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Two Similar (?) Problems
The Minimum and Maximum Cut Problems

|E | = 20, cut weight=15

Cut in a graph.

Given graph G = (V ,E ), for any S ⇢ V , cut

�(S) := {(i , j) 2 E |i 2 S , j /2 S}.

For given weight w 2 RE , weight of cut: w(�(S)) :=
X

e2�(S)

we

For nonnegative weights w 2 RE
+:

MaxCut : max
S⇢V

w(�(S)) MinCut : min
;(S(V

w(�(S))
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Computational Complexity 18404

Decision problem Yes1No ans wer

Mincut Given a graph G VE integer K

Q Is there a cut of value k
MAYCUT Given a graph G V E integer K

Q Is there a cut of value k

NP Yes instances have a short certificate
MINCUT MAX cut in NP

co NP No instances have a shout certificate

NP n co NP wellcharacterized
6 NP

p easy

NPcomplete hard

Clay milleniumprize for PE NP



Which is easy
Hand

Mi MAxcut
yes No

extreme values

minute for disconnected graphs

all edges in maxat for bipartite graphs
bicolorable



MINI well characterized
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In start problem
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min s t cut problem in undirectedgraph
special case of Min s t at problem in directedgraph

o_0
t

min s t cutproblem in directedgraphs
Max s t flow value ingraph

For undirectedgraph with unitweight

Menger's theorem

In any graph GCr
E for any
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induced by In
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Coping with Intractibility
One approach: Approximation Algorithms

Design polynomial-time algorithms that deliver solution within a provable
guarantee

Approximation algorithms often rely on first solving a relaxation of the
problem: optimizing over larger space

4 / 24



Approximating MaxCut
How well can MaxCut be approximated in polynomial-time? For any
weighted graph, find z such that

↵z  MaxCut  z

I ↵  1: approximation ratio.

I ↵-approximation algorithm if also produces cut �(S) with
w(�(S)) � ↵MaxCut.

Easy to get ↵ = 1
2

I Choose S uniformly at random

) E[w(�(S))] =
X

e2E

Pr[e 2 �(S)]we =
1

2

X

e2E

we �
1

2
MaxCut

I For deterministic algorithm, repeatedly condition on whether v 2 S

! greedy 1
2 -approximation algorithm.

5 / 24



Approximating MaxCut
How well can MaxCut be approximated in polynomial-time? For any
weighted graph, find z such that

↵z  MaxCut  z

I ↵  1: approximation ratio.

I ↵-approximation algorithm if also produces cut �(S) with
w(�(S)) � ↵MaxCut.

Easy to get ↵ = 1
2

I Choose S uniformly at random

) E[w(�(S))] =
X

e2E

Pr[e 2 �(S)]we =
1

2

X

e2E

we �
1

2
MaxCut

I For deterministic algorithm, repeatedly condition on whether v 2 S

! greedy 1
2 -approximation algorithm.

5 / 24



EfwHDR ELwcscsdliisblef.PE
blue t

ELVISSl 1 is red PE red
t

E MaxLEECHD I 1 isbled EfwHADhis red
is

successively fix colonny of
each

vertex without decreasing
the expectation



Formulating MaxCut

MaxCut = max
x2{�1,1}V

1

4

X

(u,v)2E

wuv (xu � xv )
2 = max

x2{�1,1}V

1

4
xTLx

where the Laplacian L = L(w) =
X

e2E

weLe with

L{u,v} = (1u � 1v )(1u � 1v )T .

6 / 24

convex

c S

V
u v

v f

I

x'Tex X ft Xf 2XuXv



Eigenvalue Bound for MaxCut

MaxCut = max
x2{�1,1}V

1

4
xTLx

Eigenvalue Bound:

MaxCut  1

4
max

x2RV :xT x=n
xTLx =

n

4
�max(L)

(�max : largest eigenvalue)

Example: cycle on 5 vertices C5

L =

0

BBBB@

2 �1 0 0 �1
�1 2 �1 0 0
0 �1 2 �1 0
0 0 �1 2 �1
�1 0 0 �1 2

1

CCCCA

with eigenvalues 2(1� cos(2⇡k/5)) for k = 0, 1, 2, 3, 4
MaxCut  4.52254. Here, MaxCut

�max (L)
= 32

25+5
p
5
= 0.88445 · · ·

7 / 24
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Refined Eigenvalue Bound

MaxCut = max
x2{�1,1}V

1

4
xTLx = max

x2{�1,1}V

1

4

 
xT (L+ Diag(u))x �

X

i

ui

!

