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Review: random variables

Definition

A random variable X is a quantity determined by random chance,
such as tossing a coin or drawing cards.

“Dicey” Polynomials §Random variables 3/34


https://math.mit.edu/~dlevear/pgf_slides.pdf

Review: random variables

Definition

A random variable X is a quantity determined by random chance,
such as tossing a coin or drawing cards.

v

@ X = number of heads in five coin tosses
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Review: random variables

Definition

A random variable X is a quantity determined by random chance,
such as tossing a coin or drawing cards.

v

@ X = number of heads in five coin tosses
@ X = number of flips before first head
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Review: random variables

Definition
A random variable X is a quantity determined by random chance,
such as tossing a coin or drawing cards.

| A\

Examples
@ X = number of heads in five coin tosses
@ X = number of flips before first head
@ X = total from rolling two dice
° ...
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Review: random variables

Definition
A random variable X is a quantity determined by random chance,
such as tossing a coin or drawing cards.

| N

Examples
@ X = number of heads in five coin tosses
@ X = number of flips before first head
@ X = total from rolling two dice
° ...

Today, we are only thinking about random variables in the range
{0,1,2,...}.
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Complicated Random Variable

Roll a six sided die to produce a random variable X. Then flip X coins
and let Z be #(heads).
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Complicated Random Variable

Roll a six sided die to produce a random variable X. Then flip X coins
and let Z be #(heads).

Challenge: Find the distribution of Y.
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Complicated Random Variable

Roll a six sided die to produce a random variable X. Then flip X coins
and let Z be #(heads).

Challenge: Find the distribution of Y.

Distribution

The distribution of a random
variable X is the list of probabilities
P(X = k) for all k.
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Complicated Random Variable

Roll a six sided die to produce a random variable X. Then flip X coins
and let Z be #(heads).

Challenge: Find the distribution of Y.

Distribution

The distribution of a random

variable X is the list of probabilities

P(X = k) for all k. ._
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Mean and Variance

The mean of X is

EIX] =) kP(X =k).
all k

Also denoted .
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Mean and Variance

Definitions
The mean of X is

EIX] =) kP(X =k).
all k

Also denoted .
The variance of X is

El(X—p)? =) (k—w?P(X =kK).
all k

Also denoted 2.
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Mean and Variance

Definitions
The mean of X is

EIX] =) kP(X =k).
all k

Also denoted .
The variance of X is

El(X—p)? =) (k—w?P(X =kK).
all k

Also denoted 2.
The standard deviation of X is o.
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Mean and Variance

Definitions
The mean of X is

EIX] =) kP(X =k).

all k
Also denoted .
The variance of X is .
o 1 2 3 4 ’T
o—o—o

E[(X —w)? =) (k—w?2P(X =k). 0 nto
all k

Also denoted 2.
The standard deviation of X is o.
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Example: Geometric Random Variable
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Example: Geometric Random Variable

A geometric random variable X with parameter g has distribution
P(X =k) =q*(1—q) = ¢"p.
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Example: Geometric Random Variable

A geometric random variable X with parameter g has distribution
P(X =k) =q*(1—q) = ¢"p.

We can interpret X as the “streak length” for a probability g event, i.e.
the number of times the event comes true before the first failure.
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Example: Geometric Random Variable

A geometric random variable X with parameter g has distribution
P(X=k)=d“(1-q) =q"p.

We can interpret X as the “streak length” for a probability g event, i.e.
the number of times the event comes true before the first failure.

Example

You roll a six-sided die and you win $1 for each roll that is > 3. What is
the chance of winning k dollars?
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Example: Geometric Random Variable

A geometric random variable X with parameter g has distribution
P(X=k)=d“(1-q) =q"p.

We can interpret X as the “streak length” for a probability g event, i.e.

the number of times the event comes true before the first failure.

Example

You roll a six-sided die and you win $1 for each roll that is > 3. What is
the chance of winning k dollars?

Solution: You win X dollars
where X ~ Geom(q = 4/6).
Therefore

P(X = k) = (2/3)k(1/3).
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Example: Geometric Random Variable

A geometric random variable X with parameter g has distribution
P(X=k)=d“(1-q) =q"p.

We can interpret X as the “streak length” for a probability g event, i.e.

the number of times the event comes true before the first failure.

Example

You roll a six-sided die and you win $1 for each roll that is > 3. What is
the chance of winning k dollars?
k | P(X=k)
Solution: You win X dollars 0| 0.333
where X ~ Geom(q = 4/6). 1] 0.222
Therefore 2 10.148
3| 0.099
P(X =k) = (2/3)"(1/3). 4 | 0.066
5| 0.044
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Standard Random Variables

@ Geometric

e “Streak length.” II
.--—__

@ Uniform

@ Each outcome
equally likely.

