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f R JTS R LVUWQYX�X R X�NPL[ZY\PQY]G^_L%HKX

[0, 1] `�R NMO ∫
1

0
fdx = 1.

CaOGH ` NMOBQ/NNPO�L[\ML%Lcb R J�NMJdJ�HKUeL
c ∈ (0, 1)

J�EGfgOhNMOBQ/N ∫ c

0
fdx = 1

2
.ikj9lnm?o,pqj9rIs#t LvuBXGL

g(x) =
∫ x

0
f(t)dt. wyx NPOGL&z{EGXG|BQ/UeLVX}NPQY^�NPOGLVHK\MLVU~HYzGf[QY^�fVEG^�EGJV�

g R J�f[HKX�N R X}EGHKEGJHKX
[0, 1]. � OGLVX

g
UeQYFGJ�NMOGL�f[HKXGX�L[fVNML[|�JMLVN

[0, 1] R X�NPH�Q�f[HKXGX�L[fVNML[|�J�LVN[��QYX R X}NML[\ �YQ/^q��QYXG|�J R XGf[L
g(0) = 0,

QYXG|
g(1) = 1,

NPO�L[\ML�U�E�J�N%Lvb R J�N c ∈ (0, 1)
JME�fgO�NMOBQ/N

g(c) = 1

2 � R X�NML[\MU�L[| R Q/NML��/QY^�EGLFG\�HKF�LV\�N x��v�
57698;:.<0=?> �kATCaE�FGF�HYJMLDNPOBQ9N

f : R
2 −→ R R J�f[HKX�N R X}EGHKEGJdQYXG|�]IHKEGXG|GLV| � CaOGH ` NMOBQ/N�NPO�L7J�LVN

{(x, y) ∈ R
2; f(x, y) = x2 + y2}

R J�Q�fVHKUeFGQYfVN�J�EG]GJMLvN�HYz
R

2.ikj9lnm?o,pqj9rIs#t LvuBXGL
g(x, y) = f(x, y)−(x2+y2). � OGL[X�HYEG\.J�LVN[�Yf�Q/^�^ R N E

� R J E = g−1({0}). C R X�f[L
f R J�fVHKX�N R X?E�HKEGJ�QYXG|�FIHK^ x XGHYU R QY^�J&QY\�LDf[HKX�N R X}EGHKEGJV� g R J�f[HYX}N R X}EGHKE�J � ]IL R X�Z�Q�JMEGU�H/z.fVHKX�N R X?E�HKEGJz{EGXGfvN R HKXGJ �c�2� OGL[X

g−1({0}) R J�fV^�HKJ�L[| � R X}�YL[\�JML R UeQYZKL�HYz�Q�f[^_HKJMLV|hJ�LVN �c���LVN
M

]IL�JMEGfgO�NPOGQ/N |f(x, y)| ≤ M
z{HK\�QY^�^

(x, y). � z (x, y) ∈ E,
NPOGLVX

x2 + y2 ≤ M, ` O R fgOU�L�QYXGJdNPOBQ/N
E R JDQ!J�EG]GJMLvN7HYz�NPOGL�| R JM� x2 + y2 ≤ M,

NMOGL[\�LVz{HK\�L�]�HKE�XG|GL[| � CaH
E R J�f[^_HKJMLV|�QYXG|]IHKEGXG|GLV| R X R

2,
Q/XG|h] x�� L R XGLv� w HK\MLV^ R N R J�f[HKU�FBQYfvN �

57698;:.<0=?> �kA���LVN
X

]�LhQ�U�LVNM\ R f�JMFBQYfVL `�R NPO XGHKXa�¡L[U�F�N x JMEG]�JMLVNMJ
K ⊂ X

f[HKU�FBQYfvNeQYXG|
F ⊂ X

f[^_HKJMLV| ` O R fgOhQY\MLD| R J{¢�H R X�N�� K ∩ F = ∅.
� Q � CaOGH ` NPOBQ/N�NMOGL[\�L%Lvb R J NPJ ε > 0

J�EGfgOhNMOBQ/N
d(p, q) > ε ∀ p ∈ K, q ∈ F.

