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Conversely, suppose » 07| 53 < oc. We will show that every sequence in 57 has a
convergent subsequence, which implies Sy is compact. Let {fi}$2, be a sequence in 5.
Taking inner products with u; gives a sequence {(f;,u1)}. Because {(fi,u1)} lies in the
compact set {z € C : |z| < 41}, it has a convergent subsequence. Let { fi(l)} be the
corresponding subsequence of {f;}. In a similar fashion, for each &k > 0, inductively

choose a subsequence { fi(Hl)} of { fi(k)} such that {( fi(kH}, Uj4+1} converges.

Let g; = fi(i). We claim that the g; form a Cauchy sequence in 57. Let € > 0, and choose
N such that 3, . 62 < €/2. For each k, there exists an Afy, such that |(gm — gn,ui)| <
V€/2N for n > m > M. Then, if n > m > max(M,..., M), we have
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”.{]n = gm”2 = E I(g-n = gm.y"-l"i)fg <N ﬁ + . E |(gn = Om; '“i)lg =€
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Hence g, is Cauchy, and therefore converges to some g € H. Because {(gn, u:) — {g, 1)

for all i and |(g,,u;)| < &; we conclude |(g,u;)] < d&;, which implies g € S;. So any
sequence {f;} in 57 has a convergent subsequence {g;}, showing that S is compact.

Let L : L'([0,1]) — C be the functional Lf = ]01 fdx. This map is linear, and it is bounded,
since |[Lf| = |f fdz| < [|f] dz = ||f]|. Hence L is continuous, and since M = L)), 1
follows that A is closed.

M is certainly convex: if f,g € M and 0 < A <1, then L(Af+(1—-X)g) = ALf+(1—-\N)Lg = 1.
Finally, if f € M, we have ||f|| =2 |Lf|] = 1. So all elements in M have norm at least 1.
However, infinitely many f € M have norm exactly 1; for instance, the scaled characteristic
functions f, =a™t- Ljo,q) lie in A and have norm 1 for all a € (0, 1].

. From linear algebra, we know X x Y is a vector space, so it suffices to show that ||(z, y)|

is a norm and that the associated normed space is complete. First, we verify |[|(z,y)| is
a norm. For all (z,y) € X &Y we have |[(z,9}]| = ||lz|ly + lvlly = 0, and |(z,y)|| = 0
implies [|z]|y = |lylly = 0, so that (z,y) = 0. Scaling is OK, as [la(z,y)| = [|(cz, ay)|| =
x| s -+ [laylly = |a] - [|(z, ¥)|]. Finally, we have the triangle inequality:

y < llllx + llallx + llylly + 18lly = (=, )]l + lI(e, 0)]] -

(2, 9) + (@, 0)l = lz +allx + lly +2
So we indeed have a norm.

For completeness, suppose that {(z,, y,)}5%, is Cauchy in X&Y' Since ||[(Tm, Ym) — (Tn, Yu)|| <
| zm — @nll v, the sequence {x, }52,; is Cauchy in X, and hence converges to some z € X. Sim-
ilarly, {ya}32., converges to some y € Y. But [|(z,un) — (2, 9 = ll2n — allc + v — vlly,
which converges to 0 as n — 00. S0 (Tn,yn) — (z,y) € X &Y, and we have shown X @Y is
complete.

Tor the closed graph theorem, suppose x ++ Az is continuous. Then the map A : (z,y) —
y — Az is continuous, implying that A~1({0}) = T(A) is closed.

Conversely, suppose I'(A) is closed. Now T'(A) is a vector subspace of X x Y if (a, Ax),
(y,Ay) e T(A) and o, 8 € C, then

oz, A(z)) + By, Aly)) = (ax + By, Alaz + By)) € T(A)
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