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Review: random variables

Definition
A random variable X is a quantity determined by random chance,
such as tossing a coin or drawing cards.

Examples
X = number of heads in five coin tosses
X = number of flips before first head
X = total from rolling two dice
. . .

Today, we are only thinking about random variables in the range
{0,1,2, . . . }.
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Complicated Random Variable

Roll a six sided die to produce a random variable X . Then flip X coins
and let Z be #(heads).

Challenge: Find the distribution of Y .

Distribution
The distribution of a random
variable X is the list of probabilities
P(X = k ) for all k .
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Mean and Variance

Definitions
The mean of X is

E[X ] =
∑
all k

kP(X = k ).

Also denoted µ.

The variance of X is

E[(X − µ)2] =
∑
all k

(k − µ)2P(X = k ).

Also denoted σ2.
The standard deviation of X is σ.

µ+σµ
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Example: Geometric Random Variable

A geometric random variable X with parameter q has distribution

P(X = k ) = qk (1 − q) = qk p.

We can interpret X as the “streak length” for a probability q event, i.e.
the number of times the event comes true before the first failure.

Example

You roll a six-sided die and you win $1 for each roll that is > 3. What is
the chance of winning k dollars?

Solution: You win X dollars
where X ∼ Geom(q = 4/6).
Therefore

P(X = k ) = (2/3)k (1/3).

k P(X = k )
0 0.333
1 0.222
2 0.148
3 0.099
4 0.066
5 0.044

Mean and variance are obtained by summing infinite series.
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Standard Random Variables

Geometric
“Streak length.”

Uniform
Each outcome
equally likely.

Binomial
Discrete bell curve.

Poisson
Limiting case of
Binomial.
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Examples of PGF’s

Idea

Random Variable X︸                        ︷︷                        ︸
Probability

PGF Function fX (t)︸               ︷︷               ︸
Calculus

Use calculus on fX (t) to analyze X .

Examples

fX (t) = 1
4 + 1

4 t + 1
4 t2 + 1

4 t3 fX (t) = 2
10 + 4

10 t + 3
10 t2 + 1

10 t3

Definition: fX (t) =
∑
all k

P(X = k )tk
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Familiar Example

The function fX (t) is called the probability generating function of X .

Geometric Random Variable

Suppose X ∼ Geometric(q). Find the PGF of X .

Solution: Since P(X = k ) = qk p, we have

fX (t) =
∞∑

k=0

(qk p)tk

We recognize a geometric series:

fX (t) =
p

1 − qt
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Properties of fX(t)

fX (1) = fX (0) =

Theorem

Let f ′X (t) be the derivative of fX (t). Then,

E[X ] = f ′X(1)

Example: Suppose X is obtained by
rolling a six-sided die. Then,

fX (t) =
1
6

t +
1
6

t2 + · · ·+ 1
6

t6

f ′X (t) =
1
6
+

1
6

2t + · · ·+ 1
6

6t5

f ′X (1) =
1 + 2 + 3 + 4 + 5 + 6

6
=

7
2

So E[X ] = 7/2 = 3.5.

Proof of Theorem:
f ′X (t) =

∑
all k

kP(X = k )tk−1

f ′X (1) =
∑
all k

kP(X = k ) = E[X ] �
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Mean of Geometric

Find E[X ] for X ∼ Geometric(q).

Solution

fX (t) =
p

1 − qt
← from P(X = k ) = qk p

f ′X (t) = pq(1 − qt)−2 ← chain rule

f ′X (1) = pq(1 − q)︸    ︷︷    ︸
p

−2 ← p = 1 − q

=
q
p

Concrete Example: Roll a six-sided die until getting a 4. On average,
how many non-4’s are rolled? Answer: 5/6

1/6 = 5 .
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Variance?

Could it be true?

Var(X) = f ′′X (1)?

False!

It must be false because f ′′X (t) doesn’t “see” P(X = 0) and P(X = 1).

Theorem
Let µ = f ′X (1) = E[X ]. Then,

Var(X) = f ′′X (1) + µ(1 − µ).

Proof: Omitted.
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Geometric Example

Theorem
Let µ = f ′X (1) = E[X ]. Then,

Var(X) = f ′′X (1) + µ(1 − µ).

Example: Let X ∼ Geometric(q). Find Var(X).

Solution
Compute 2nd derivative:
f ′X (t) = pq(1 − qt)−2 =⇒ f ′′X (t) = 2pq2(1 − qt)−3

Plug in t = 1: f ′′X (1) = 2pq2(1 − q)︸    ︷︷    ︸
p

−3 =
2q2

p2

Use the Theorem: Var(X) =
2q2

p2 +
q
p
(1 −

q
p
) = · · · = q2

p2 −
q
p
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Let’s Get Cooking

How to combine fX(t) and fY(t)?

1 fX(t) + fY(t)?
2 fX(t)fY(t)?
3 fX(fY(t))?
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fX + fY
Definition: (fX + fY)(t) = fX (t) + fY (t).

Question: Can we interpret fX + fY as a PGF of something?

Answer: No, fX + fY is not a PGF.