@ Binomial
@ Discrete bell curve.

@ Poisson

o Limiting case of
Binomial.
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Examples of PGF’s

Random Variable X & Function fx(t)
N~ H_/
Probability Calculus
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Examples of PGF’s

Random Variable X & Function fx(t)
N~ H_/
Probability Calculus

Use calculus on fx(t) to analyze X.
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Examples of PGF’s

Random Variable X & Function fx(t)
N~ H_/
Probability Calculus

Use calculus on fx(t) to analyze X.

v 2 3 4 o ' 2 3

() =7+ 30 | () = &+ fht + Hi2 + 5

v

Examples

Definition:
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Examples of PGF’s

PGF

Random Variable X «+——— Function fx(t)
N~ H_/
Probability Calculus

Use calculus on fx(t) to analyze X.

T 2 3 4 o n 2 3

() =7+ 30 | () = &+ fht + Hi2 + 5

v

Examples

Definition: fx(t) = ) P(X = k)t
all k
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Familiar Example

The function fx(t) is called the probability generating function of X.
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Familiar Example

The function fx(t) is called the probability generating function of X.

Geometric Random Variable

Suppose X ~ Geometric(q). Find the PGF of X.
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Familiar Example

The function fx(t) is called the probability generating function of X.

Geometric Random Variable

Suppose X ~ Geometric(q). Find the PGF of X.

Solution: Since P(X = k) = g¥p, we have

(e¢]

fx(t) =) (g"p)t

k=0
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Familiar Example

The function fx(t) is called the probability generating function of X.

Geometric Random Variable

Suppose X ~ Geometric(q). Find the PGF of X.

Solution: Since P(X = k) = g¥p, we have

(e¢]

fx(t) =) (g"p)t
k=0
We recognize a geometric series:
I
() = 7=
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Properties of fx(t)

o fx(1)=_ @ fx(0) =
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Properties of fx(t)

o fy(1)=_1_ o fx(0) =
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Properties of fx(t)

o fy(1)=_1_ o f(0) = [(X=0)
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Properties of fx(t)

o fy(1)=_1_ o f(0) = [(X=0)
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Properties of fx(t)

o fy(1)=_1_ o fx(0) =

Let fy(t) be the derivative of fx(t). Then,
EIX] = fy(1)
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Properties of fx(t)

o fx(1)=_1 o fyx(0) = FX=0)

Let fy(t) be the derivative of fx(t). Then,
EIX] = fy(1)

Example: Suppose X is obtained by
rolling a six-sided die. Then,

_1 12 16
fx(t)_ét 6t +---+§t
fe(t) = 1+12t+ +16t5
X 6 6

1+2+3+4+5+6 7
fx(1) = 5 =3

So E[X]=7/2=3.5.
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Properties of fx(t)

o fy(1)=_1

° fx(0) =

Let fy(t) be the derivative of fx(t). Then,
EIX] = fy(1)

Example: Suppose X is obtained by

rolling a six-sided die. Then,

So E[X

“Dicey” Polynomials

1 10 6
Et gt +"'+§t
1 1 1

— 2 —_61°
6+6 t+---+ 6t
1+2+3+4+5+6

6
=7/2=3.5.

_7
2

Proof of Theorem:

=Y kP(X = k)t<
all k

=Y kP(X=k)=EX] O

all k

e
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Mean of Geometric

Find E[X] for X ~ Geometric(q).
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Mean of Geometric

Find E[X] for X ~ Geometric(q).

f(t) = 1_th « from P(X = k) = q*p
fx(t) = pg(1 — qt) 2 + chain rule
fx(1) = pa(1-q)~* “p=1-gq
——
p

v
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Mean of Geometric

Find E[X] for X ~ Geometric(q).

Solution
f(t) = 1_th « from P(X = k) = q*p
fx(t) = pg(1 — qt) 2 + chain rule
fe(1) = pg(1—q) 2 “~p=1-g
——
p

v

Concrete Example: Roll a six-sided die until getting a 4. On average,
how many non-4’s are rolled? Answer: % = .
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Variance?

Could it be true?

Var(X) = fy (1)?
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Variance?

Could it be true?

Var(X) = fy(1)? False!
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Variance?

Could it be true?

Var(X) = fy(1)? False!

It must be false because fy/(t) doesn’t “see” P(X =0) and P(X =1).
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Variance?

Could it be true?

Var(X) = fy(1)? False!

It must be false because fy/(t) doesn’t “see” P(X =0) and P(X =1).

v

Theorem
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Variance?

Could it be true?

Var(X) = fy(1)? False!

It must be false because fy/(t) doesn’t “see” P(X =0) and P(X =1).

v

Theorem
Let u = fy (1) = E[X]. Then,

Var(X) = ££(1) + (1 — ).

