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1

Let K :[0,1]> — R and g : [0,1] — [~1, 1] be continuous. Then

/ K(fU,y)g(y)dy—/ K(fc,y)g(y)dy‘S/ |K (2, y) — K(Z,9)||g(y)| dy
0 0 0

< sup |K(z,y) — K(z,y)|
y€[0,1]

Suppose we are given € > 0. Since K is continuous on a compact set K is uniformly continuous.
Thus there exists § > 0 such that

|:E_j| <6 = sup ‘K($7y)_K(‘%ay)| <e,
y€[0,1]

which shows that the family F considered in the question is equicontinuous.

2

Suppose we are given € > 0. Since (f,) is a sequence of equicontinuous functions there exists a
6 > 0 such that for all n € N,

d(z,y) <0 = d(fa(z), fn(y)) < €/3.

Since K is compact there exists x1,...,x, € K such that
T
| Ns(ai) = K.
i=1

For each i € {1,...,r}, (fn(x;)) converges and is therefore Cauchy. So there exists an N € N such
that for each i € {1,...,r}

Let z € K. Choose i € {1,...,7} such that d(z,z;) < §. Then

n,m >N = d(fu(r), fm(2)) < d(fn(2), (i) + d(fa(@), fn (i) + d(fm (@), fn(2)) < €.



Thus

n,m =N = sup d(fu(z), fm(z)) <€
zeK

This shows that (f,,) converges uniformly by the Cauchy criterion.

3

Let f:[0,1] — R be continuous and suppose that fol " f(x)dx = 0 for all n € N. From linearity

of the integral we deduce that fol p(z) f(x)dx = 0 for all polynomials p. Weierstrass’ theorem says
that we can find a sequence of polynomials (p,) converging uniformly to f. Since f is bounded
(pnf) converges uniformly to f2. Then

[ st — [ sras

giving fol f(x)%dx = 0. Since f? is positive and continuous this implies that f2 = 0 and so f = 0.

4
Let X be a metric space with metric d. Fix a point a € X. For p € X let

fp(z) =d(z,p) — d(z,a).

d(z,p) < d(x,a) + d(a,p) implies fy(x) < d(a,p) and d(z,a) <

d(a,p) so that |f,(z)| < d(a,p). Similarly, |fp(z) — fp(y)
implies f, is continuous. Hence, f, € €(X).

d(x,p) + d(a,p) implies —f,(z) <
|d(z,p) — d(y,p)| < d(z,y) which

|fp(z) = fo(z)] = |d(z,p) — d(x,q)| < d(p,q) and f,(q) — f4(q) = d(p, q) so that | f, — foll = d(p, q).

Y is complete as a closed subset of a complete space.

5

Let
e~/ when x £ 0
flw) = { ’

0 when z =0

We may prove by induction that there exists polynomials p,(x) and integers 7, € N such that for
x#0
F (@) = a7 pu(a) f ().

Suppose inductively that £ (0) = 0, where n € NU {0}. Then

(M) (z) — fn) ") (z
f(n+1)(0) — lim F(@) = 1(0) = lim I ): lim =™ 1p,(2)f(x) =0

z—0 xT r—0 T rz—0

since exponential decay kills polynomial growth.



6

(The question is wrongly stated.)

Let f : [0,1]> — R be continuous and suppose that % : [0,1]> — R exists and is continu-

ous. By definition
d [! Y+ hy) - fz,y)
— dy = 1i d =2 d
dx/o f(@,y)dy hglo/o 3 Y

and

/laf@,y)dy: Lo f@+hy) = f@y)
0o Ox 0

dy.
h—0 h y

Thus in order to prove

d (! Lo
& | ey = [ i

w converges to %(w,y), uniformly in y, as h — 0. This

is true because the mean value theorem gives a &, € (x — h,x + h) such that w =

%(gm,y, y) and because %(m,y) is uniformly continuous.

it is enough to argue that



	
	
	
	
	
	