Fix: But 1
2 fX + 1

2 fY is a PGF.

Interpretation

The PGF 1
2 fX + 1

2 fY is equal to fZ where

Z =

{
X with probability 1/2
Y with probability 1/2

Z

1
2 X

1
2 Y
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Example

Setup: A box contains 100 dice: there are 50 six-sided dice, 40
ten-sided dice, and 10 twenty-sided dice. You reach in and throw a
random die to generate a number Z . What is the distribution of Z?

Z

5
10

six-sided die 1
6 t + · · ·+ 1

6 t6 = f1(t)

4
10

ten-sided die 1
10 t + · · ·+ 1

10 t10 = f2(t)

twenty-sided die 1
20 t + · · ·+ 1

20 t20 = f3(t)
1

10

Answer: PGF of Z is

fZ =
5
10

(f1) +
4
10

(f2) +
1

10
(f3)

fZ(t) =
77

600 t − 1
200 t20 − 1

25 t10 − 1
12 t6

1 − t
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fX fY

Definition: fXfY(t) = fX (t)fY (t).

Question: Can we interpret fX fY as the PGF of something?

Example:

fX = 1
6 t + 1

6 t2 + 1
6 t3 + 1

6 t4 + 1
6 t5 + 1

6 t6

fY = 1
6 t + 1

6 t2 + 1
6 t3 + 1

6 t4 + 1
6 t5 + 1

6 t6

fX fY = 1
36 t2 + 2

36 t3 + 3
36 t4 + 4

36 t5 + 5
36 t6 + 6

36 t7 + 5
36 t8 + 4

36 t9 + 3
36 t10 + 2

36 t11 + 1
36 t12
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Two dice

Observe: fX fY is showing the distribution of rolling
two dice.

Theorem

fX fY = fX+Y

Proof: The coefficient of xn in(∑
all k

P(X = k )xk

)(∑
all k

P(Y = k )xk

)
is
∑

a+b=n

P(X = a)P(Y = b). �
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Examples

Problem 1: Roll a six-sided die and a ten-sided die and take the sum
to determine X . What is the PGF of X?

fX (t) =
(

1
6

t + · · ·+ 1
6

t6
)(

1
10

t + · · ·+ 1
10

t10
)

Problem 2: In an archery contest, you can hit the bulls-eye with
probability p. Suppose you take n shots at a target. If X is the total
number of bulls-eyes you hit, what is the PGF of X?

The PGF of each shot is (q + pt).
Therefore, fX (t) = (q + pt)(q + pt) . . . (q + pt)︸                                 ︷︷                                 ︸

n times

= (q + pt)n
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Archery Contest ∼ Binomial

The Binomial(n,p) distribution arises from making n independent
attempts at a probability p event. We have shown the PGF of
X ∼ Binomial(n,p) is simply

fX (t) = (q + pt)n

By the Binomial Theorem, P(X = k ) =
(n

k

)
pk qn−k .

Expectation and Variance

Expectation

f ′X (t) = np(q + tp)n−1

E[X ] = np(q + p)

= np

Variance

f ′′X (t) = n(n − 1)p2(q + tp)n−2

f ′′X (1) = n(n − 1)p2

Var(X) = n(n − 1)p2 + np(1 − np)
= np(p(n − 1) + (1 − np))

= npq
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fX ◦ fY

Definition: fX ◦ fY(t) = fX (fY (t))

Question: Can we interpret fX ◦ fY as the PGF of something?

Demonstration:
Suppose fX (t) = p0 + p1t + p2t2 + p3t3. Then,

fX (fY (t)) = p0 + p1(fY (t)) + p2(fY (t))2 + p3(fY (t))3

Notice: (fY (t))k is the PGF for rolling k Y ’s and summing.

Conclusion: fX ◦ fY is the PGF for “roll X Y ’s.”
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Conclusion: fX ◦ fY is the PGF for “roll X Y ’s.”
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Statement

Theorem (“Random Sum”)
Suppose Y1,Y2, . . . are independent identically-distributed random

variables Yi ∼ Y . Then for any X , the PGF of Z =

X∑
i=1

Yi is fZ = fX ◦ fY .

Example: Roll a six-sided die to produce a number X , then flip X fair
coins and let Z be the number of heads. What is the distribution of Z?

Solution: fZ(t) = fX ◦ fY where fX (t) = 1
6 t + · · ·+ 1

6 t6, and
fY =

(1
2 + 1

2 t
)
.

fZ(t) =
1
6

(
1
2
+

1
2

t
)
+ · · ·+ 1

6

(
1
2
+

1
2

t
)6
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Example Continued

Example: Roll a six-sided die to produce a number X , then flip X fair
coins and let Z be the number of heads. What is E[Z ]?

PGF: fZ(t) = fX (1
2 + 1

2 t)

Chain rule: f ′Z(t) = f ′X (
1
2 + 1

2 t) · 1
2

Set t = 1: E[Z ] = f ′X (1)
1
2 = E[X ]/2 = 7/4

Theorem (Wald’s Equation)

If Z =

X∑
i=1

Yi then E[Z ] = E[X ]E[Y ].

