The integrals, il they exist, must be the suprenums of these; hence we have
an inequality of integrals as well. By symmetry the same applies to g, so:

() /J'(.fv.q) dz > (/] f 1) ( fJ p rl.v:)

The analogous result for f A g follows by flipping the signs of f and g; and
if f < g this reduces to the statement that:

[ ran < [
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If @ is ¥-Riemann integrable. then there exists a number A such that for
any € > 0. a mesh size limit § can be chosen so that for all admissible covers
with [|C]] < d. we have:
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|R(rj)hj.';c;£) _ Al < I

In particular this implies that for any two choice ctions. the resulting
Riemann sums differ by no more than % . Consider now the sum:

F
—A f,f,‘
E 9 I
Telsupy ¢o—inty o>e

Since on these intervals the supremum and infimum of ¢ differ by at least ¢,
some two choice functions exist that differ by more than £ on these intervals.
Hence lor appropriate & and &», this is less than:

¥ (B(E(T)) — d(&AD))) A g
TeC:supy ¢—infy ¢>e

This is less than the sum over all I € C, which is merely the difference in

2 ey
the Riemann sums and is therefore less than . Dividing through by

Z Apih < e

IeCsupy o—infy o>e

., we
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have:

To prove the other implication, suppese this inequality holds for some
a37 = 0. where Al is chosen to be greater than hoth 1 and A jib. Then in
estimating the diflerence between two Riemann sung over the same C, we
split the following sum in two:

D (BE(D) = dl&aAD)) Arep

lec
Omne sum will be takeu over intervals I for which sup; ¢ —inf; ¢ > 557, This,
by the inequality we assume, is less than 557 The other sumn will be taken