Proof: Omitted.
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Geometric Example

Let u = fy (1) = E[X]. Then,

Var(X) = (1) + u(1 — ).

Example: Let X ~ Geometric(q). Find Var(X).
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Geometric Example

Let u = fy (1) = E[X]. Then,

Var(X) = f/(1) + u(1 — .

Example: Let X ~ Geometric(q). Find Var(X).

Solution

Compute 2nd derivative:
fy(t) = pg(1 —gt) 2 = f(t) = 2pg*(1 —qt)
2
Plugint =1: £{(1) = 2pg?(1 —q) ° = 212
N p

2
Use the Theorem: Var(X) = Ziz + 9(1 - 9) ==
ps P p

“Dicey” Polynomials §PGFs

13/34


https://math.mit.edu/~dlevear/pgf_slides.pdf

Let's Get Cooking

How to combine fx(t) and fy(t)?
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Let's Get Cooking

How to combine fx(t) and fy(t)?
Q@ fx(t) + fy(t)?
Q fx(t)fy(t)?
Q fx(fy(t))?
§PGFs
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Definition: (fyx + fy)(t) = fx(t) + fy(1).
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Definition: (fyx + fy)(t) = fx(t) + fy(1).

Question: Can we interpret fx + fy as a PGF of something?
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Definition: (fy + fy)(t) = fx(t) + fy(t).
Question: Can we interpret fx + fy as a PGF of something?

Answer: No, fx + fy is not a PGF.
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Definition: (fy + fy)(t) = fx(t) + fy(t).
Question: Can we interpret fx + fy as a PGF of something?
Answer: No, fx + fy is not a PGF.

Fix: But 3fx + 3fy is a PGF.
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Definition: (fy + fy)(t) = fx(t) + fy(t).
Question: Can we interpret fx + fy as a PGF of something?
Answer: No, fx + fy is not a PGF.

Fix: But 3fx + 3fy is a PGF.

Interpretation

The PGF }fx + 3fy is equal to fz where

7 X with probability 1/2
| Y with probability 1,2
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Definition: (fy + fy)(t) = fx(t) + fy(t).
Question: Can we interpret fx + fy as a PGF of something?
Answer: No, fx + fy is not a PGF.

Fix: But 3fx + 3fy is a PGF.

Interpretation

The PGF }fx + 3fy is equal to fz where

7 X with probability 1/2
| Y with probability 1,2

Z

N =
~<
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Setup: A box contains 100 dice: there are 50 six-sided dice, 40
ten-sided dice, and 10 twenty-sided dice. You reach in and throw a
random die to generate a number Z. What is the distribution of Z7?
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Setup: A box contains 100 dice: there are 50 six-sided dice, 40
ten-sided dice, and 10 twenty-sided dice. You reach in and throw a
random die to generate a number Z. What is the distribution of Z7?

six-sided die &t + - - + 1 = fi (1)

ten-sided die {5t + - - + 15t'" = fo(1)

twenty-sided die o5t + -+ + 55120 = f5(t)
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Setup: A box contains 100 dice: there are 50 six-sided dice, 40
ten-sided dice, and 10 twenty-sided dice. You reach in and throw a
random die to generate a number Z. What is the distribution of Z7?

six-sided die &t + - - + 1 = fi (1)

ten-sided die {5t + - - + 15t'" = fo(1)

twenty-sided die o5t + -+ + 55120 = f5(t)

Answer: PGF of Z is
5

fz=19

()4 2 (h) +

10 10 fa)
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Setup: A box contains 100 dice: there are 50 six-sided dice, 40
ten-sided dice, and 10 twenty-sided dice. You reach in and throw a
random die to generate a number Z. What is the distribution of Z7?

six-sided die &t + - - + 1 = fi (1)

ten-sided die {jt + -+ + {5t'% = f2(1)

twenty-sided die 5t + - -+ + 55120 = f3(t)

Answer: PGF of Z is

5 4 1
1 (f) + 75 (f) + 75 (f)

fz =

7Ty 120 1410 146
t— t st — 15t

£,(t) — 600!~ 200

z(1) = 1—t

12

“Dicey” Polynomials
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Definition: fxfy(t) = fx(t)fy(1).
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Definition: fyfy(t) = fx(t)fy(t).
Question: Can we interpret fxfy as the PGF of something?
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Definition: fyfy(t) = fx(t)fy(t).
Question: Can we interpret fxfy as the PGF of something?