Proof: Differentiate: fZ(t) = fX (fY (t))
f ′Z(t) = f ′X (fY (t)) · f ′Y (t)
f ′Z(1) = f ′X (fY (1)) · f ′Y (1) = f ′X (1) · f ′Y (1) = E[X ]E[Y ]
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Summary

1 fX ◦ fY is the PGF of the random sum
X∑

i=1

Yi .

2 fX fY is the PGF of X + Y .

3 pfX + qfY is the PGF of Z

p X

q Y

Coming up next:
1 A cheap trick
2 An application
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Cheap Trick

Question: Anything interesting about fX (−1)?

Proposition

fX (−1) > 0 if and only if X is more likely to be even than odd.

Proof: fX (−1) =
∑
all k

P(X = k )(−1)k =
∑

even k

P(X = k ) −
∑

odd k

P(X = k )

Thus, fX (−1) = P(X is even) − P(X is odd) �

Example

Suppose X ∼ Geometric(q). Is X more likely to be even or odd?

Solution: fX (t) =
p

1−qt so fX (−1) = p
1+q > 0 so X is more likely to be

even.

It is also possible to give the exact value of P(X is even) using just
fX (−1) (see exercises).
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Application: Branching Processes

Setup: Imagine the following population model. We start with one
node, and assume that each member of the population decides to
have k offspring with probability pk , for fixed (p0,p1,p2, . . . ). This
continues indefinitely, or until the population goes extinct.

p0 p1 p2 p3 . . .
. . .

Extinction One offspring Two offspring Three offspring . . .
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And so on...

G0

G1

G2

G3

G4

Questions:
1 Given the (pk ), what is the probability of eventual extinction?
2 Let Gn be the size of generation k . What is the distribution of Gn?
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Applications

1 Population models

2 (historical) Will the names of the aristocracy survive?
3 Spread of infectious diseases
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P(extinction)

Theorem
Let z∗ be the probability of eventual extinction. Let f(t) be the PGF of

the first generation. Then z∗ solves the equation

f(z∗) = z∗.

Proof: Key Idea is “First-step Analysis”

p0 p1 p2 p3 . . .
. . .

P(extinction) 1 z∗ (z∗)2 (z∗)3 . . .

Therefore, z∗ = p0 + p1(z∗) + p2(z∗)2 + p3(z∗)3 + . . .

RHS is the PGF of the first generation: f(t) = p0 + p1t + p2t2 + p3t3 + . . . . �
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Example

Question: Since f is a PGF, f(1) = 1. So P(extinction) = 1?

Answer: No, it is possible to show that P(extinction) is the smallest
nonnegative solution to f(x) = x.

Example

Suppose p0 = .2, p1 = .5, p2 = .2, and p3 = .1. Find P(extinction).
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Size of nth Generation

Let Gn be the random variable giving the size of the nth generation.

Let f(t) =
∞∑

k=0

pk tk .

fG1(t) = f(t)
Because P(k offspring) = pk .

fG2(t) = f(f(t))

Random-sum: G2 =
∑

G1 copies

G1.

fG3(t) = f(f(f(t)))

Random-sum: G3 =
∑

G2 copies

G1.

...

Theorem
For n > 1, the PGF of Gn is

f ◦ f ◦ · · · ◦ f︸             ︷︷             ︸
n times

Proof: Induction.
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fG3(t) = f(f(f(t)))

Random-sum: G3 =
∑

G2 copies

G1.

...

Theorem
For n > 1, the PGF of Gn is

f ◦ f ◦ · · · ◦ f︸             ︷︷             ︸
n times

Proof: Induction.
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Example

Gen 1: f(t) = .2 + .5t + .2t2 + .3t3

Gen 2: f(f(t)) = .309 + .296t + .183t2 + .124t3 + .051t4 + .024t5 + . . .

Gen 3: f(f(f(t))) = .376 + .193t + .145t2 + .115t3 + .07t4 + .044t5 + . . .

Gen 4: f(f(f(f(t)))) = .422 + .134t + .112t2 + .098t3 + .07t4 + .052t5 + . . .

Proposition

The sequence
f(0), f(f(0)), f(f(f(0))), . . .

is monotonically increasing and converges to P(extinction).

Proof: Omitted.
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Corollaries and Mythbusters

Corollary 1
Let µ be the average number of

offspring. Then,

E[Gn] = µ
n.

Proof: Wald’s Equation. �

Corollary 2
If µ < 1 then

P(extinction) = 1.

Proof: If µ < 1 then

lim
n→∞E[Gn] = 0.

�

Is it true?
If µ > 1 then

P(extinction) = 0?

Answer: no, P(extinction) is at
least p0.

As long as p0 > 0 then we have
P(extinction) > 0.
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Picture of y = f(t)

f(t) = p0 + p1t + p2t2 + p3t3 + . . .

t

1
y

1

p0

P(extinction)

On [0,1], f(t) is increasing and concave-up.
Proof: f ′(t) = p1 + 2p2t + 3p3t2 + · · · > 0
and f ′′(t) = 2p2 + 6p3t + 24p4t2 + · · · > 0

Thank you!
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