[Delorme-Poljak 1993]

MaxCut  n

4


min

u2RV :
P

ui=0
�max(L+ Diag(u))

�

I How does one compute e�ciently best u??

I Worst-case gap conjectured by Delorme and Poljak to be
32

25+5
p
5
= 0.88445 · · · for the 5-cycle

(Spoiler alert: false. Worst-case? Analysis??)
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Semidefinite Programming Relaxation for MaxCut
[G. and Williamson ’94]

MaxCut = max
x2{�1,1}V

1

4
xTLx = max

x2{�1,1}V

1

4
hL, xxT i

where the Laplacian L = L(w) =
X

e2E

weLe with

L{u,v} = (1u � 1v )(1u � 1v )T .
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Semidefinite Programming Relaxation for MaxCut
[G. and Williamson ’94]

MaxCut = max
x2{�1,1}V

1

4
xTLx = max

x2{�1,1}V

1

4
hL, xxT i

where the Laplacian L = L(w) =
X

e2E

weLe with

L{u,v} = (1u � 1v )(1u � 1v )T .

I Let Y = xxT (where x 2 {�1, 1}V ). Thus

1. Y ⌫ 0 (positive semidefinite)

2. rank(Y ) = 1  relax!

3. Yii = 1 for all i 2 V

4. weight of cut = 1
4 hL,Y i

9 / 24
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Semidefinite Programming (SDP) relaxation

MaxCut  SDP = Max
1

4
hL,Y i

0

@=
X

(i,j)2E

wij
1� Yij

2

1

A

(SDP) s.t. Yii = 1 8i
Y ⌫ 0

10 / 24

f
can becomputed in time

pdynon.at in size

ofgraph



Semidefinite Programming (SDP)

Sup hC ,X i
s.t. hAi ,X i = bi i = 1, · · · ,m

X ⌫ 0

I Generalizes linear programming

I Convex optimization. Special case of conic programming (over
cone K of positive semidefinite matrices): real SDP, complex SDP,
hyperbolic optimization, ...

I Strong duality (under regularity condition) sup · · · = inf · · ·
I Can be solved up to ✏ in polynomial time (in input size and log 1

✏ )
by (o↵-the-shelf or specialized) interior-point algorithms (as
� log det(Y ) is convex over the convex SDP cone)

11 / 24



GW Randomized Approximation Algorithm
How do you recover a good cut from this convexification?

G.-Williamson ’94:

1. Solve SDP relaxation ) Y

2. Cholesky decomposition ) vi 2 Rn for i 2 V with Yij = hvi , vji

3. Let r be sampled uniformly from unit sphere Sn�1 (or r Gaussian)

4. Cut �(S) defined by S = {i : hr , vi i � 0}

2

64

9 11

817

10 3

5

6

7

11

1

3

5
10

9
4

8
2

|E | = 20

, Cut=16,

SDP = 17.18,E[|�(S)|] = 15.11
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GW Randomized Approximation Algorithm
How do you recover a good cut from this convexification?

G.-Williamson ’94:

1. Solve SDP relaxation ) Y

2. Cholesky decomposition ) vi 2 Rn for i 2 V with Yij = hvi , vji

3. Let r be sampled uniformly from unit sphere Sn�1 (or r Gaussian)

4. Cut �(S) defined by S = {i : hr , vi i � 0}

Theorem [GW ’94] For w � 0

E[w(�(S)] � ↵SDP � ↵MaxCut

where ↵ = min
�1<⇢<1

arccos(⇢)/⇡

(1� ⇢)/2
= min

0<✓<⇡

✓/⇡

(1� cos ✓)/2
= 0.87856 · · ·

My new license plate 3 weeks before this result:

Sometimes people obtain mathematically significant
license plates purely by accident, without making a per-
sonal selection. A striking example of this phenomenon is
the case of Michel Goemans, who received the following
innocuous-looking plate from the Massachusetts Registry of
Motor Vehicles when he and his wife purchased a Subaru at
the beginning of September 1993:

Two weeks later, Michel got together with his former stu-
dent David Williamson, and they suddenly realized how to
solve a problem that they had been working on for some
years: to get good approximations for maximum cut and
satisfiability problems by exploiting semidefinite program-
ming. Lo and behold, their new method—which led to a
famous, award-winning paper [15]—yielded the approxi-
mation factor .878! There it was, right on the license, with
C, S, and W standing respectively for cut, satisfiability, and
Williamson.