� ] ��£DR �KLWQYX�LcbGQ/UeFG^_LWHYz(N ` H4XGHYXGL[U�F�N x | R J¤¢�H R X�N)f[^�HYJML[|¥J�LVNMJ R X¥QhUeLvNP\ R feJ�FBQYfVL!z{HK\ ` O R fgONPO R J�f[HYXGf[^_EGJ R HKX�z0Q R ^_J �ikj9lnm?o,pqj9rIs � Q ��¦y§ j¨jª©!«Y¬�­ J�JMEGU�L!] x fVHKX�NP\PQ/| R fvN R HYX�NPOGQ/N�z{HK\)LV�YL[\ x ε = 1

n
,
NPO�L[\MLWLvb R J N pn ∈

K, qn ∈ F
JME�fgO�NMOBQ/N

d(pn, qn) ≤ 1

n
. � OGL�J�L[®}EGL[X�f[L {pn} ⊂ K

U�EGJ�N�OBQ��KL�QWfVHKX��KLV\MZKLVX}N%J�EG]GJ�Lv�®}EGL[X�f[L�J R XGfVL K R JTf[HKU�FBQYfvN � ��LvN {pnk
} → p ∈ K

]IL%NPO R JTJ�EG]GJ�L[®}EGL[X�f[L ��¯ \MHKU
d(pnk

, qnk
) → 0QYXG|

d(pnk
, p) → 0

�2QYJ
k → ∞, ` L!|GL[|�EGf[L!NMOBQ/N {qnk

} ⊂ F
f[HKX��YL[\MZYL[J�NPH

p �4w LVf�QYEGJ�LY�
F R Jf[^_HKJMLV|k�GNPO R J R U�FG^ R L[J&NPOBQ9N

p ∈ F,
fVHKX�NP\MQY| R fvN R HKX `�R NMO K ∩ F = ∅.¦y§ j¨jª©)°�¬(t LVuGXGL�NPO�L)z{EGXGfvN R HKX dF : K → R, dF (p) = infq∈F d(p, q). ¯�R \�J�N[� dF (p) > 0,

z{HK\dQY^_^
p � � ­ J�JMEGU�L

dF (p) = 0,
NMOGL[X�NPO�L[\ML�Lcb R J�NMJyQDJ�L[®}EGL[X�f[L {qn} ⊂ F,

JMEGfgO�NPOBQ9N
limn→∞ d(p, qn) = 0.C R XGf[L F R J�f[^�HYJML[|±� R N�z{HK^_^�H ` J

p ∈ F,
f[HYX}NM\PQY| R fVN R HKX `�R NPO K ∩ F = ∅. �CaLVf[HKXG|�^ x � dF R J±f[HKX�N R X}EGHKEGJV� R X�z0QYfVN�� R FGJMfgO R NP² ��³ HYNPL#NMOBQ/N

dF (p′) = infq∈F d(p′, q) ≤ infq∈F (d(p′, p)+
d(p, q)) = d(p′, p) + dF (p). � N�z{HY^�^�H ` JDNPOGQ/N�z{HK\7LV�YL[\ x p, p′ ∈ K, ` L!OGQ¨�YL |dF (p) − dF (p′)| ≤
d(p, p′).C R XGf[L K R J�fVHKU�FBQYfVN[�

dF (K) R J�fVHKU�FBQYfVN ��w EaN
dF (K) ⊂ (0,∞),

JMHeNPOGLV\ML�U�E�J�N�Lcb R J�N ε > 0,JME�fgOhNPOGQ/N
dF (K) ⊂ [ε,∞).