Example:

fx = st+ 32+ 33+ Lt + L5+ 118 IIIIII
fy=gt+ 52+ 13+ Lt 4+ 1%+ L8 IIIIII

fxfy = 2612+ B3 + St 65+ 10+ ST+ S8 4 10+ Z10 4 2yt 4 L412 IIIII
.
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Observe: fxfy is showing the distribution of rolling
two dice.
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Observe: fxfy is showing the distribution of rolling IIIII
two dice. I I
=RRNRRNEI
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Observe: fxfy is showing the distribution of rolling
two dice. II II
- | In
ﬂ l O O 2 &
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Observe: fxfy is showing the distribution of rolling
two dice. II II

- | In
ﬂ l O O 2 &
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Observe: fxfy is showing the distribution of rolling III
two dice. II II

- | In
-] O 9 B D 8

0:

fxfy = fxiy @

Proof: The coefficient of x" in 9

(ZP (X = k) ) (ZP (¥ = k)x ) i

all k all k @

is > P(X P(Y =b). O &
a+b=n
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Problem 1: Roll a six-sided die and a ten-sided die and take the sum
to determine X. What is the PGF of X?

“Dicey” Polynomials §PGFs 19/34


https://math.mit.edu/~dlevear/pgf_slides.pdf

Problem 1: Roll a six-sided die and a ten-sided die and take the sum
to determine X. What is the PGF of X?

— 1 16 l l1o
0= (St 10 (gt 500
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Problem 1: Roll a six-sided die and a ten-sided die and take the sum
to determine X. What is the PGF of X?

— 1 16 l l1o
0= (St 10 (gt 500

Problem 2: In an archery contest, you can hit the bulls-eye with
probability p. Suppose you take n shots at a target. If X is the total
number of bulls-eyes you hit, what is the PGF of X?
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Problem 1: Roll a six-sided die and a ten-sided die and take the sum
to determine X. What is the PGF of X?

— 1 16 l l1o
0 = (s 80) (s 51

Problem 2: In an archery contest, you can hit the bulls-eye with
probability p. Suppose you take n shots at a target. If X is the total
number of bulls-eyes you hit, what is the PGF of X?

The PGF of each shot is (g + pt).
Therefore, fx(t) = (q+ pt)(g+pt)...(g+ pt) = (q+ pt)"

~
ntimes
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Archery Contest ~ Binomial
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Archery Contest ~ Binomial

The Binomial(n, p) distribution arises from making n independent
attempts at a probability p event. We have shown the PGF of

X ~ Binomial(n, p) is simply

fx(t) = (g + pt)"

“Dicey” Polynomials

peers


https://math.mit.edu/~dlevear/pgf_slides.pdf

Archery Contest ~ Binomial

The Binomial(n, p) distribution arises from making n independent
attempts at a probability p event. We have shown the PGF of
X ~ Binomial(n, p) is simply

fx(t) = (g + pt)"

By the Binomial Theorem, P(X = k) = () pkq"*.
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Archery Contest ~ Binomial

The Binomial(n, p) distribution arises from making n independent
attempts at a probability p event. We have shown the PGF of

X ~ Binomial(n, p) is simply
fx(t) = (g +pt)"
By the Binomial Theorem, P(X = k) = () pkq"*.

Expectation and Variance

Expectation

fx(t) = np(q + o)™
ElX] = np(qg+ p)

-]
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Archery Contest ~ Binomial

The Binomial(n, p) distribution arises from making n independent
attempts at a probability p event. We have shown the PGF of

X ~ Binomial(n, p) is simply
fx(t) = (g +pt)"
By the Binomial Theorem, P(X = k) = () pkq"*.

Expectation and Variance

Variance
Expectation () = n(n— 1)p2(q + tp)"
fx(t) = np(q + tp)"" (1) = n(n—1)p?
ElX] = np(q + p) Var(X) = n(n—1)p? + np(1 — np)
=|np| =np(p(n—1) + (1 —np))
- |
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Definition: fy o fy(t) = fx(fy (1))
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Definition: fy o fy(t) = fx(fy(t))
Question: Can we interpret fx o fy as the PGF of something?
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Definition: fy o fy(t) = fx(fy(t))
Question: Can we interpret fx o fy as the PGF of something?

Demonstration:
Suppose fx(t) = po + p1t + p2t? + pat3. Then,

fx(fy (1)) = po + p1(fy (1)) + pa(fy(1)? + ps(fy(t))°
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Definition: fy o fy(t) = fx(fy(t))
Question: Can we interpret fx o fy as the PGF of something?

Demonstration:
Suppose fx(t) = po + p1t + p2t? + pat3. Then,

fx(fy (1)) = po + p1(fy (1)) + pa(fy(1)? + ps(fy(t))°

Notice: (fy(t))¥ is the PGF for rolling k Y’s and summing.
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Definition: fy o fy(t) = fx(fy(t))
Question: Can we interpret fx o fy as the PGF of something?

