Riemann sums is less than 5 Given two covers Cy and C» with
mesh size less than §, let € be their common refinement, We then apply the
triangle inequality:

[R(pl:C1:€1) = Riol:Ci€})] <

|R(]1h: Co; &0) — R(ol:C;&)| <

T NCT Y

IR(AW:Cri&1) = Rl Ca; &) < e

Thus ¢ is ¥-Riemann integrable.

4 Composition with a continuous map

“Since ¢ is continnons and defined on a closed interval, its image is (closed
and) bounded: thus @ o [ is bounded. Furthermore, ¢ is uniformly contin-
uous: that is, given ¢ > 0 there evists ¥ > 0 such that v —y| < ~ implics
() — ()| < e.

Let ' > 0 be smaller than both v and ¢, and apply the previous problem
to f. That is, take & > 0 such that if [IC]| < 6, then:

Z Arp <o
1€Csup; f—inf; f>!
By uniform continuity of ¢, for I € C:

supgo f — i!}l' pofZe=supf—inff>
I I 1

Henee:

Z Arp <+ <e

TeC:sup; dof—int; @of>e

Using the previous problem again, we conclude that ¢ o fis ¥-Riemann
integrable,



