We subtract ¢(a,,)dy and rearrange terms:

ST — ) + (00 — ) — Ot — y)

=9t (T — oY) + ¢ (Y — ) + e — ")

By our chuice of §, each of the differences in values of ¢ is less than 2re.
Having taken Af as a bound on 4, the absolute value of this expression is
less than G6Afre = e

At the endpoints ap and a,, the arithmetic works out similarly; we end
up with one of the following:

(" = o) + V(" — o)

(" = ¢7) + 90> — ¢")

Thus each endpoint also contributes less than 5= Adding everything to-
gether for all the a,,, we see:

e(n+1)

R(q')l*u'.-‘;C’;{f’) " er)(ﬂ-dem < 2

Now what remains to be done is reconciling the Riemann sums over C
and C'. At each point a,,. if the interval T € C countaining a,, did not have
am as an endpoint, it became two intervals in €', Fix € € =E(C) and choose
§' € Z(C') by setting (1) = &(I) for 1 in both € and C'. Then the Riemann
suins differ only over intervals that were split.

At cach point a,, lving in a split interval [ C, the relevant term in
Roft: C; &) is p(E(I)) W (am+) — ¢(am—)): and the terms in R(p|; C"; £
arc as belore. Adopting the same abbreviations as before, we subtract and
rearrange terms:

B = 40) 67 (00 = §) — B (6 — o)
=T (B(E(T) = ") + 47 (0" — G(e(1) + 0 (p™ — ¢7)

Again since all the points at which ¢ is evaluated lic within & of tm, the
absolute value of this expression is less than 6M e = 5 Since the intervals

at the endpoints ag and a, couldn’t have been split, there are at most n — 1
points which will contribute something to this difference. Hence:

(0 — 1
[R5’ €) - Righysc:)] < L)

Combining these inequalitics using the triangle inequality, we finally have:

e(n -1 (n—1
(n+1) , en=1) _
2n, 2n

€

‘R(qﬂ'q": C;€) — Zq’)((f.m)d-m <



