2.b  Combining functions

First we will show that given Riemann integrable f, its absolute value | f| is
Riemann integrable. Given e > 0, take § > 0 such that Riemann upper and
lower sums of [ over C with mesh size less than & lic within ¢ of each other.
For such a cover C, cousider the difference:
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Fix a rectangle 1. If f has the same sign over all of 7, then:
sup(—f) —inf(—f) = — (inl’ | —sup _]‘) =supf —inf f
I 1 ! I I 1
[f f does not have the same sign over all of 7, then:

sup|f] —inf |f| < sup|f| < sup f —iuf f
I { 1 I 1

Hence if we s over all I € C, we have:
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This is just equal to the difference bhetween the Riciann upper and lower
sums of f. which is less than ¢ by our choice of C. By choosing ¢ to be
arbitrarily small we thus find upper and lower sums arbitrarily close to each
other. Therefore (1.1.4) is satisfied:
sup L(f;C) = il U(f:C)
C C

Thus | f| is Riemann integrable if f is.

Linearity of the integral follows [ron linearity ol Riemann sums: since
Riemann sums are taken over finite covers, we are free to remrrange them:
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Let A and B be the Riemamn integrals of f and g, respectively. Apply the
triangle inequality:

[R(af + Bg;C; &) — aA + BB|
= [aR(f;C;€) + BR(9:C: &) — aA + B
< el [R(f;C; &) — Al + 8] [R(g:C;€) — B

For € > 0, if we take the mesh size so that |R(f;C; &) — 4| < gfa—l and
R(g;C;€) — B| < a7 this will be less than e. It follows from this that the
integral of a f + Ag 18 merely ad + 45.

Now we can write fV g as H%If—gl and see from the results above that
it is Riemaun integrable. Since f < fV g, for any C we have the inequality
of Riemann lower sums:

Lf:C) < L(f v g:C)