� ] �(� QY�/L
F1

NMH�]�LDNPO�L7ZY\PQYFGO�HYz
ex

QYXG|
F2

NPH�]�LDNMOGL
x
�ªQ9b R J �

´



57698;:.<0=?> µ�A���LVN
f : R −→ R

]IL7| R_¶ L[\MLVX�N R Q/]G^�LDQ9N�LV�KLV\ x FIH R X�NTQYX�|hJMQ/N R J�z x
f(−10) = 1, f(0) = 0, f(10) = 1.CaOGH ` NPOBQ/N�NMOGL[\�L7Lcb R J�NMJTQ�FIH R X}N x ∈ R

J�EGfgOhNMOBQ/N
f ′(x) =

√
2/100.ikj9lnm?o,pqj9rIs�­ FGFG^ x NPOGL�UeL[QYX
�YQ/^�EGL�NPO�L[HK\�L[U·N `�R fVLY��HYX

[−10, 0]
�y\ML[J�F�LVfVN R �KLV^ x [0, 10]. � OGL[\�LLvb R J�NPJ�F�H R X�NPJ x1 ∈ (−10, 0)

QYXG|
x2 ∈ (0, 10),

J�EGfgO4NPOBQ9N
f ′(x1) = − 1

10
,
QYX�|

f ′(x2) = 1

10
. ³ H `

− 1

10
<

√
2

100
< 1

10
,
JMH¸] x NMOGL R X�NPL[\�UeLV| R Q9NPL��/QY^�E�L�F�\MHKFIL[\ N x HYz(NMOGLe|�L[\ R �/Q/N R �KLY��NMOGL[\�LeU�E�J�N)Lvb R J N

x ∈ (x1, x2),
JMEGfgO�NPOBQ9N

f ′(x) =
√

2

100
.

57698;:.<0=?> ¹�Aº��LVN
f

QYX�|
g

]IL¸]IHKEGXG|�L[|»\ML[QY^¼�q�/QY^�EGLV|¥z{EGXGfVN R HKX�JWHKX�QYX R X�NML[\��/QY^ [a, b] `�R NPO
f(x) ≤ g(x)

z{HY\DQY^�^
x ∈ [a, b].

��LVN
α : [a, b] −→ R

]�L�Q!U�HKXGHYNMHKX R f R X�f[\ML[QYJ R XGZ!z{EGXGfvN R HKX�JMEGfgONPOGQ/N�z{HK\�LV�YL[\ x ε > 0
NMOGL[\�L7Lcb R J�NTFBQ/\�N R N R HKXGJ P−

QYXG| P+

HYz
[a, b]

J�EGfgOhNMOBQ/N
U(P+, g, α) < L(P−, f, α) + ε.CaOGH ` NPOBQ/N

f
QYXG|

g
QY\ML%]IHYNPO�S R LVUWQYX�Xa� C?N R LV^_N0¢�LVJ R X}NML[ZK\MQY]G^_L `�R NMOh\�L[JMFIL[fvN�NPH

α
HKX

[a, b].ikj9lnm?o,pqj9rIs ��LvN
ε > 0

]IL�Z R �KLVX � C R XGfVL f(x) ≤ g(x),
z{HY\¸LV�YL[\ x FBQY\ N R N R HKX P, ` L¥OBQ��YL

U(P, f, α) ≤ U(P, g, α)
QYXG|

L(P, f, α) ≤ U(P, g, α).� OGLVX
U(P+, g, α) < L(P−, g, α) + ε. ½ E�N P∗ = P+ ∪ P−. � O�L[X

L(P−, g, α) < L(P∗, g, α) < U(P∗, g, α) < U(P+, g, α),] x NPOGL7FG\MHYF�LV\�N R L[JTHYz�NMOGL7\MLVuGXGL[U�L[X�N � C?H
U(P∗, g, α) − L(P∗, g, α) < ε, ` O R fgO R J�NPOGL7f[\ R NML[\ R HKXz{HK\ R X}NML[ZK\MQY] R ^ R N x z{HK\

g �� OGL%FG\�HaHYz�z{HK\
f R J�NMOGL%JPQ/UeL �

¾