Demonstration:
Suppose fx(t) = po + p1t + p2t? + pat3. Then,

fx(fy (1)) = po + p1(fy (1)) + pa(fy(1)? + ps(fy(t))°

Notice: (fy(t))¥ is the PGF for rolling k Y’s and summing.

Conclusion: fx o fy is the PGF for “roll X Y’s.”
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Statement

Theorem (“Random Sum”)

Suppose Y1, Yo, ... are independent identically-distributed random

X
variables Y; ~ Y. Then for any X, the PGF of Z = Z Y;is fz = fx ofy.
i=1
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Statement

Theorem (“Random Sum”)

Suppose Y1, Yo, ... are independent identically-distributed random

X
variables Y; ~ Y. Then for any X, the PGF of Z = Z Y;is fz = fx ofy.
i=1

Example: Roll a six-sided die to produce a number X, then flip X fair
coins and let Z be the number of heads. What is the distribution of Z?
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Statement

Theorem (“Random Sum”)

Suppose Y1, Yo, ... are independent identically-distributed random

X
variables Y; ~ Y. Then for any X, the PGF of Z = Z Y;is fz = fx ofy.

i=1

Example: Roll a six-sided die to produce a number X, then flip X fair
coins and let Z be the number of heads. What is the distribution of Z?

Solution: fz(t) = fx o fy where fx(t) = ¢t + -+ £%, and
fy = (% + %t)
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Example Continued

Example: Roll a six-sided die to produce a number X, then flip X fair
coins and let Z be the number of heads. What is E[Z]?
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Example Continued

Example: Roll a six-sided die to produce a number X, then flip X fair
coins and let Z be the number of heads. What is E[Z]?

PGF: fz(t) = fx(% + 31)

Chain rule: f5(t) = fy (5 + 1) -

=

Sett=1: E[Z] = fy(1) =E[X]/2=|7/4
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Example Continued

Example: Roll a six-sided die to produce a number X, then flip X fair
coins and let Z be the number of heads. What is E[Z]?

PGF: fz(t) = fx(% + 31)

Chain rule: f5(t) = fy (5 + 3t) - &

Sett=1: E[Z] = fy(1) =E[X]/2=|7/4

Theorem (Wald’s Equation)

X
If Z= ) Y,then E[Z] = E[X]E[Y].

i=1
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Example Continued

Example: Roll a six-sided die to produce a number X, then flip X fair
coins and let Z be the number of heads. What is E[Z]?

PGF: fz(t) = fx(% + 31)

Chain rule: f5(t) = fy (5 + 3t) - &

Sett=1: E[Z] = fy(1) =E[X]/2=|7/4

Theorem (Wald’s Equation)

X
If Z= ) Y,then E[Z] = E[X]E[Y].

i=1

Proof: Differentiate: f>(t) = fx(fy(t))
f5(t) = f(fy (1)) - fy (1)
f2(1) = fe(fy(1)) - fy (1) = f (1) - fy (1) = EIXIE[Y]
§PGFs
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X
@ fy o fy is the PGF of the random sum Z Y.
i—1

Q fxfyisthe PGFof X + Y.

p X
© pfx + gfy is the PGF of Z <
q Y
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X
@ fy o fy is the PGF of the random sum Z Y.
i—1

Q fxfyisthe PGFof X + Y.

p X
© pfx + gfy is the PGF of Z <
q Y

Coming up next:
@ A cheap trick
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X
@ fy o fy is the PGF of the random sum Z Y.
i—1

Q fxfyisthe PGFof X + Y.

p X
© pfx + gfy is the PGF of Z <
q Y

Coming up next:
@ A cheap trick
© An application
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Cheap Trick

Question: Anything interesting about fy(—1)?
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Cheap Trick

Question: Anything interesting about fy(—1)?

Proposition
fx(—1) > 0 if and only if X is more likely to be even than odd.
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Cheap Trick

Question: Anything interesting about fy(—1)?

Proposition

fx(—1) > 0 if and only if X is more likely to be even than odd.

Proof: fx(—1) =) P(X=k)(-1)f= Y P(X=k)— ) P(X=k)
all k even k odd k

Thus, fx(—1) = P(X is even) — P(X is odd) O
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Cheap Trick

Question: Anything interesting about fy(—1)?

Proposition

fx(—1) > 0 if and only if X is more likely to be even than odd.

Proof: fx(—1) =) P(X=k)(-1)f= Y P(X=k)— ) P(X=k)
all k even k odd k

Thus, fx(—1) = P(X is even) — P(X is odd) O

Suppose X ~ Geometric(q). Is X more likely to be even or odd?
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Cheap Trick

Question: Anything interesting about fy(—1)?

Proposition

fx(—1) > 0 if and only if X is more likely to be even than odd.