Large Numbers
Let’s return now to the scenario we began with, a license
plate that bore the desirable number 65536. Mathematicians
have traditionally befriended numbers that are much
smaller than this, because smaller numbers tend to have
more interesting properties. (Or perhaps because smaller
numbers have properties that are easier to discover without
computer assistance.) Le Lionnais considered this situation
in his postlude to [28], saying ‘‘Tous les nombres sont re-
marquables, mais peu ont été remarqués.’’ His book
discusses 219 integers between 20 and 220, having a total of
574 ‘‘properties,’’ with the distribution of k-bit numbers that
is shown in Figure 4 for 1 B k B 20. In this illustration the
black bars stand for numbers and the gray bars stand for
properties; for example, when k = 1 the sole number is 1
and he mentions 14 of its properties.

The sole number listed for k = 20 is 604800, the number
of elements in the Hall–Janko group (the fifth sporadic
group); this number also has the property that some of its
divisors yield an interesting ‘‘congruence cover.’’ A con-
gruence cover is a set of integer pairs (a1, d1), . . ., (as, ds)
with d1 \ . . . \ ds such that every integer is congruent to ak

(modulo dk) for some k. For example, the simplest con-
gruence cover [14] is

fð0; 2Þ; ð0; 3Þ; ð1; 4Þ; ð1; 6Þ; ð11; 12Þg:

Robert Churchhouse [10] found a congruence cover for
which d1 = 9, ds = d124 = 2700, and lcm(d1, . . ., ds) =
604800; when Le Lionnais wrote [28], Churchhouse’s
example had the largest known value of d1. (Erdös had
conjectured that d1 could be arbitrarily large. His conjecture
remains open, and carries a $1000 reward for the solver. A
cover with d1 = 40 and s&1050 has recently been found
[33].)

What other properties does 604800 have, besides the
two that were featured by Le Lionnais? For this question
mathematicians can now turn to Neil Sloane’s wonderful
On-Line Encyclopedia of Integer Sequences [38], which
tells us for example (in sequence A053401) that there are
604800 seconds in a week. Sequence A001715 of the OEIS
reminds us that 604800 = 10!/3!; from this fact we can
conclude, with a hint from A091478, that exactly 604800
simple graphs on 5 labeled vertices have 7 labeled edges.
Furthermore we learn from sequences A055981, A058295,
A060593, and A080497 that 604800 is the number of ways
to write an 11-cycle as the product of two 11-cycles on the
same elements [6], and that 604800 can not only be
expressed as 5! 7! and as 12!/d(12!) but also as

ð1# 2# 3# 4# 5# 6# 7# 8# 9# 10# 11Þ
=ð1þ 2þ 3þ 4þ 5þ 6þ 7þ 8þ 9þ 10þ 11Þ

and—via prime numbers—as

ð17% 2Þð17% 3Þð17% 5Þð17% 7Þð17% 11Þð17% 13Þ:

Altogether the number 604800 appears explicitly in 78
sequences of the current OEIS list, so it possesses 78 ‘‘OEIS
properties.’’ I can well imagine that Marshall Hall, who was
my Ph.D. advisor long ago, would have been delighted to
drive an automobile whose license plates bore the number
604800.

These considerations beg us to ask, ‘‘What numbers
greater than, say, 10000, have the most OEIS properties?’’ I
posed this question to Sloane in 2001, and he told me how
to answer it by downloading a stripped version of the
database. The current champion numbers, by this criterion,
are shown in Table 1.

Several conclusions can readily be drawn from this
table. First, we notice that the magic number 65536 of my
Madison experience is right up there, nearly tied for the
lead. Second, almost all of these property-rich numbers are
round in G. H. Hardy’s sense: They are ‘‘the product of a
considerable number of comparatively small factors’’ [20,
page 48]. The only exceptions are 10001 and 11111, which
are oriented to radix-10 notation. Indeed, all of the cham-
pions other than 10001 and 11111 are powers of 2, 3, 5, 6,
7, 10, or 11, except for 8!, 9!, and 10080 (which is twice 7!).