Proof: fx(—1) =) P(X=k)(-1)f= Y P(X=k)— ) P(X=k)
all k even k odd k

Thus, fx(—1) = P(X is even) — P(X is odd) O

Suppose X ~ Geometric(q). Is X more likely to be even or odd?

Solution: fx(t) = 1_th so fx(—1) = 1+q > 0 s0 X is more likely to be
even.
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Cheap Trick

Question: Anything interesting about fy(—1)?

Proposition

fx(—1) > 0 if and only if X is more likely to be even than odd.

Proof: fx(—1) =) P(X=k)(-1)f= Y P(X=k)— ) P(X=k)
all k even k odd k

Thus, fx(—1) = P(X is even) — P(X is odd) O

Suppose X ~ Geometric(q). Is X more likely to be even or odd?

Solution: fx(t) = +75 qt so fx(—1) = 1+q > 0 so X is more likely to be
even.

It is also possible to give the exact value of P(X is even) using just
fx(—1) (see exercises).
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Application: Branching Processes
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Application: Branching Processes

Setup: Imagine the following population model. We start with one
node, and assume that each member of the population decides to
have k offspring with probability p, for fixed (pg, p1, p2,...). This

continues indefinitely, or until the population goes extinct.

“Dicey” Polynomials

§Applications 26/34


https://math.mit.edu/~dlevear/pgf_slides.pdf

Application: Branching Processes

Setup: Imagine the following population model. We start with one
node, and assume that each member of the population decides to
have k offspring with probability p, for fixed (pg, p1, p2,...). This

continues indefinitely, or until the population goes extinct.

Po P1 p2 Ps3
* R s RO
Extinction One offspring Two offspring Three offspring

“Dicey” Polynomials
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Questions:
@ Given the (pk), what is the probability of eventual extinction?
@ Let G, be the size of generation k. What is the distribution of G,?
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Applications

@ Population models
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Applications

@ Population models
@ (historical) Will the names of the aristocracy survive?
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Applications

@ Population models
@ (historical) Will the names of the aristocracy survive?
© Spread of infectious diseases
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Applications

@ Population models
@ (historical) Will the names of the aristocracy survive?
© Spread of infectious diseases

Branching stochastic processes as models
of Covid-19 epidemic development

Nikolay M. Yanov?, Vessela K. Stoimenova?, Dimitar V. Atanasov®

Abstract.
“The aim of the pr

s to deseribe two models of Covid-19 infection dynam-
ocial class of branching processes with two types of
models are intended to use only the ol
daily statistics to cstimate the main parameter of the infection and to give a
prediction of the mean value of the non-observed population of the infected in-
dividuals. Similar problems arc considered also in the case when the processes
admit an immigration component. This is a serious advantage in comparison
with other more complicated models where the officially reported data are not
sufficient for estimation of the model parameters. In this way the specific de-
velopment of the Covid-19 epidemics is considered also for all countries as it
is given in the specially created site http:/ /ir-statistics.net/covid-19 where the
obtained results are updated daily.

ies. For this purpos:

mdividuals 35 conidered, ‘e

MSC-2020: Primary 92D30
Secondary 60J80; 60J85; 62P10
Key words: Codid-19, epidemiology, branching processes, immigration, mod-

“Dicey” Polynomials §Applications 28/34


https://math.mit.edu/~dlevear/pgf_slides.pdf

Applications

@ Population models
@ (historical) Will the names of the aristocracy survive?
© Spread of infectious diseases

Branching stochastic processes as models
of Covid-19 epidemic development

Nikolay M. Yanov?, Vessela K. Stoimenova?, Dimitar V. Atanasov®

Abstract.
“The aim of the paper is to deseribe two m
ies. For this purpose a special class of bran|

individuals s considered. These models are Branching Processes Modelling for Coronavirus

daily statistics to estimate the main param s ‘
prediction of the mean value of the non-obse (COVID’19) Pandemic
dividuals. Similar problems are considered a|

admit an immigration component. This is &

with other more complicated models where Maroussia Slavtchova-Bojkova *

sufficient. for estimation of the model paramy

velopment of the Covid-19 epidemics is cond
is given in the specially created site http:/ /il
obtained results are updated daily.

MSC-2020: Primary 92D30
Secondary 60J80; 60J85; 62P10
Key words: Codid-19, epidemiology, bran

! Faculty of Mathematics and Informatics, Sofia University, Nos, J. Bourchier BIvd.,

64 Sofia, Bulgaria
et of Mathnratc and nkomadica. Blgrian Acadcny ofSlocos
bojkova@fmi.uni-sofia.bg

Abstract. The purpose of this paper is to review the recent results in the area of
infectious discase modelling using general branching processes. A new simulation

oriented to model the spread of the COVID'19 pandemic caused by
SARS-CoV-2 coronavirus is proposed. General branching models turned out to be
more appropriate and flexible for describing the spread of an infection in a given
population, than discrete time ones. Concretely, Crump-Mode-Jagers branching
processes are considered as proper candidates of infectious diseases modelling
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Applications

@ Population models
@ (historical) Will the names of the aristocracy survive?
© Spread of infectious diseases

Branching stochastic processes as models
of Covid-19 epidemic development

Nikolay M. Yanov?, Vessela K. Stoimenova?, Dimitar V. Atanasov®

Abstract.

“The aim of the paper is to describe two mi
ics. For this purpose a special class of bran . .
individuals s considered. These models are Branching Processes Modelling for Coronavirus
daily statistics to estimate the main parame 5 .
prediction of the mean value of the non-obser (COVID 19) Pandemic
dividuals. Similar problems are considered a
admit an immigration component. This is 4

with other more complicated models where Maroussia Slavichova-B ikl

sufficient for estimation of the model parami

velopment of the Covid-19 epidemics is cond ! Faculty of Mathematics and Informatics, Sofia Ull ) 1heor ol 2020 Nov 10: 11053, PMCID: PMCT654309
is given in the specially created site http:/ /i 1164 Sofia, Bulgarl . 10,1016/, 1.2020.10536 [Epub ahead of print PMID: 33186504

obtained results are updated daily. * Institute ofMllhcmnl\cx nnd Informatics
bojkova@fmi.uni-soff

Amodel of COVID-19 propagation based on a gamma subordinated
MSC-2020; Primary 92D30 negative binomial branching process
Secondary 60J80; 60J85; 62P10 .

Jsrome L 25 David W. Maybury,*5~ and RHA. David Shaw®

Key words: Codid-19, epidemiology, branc Abstract. The purpose of this paper is to review]
infectious disease modelling using general branctfl » Authorinformation » Arice notes » Copyright and License informaton Disclaimer
oriented to model the spread of the
SARS-CoV-2 coronavirus is proposed. General bfj  Abstract Gow:@
‘more appropriate and flexible for describing the We build Mo COVID-1o
population, than discrete time ones. Concretely,
processes are considered as proper candidates ‘propagation based on a negative binomial process subordinated by a gamma subordinator. By focusing on
the process in small populat
Our model d isolats
allowing for interpretation
of results. 1pe to simulations. Our
‘model ides a bas i understand the likelv trade
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P(extinction)
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P(extinction)

Let z* be the probability of eventual extinction. Let f(t) be the PGF of

the first generation. Then z* solves the equation

f(z") = Z".
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P(extinction)

Let z* be the probability of eventual extinction. Let f(t) be the PGF of

the first generation. Then z* solves the equation

Proof: Key Idea is “First-step Analysis”
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P(extinction)

Let z* be the probability of eventual extinction. Let f(t) be the PGF of

the first generation. Then z* solves the equation

Proof: Key Idea is “First-step Analysis”
Po P P2 P3
. * i &
P(extinction) 1 z* (z*)2  (z*)®

Therefore, z* = py + p1(z*) + p2(2*)2 + p3(z*)3 + . ..
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P(extinction)

Let z* be the probability of eventual extinction. Let f(t) be the PGF of
the first generation. Then z* solves the equation

f(z") = Z".

Proof: Key Idea is “First-step Analysis”
Po P P2 P3
. el meCem e
P(extinction) 1 2+ (22 (z)°
Therefore, z* = py + p1(z*) + p2(2*)2 + p3(z*)3 + . ..

RHS is the PGF of the first generation: f(t) = pg + p1t + pot? +pst® +.... O
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Question: Since fis a PGF, f(1) = 1. So P(extinction) = 17?
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Question: Since fis a PGF, f(1) = 1. So P(extinction) = 17?

Answer: No, it is possible to show that P(extinction) is the smallest
nonnegative solution to f(x) = x.
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Question: Since fis a PGF, f(1) = 1. So P(extinction) =1?

Answer: No, it is possible to show that P(extinction) is the smallest
nonnegative solution to f(x) = x.
Example

Suppose pg = .2, py =.5, p2 =.2,and ps = .1. Find P(extinction).
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Question: Since fis a PGF, f(1) = 1. So P(extinction) =1?

Answer: No, it is possible to show that P(extinction) is the smallest
nonnegative solution to f(x) = x.

Example

Suppose pg = .2, py =.5, p2 = .2, and p3 = .1. Find P(extinction).

solve(f(t)==t,t)

[t == -1/2%sqrt(17) - 3/2, t == 1/2%sqrt(17) - 3/2, t == 1]
(1/2%sqrt(17)-3/2).n()

0.561552812808830
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Size of nth Generation
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Size of nth Generation

Let G, be the random variable giving the size of the nth generation.