Table 1 ranks a number n by counting only the
sequences in which the OEIS database lists n explicitly; it
doesn’t count all the sequences to which n actually belongs.
For example, A005843 is the sequence of even numbers,
which explicitly lists only 0, 2, 4, 6, . . ., 120; a number like

Figure 4. Remarkable numbers (black) and remarkable

properties (gray) in [28].

! 2010 The Author(s). This article is published with open access at Springerlink.com,, Volume 33, Number 1, 2011 41
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(Shockingly) Elementary Analysis

Lemma
For vi , vj 2 Sd�1 and r Gaussian,

Pr[sgnhr , vi i 6= sgnhr , vji] =
1

⇡
arccoshvi , vji

! E[w(�(S))] =
X

(i,j)2E

wij
arccosYij

⇡
while SDP =

X

(i,j)2E

wij
1� Yij

2

-1 -0.5 0 0.5 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1�x
2

arccos(x)
⇡

arccos(x)
⇡ � 0.87856... 1�x

2
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Maxcut in planargraph is polynomiallysolvable

no Ks andKs minors Kuratowski

If take planar
dual vertices faces

problem reduces
to matching type
problem

Can even solve maxat in graphs
with
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e.g by
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Dual of SDP Relaxation: Refined Eigenvalue Bound!

SDP =
n

4


min

u2RV :
P

ui=0
�max(L+ Diag(u))

�

Rounding scheme based on this eigenvalue formulation?

I Trevisan ’08: Spectral partitioning gives 0.531 guarantee.

I Soto ’09: Guarantee improved to 0.614

14 / 24



Alternative Rounding Scheme II: Sticky Brownian
Rounding

Sticky Brownian Rounding à la Bansal:

[Abbasi-Zadeh, Bansal, Guruganesh, Nikolov, Schwartz & Singh ’18]:

I Maintain Xt 2 [�1, 1]n. Initially X0 = 0, eventually XT 2 {�1, 1}n.
I Sticky: As soon as (Xt)i is close to ±1, stays there

I Step from Xt to Xt+1 is scaled Gaussian step with covariance matrix
Y , restricted to non-fixed indices/vertices

Using elliptic PDEs and complex analysis, show guarantee of 0.861

Variant with slowdown (modifying also covariance matrix):

I Abbasi-Zadeh et al.: 0.878 (but < 0.8785)

I Eldan and Naor ’19: can match GW bound, 0.87856 · · · , with
Krivine di↵usions
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Analysis of GW Hyperplane Rounding is Tight

Theorem [Karlo↵ ’99], [Alon & Sudakov ’00] :

For �1  ⇢  0, construction of MaxCut instances with
SDP = MaxCut = (1� ⇢)/2 but GW rounding provides hyperplane cuts
having value ’only’ arccos(⇢)/⇡

I Karlo↵’s construction (works for some range of ⇢): Kneser-type
graphs

I Alon and Sudakov’s construction:
I V = {�1, 1}m and E = {(x , y) : H(x , y) = (1� ⇢)m/2}
I Bose-Mesner algebra of the Hamming association scheme:

Eigenvectors/functions are

�I (x) =
Y

i2I

xi for all I ✓ [m]

and eigenvalues given by Krawtchouk polynomials
I Natural embedding of {�1, 1}m in Sm�1 has hvi , vji = ⇢.
) SDP � 1

2 (1� ⇢)|E |
+ spectral analysis ) SDP = 1

2 (1� ⇢)|E |
I Expectation of random hyperplane cut value: (arccos(⇢)/⇡)|E |.
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Tight Gap between SDP and MaxCut
Feige and Schechtman ’02

Theorem [Feige and Schechtman ’02]

inf
G ,w

MaxCut

SDP
= ↵ = min

�1<⇢<0

arccos(⇢)/⇡

(1� ⇢)/2
(= 0.87856 · · · )

Construction: Fix any �1 < ⇢ < 0

1. V dense set of points on Sd

2. E = {(x , y)|⇢� ✏  hx , yi  ⇢}

I Given embedding ) SDP � 1
2 (1� ⇢)|E |

I Need to show maximum cut given by hyperplane cuts

Proof from isoperimetric inequality on continuous analogue, and
concentration.

Theorem
Among all sets A ✓ Sd with µ(A) = a, a cap has the largest
µ⇢(A) := µ2({(x , y) 2 Sd ⇥ Sd |x 2 A, y /2 A and hx , yi � ⇢}) for any
⇢ 2 [�1, 1].
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