Let f(t) = ) pxt".
o fg, (1) = (1) 0

e Because P(k offspring) = pk-.
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Size of nth Generation

Let G, be the random variable giving the size of the nth generation.
Let (t Z prcth.

o fg, (1) = f(t)
e Because P(k offspring) = pk-.
) =

o ng(t
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Size of nth Generation

Let G, be the random variable giving the size of the nth generation.
Let (t Z prcth.

o fg, (1) = f(t)
e Because P(k offspring) = pk-.
o fe,(t) = f(f(t))
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Size of nth Generation

Let G, be the random variable giving the size of the nth generation.
Let (t Z prcth.

o fg, (1) =f(t)
e Because P(k offspring) = pk-.

o fg,(t) = f(f(1))
e Random-sum: G, = Z Gi.

Gy copies
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Size of nth Generation

Let G, be the random variable giving the size of the nth generation.
Let (t Z prcth.

o fg, (1) =f(t)
e Because P(k offspring) = pk-.

o fg,(t) = f(f(1))
e Random-sum: G, = Z Gi.

Gy copies

o fg,(t) = f(f(f(t)))
e Random-sum: G; = Z Gi.

G2 copies
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Size of nth Generation

Let G, be the random variable giving the size of the nth generation.
Let (t Z prcth.

o fg, (t) = f(t)
o Because P(k offspring) = px.
© fa,(t) = f(f(t))
o Random-sum: G, — Z Gi. Forn > 1, the PGF of Gy is
Gy copies
o fg,(t) = f(f(f(1))) fo fov---o f
e Random-sum: Gs = Z Gi. n times
G2 copies

Proof: Induction.
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Gen 1: f(t) = .2 + .5t + .2t2 + 313
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Gen 1: f(t) = .2 + .5t + .2t2 + 313

Gen 2: f(f(t)) = .309 + .296t + .183t2 + .1241% + .051t* + .0245 + . ..

“Dicey” Polynomials §Applications 32/34


https://math.mit.edu/~dlevear/pgf_slides.pdf

Gen 1: f(t) = .2 + .5t + .2t2 + 313
Gen 2: f(f(t)) = .309 + .296t + .183t2 + .1241% + .051t* + .0245 + . ..

Gen 3: f(f(f(t))) = .376 + .193t + .145t% + 11513 + .07t* + .0441° + . ..
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Gen 1: f(t) = .2 + .5t + .2t2 + 313
Gen 2: f(f(t)) = .309 + .296t + .183t2 + .1241% + .051t* + .0245 + . ..
Gen 3: f(f(f(t))) = .376 + .193t + .145t2 + 11513 + .07t* + .0441> + . ..

Gen 4: f(f(f(f(1)))) = .422 + 134t + 112t + .0981° + .071* + .0521° + . ..
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Gen 1: f(t) = .2 + .5t + .2t2 + 313
Gen 2: f(f(t)) = .309 + .296t + .183t2 + .1241% + .051t* + .0245 + . ..
Gen 3: f(f(f(t))) = .376 + .193t + .145t2 + 11513 + .07t* + .0441> + . ..

Gen 4: f(f(f(f(1)))) = .422 + 134t + 112t + .0981° + .071* + .0521° + . ..

Proposition

The sequence
f(0), f(f(0)), f(£(£(0))), ...

is monotonically increasing and converges to P(extinction).

Proof: Omitted.
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Corollaries and Mythbusters

Let u be the average number of

offspring. Then,

ElG,] = .

Proof: Wald’s Equation. O
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Corollaries and Mythbusters

Let u be the average number of
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Corollaries and Mythbusters

Let u be the average number of

offspring. Then,

ElG,] = .

If w> 1 then

Proof: Wald’s Equation. O

P (extinction) = 07

Answer: no, P(extinction) is at
least pp.

If w<1then

P(extinction) = 1. As long as pg > 0 then we have

Proof: If 1 < 1 then P(extinction) > 0.

lim E[Gn] =0.

n—oo
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f(t) = po + pit + pot® + pst® + ...
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Picture of y = f(t)

f(t) = po + pit + pot® + pst® + ...

P(extinction)
Po

On [0, 1], f(t) is increasing and concave-up.
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Picture of y = f(t)

f(t) = po + pit + pot® + pst® + ...
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On [0, 1], f(t) is increasing and concave-up.
Proof: f'(t) = p1 + 2pot + 3pst2 +--- >0
and f/(t) = 2po + 6pst +24pst2 +--- >0
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Picture of y = f(t)

f(t) = po + pit + pot® + pst® + ...
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Po

On [0, 1], f(t) is increasing and concave-up.
Proof: f'(t) = p1 + 2pot + 3pst2 +--- >0
and f/(t) = 2po + 6pst +24pst2 +--- >0

Thank you!
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