


Two Similar (?) Problems

The Minimum and Maximum Cut Problems

Cut in a graph.
Given graph G = (V,E), forany S C V, cut

0(S):={(i,j) € Elie S¢S}

For given weight w € RE, weight of cut: w(§(S)) Z We
ecd(S)
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Two Similar (?) Problems

The Minimum and Maximum Cut Problems

|E| = 20, cut weight=15

Cut in a graph.
Given graph G = (V,E), forany S C V, cut

0(S):={(i,j) € Elie S¢S}

For given weight w € RE, weight of cut: w(§(S)) Z We
ecd(S)

. . E
For nonnegative weights w € RZ:

MaxCut max w(5(S)) MinCut : @grglgv w(5(S))
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Coping with Intractibility

One approach: Approximation Algorithms

Design polynomial-time algorithms that deliver solution within a provable
guarantee }

Approximation algorithms often rely on first solving a relaxation of the
problem: optimizing over larger space
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Approximating MAXCUT

How well can MAXCUT be approximated in polynomial-time? For any
weighted graph, find z such that

az < MaxCut < z

» o < 1: approximation ratio.

» «-approximation algorithm if also produces cut §(S) with
w(5(S)) > aMaxCut.
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Approximating MAXCUT

How well can MAXCUT be approximated in polynomial-time? For any
weighted graph, find z such that

az < MaxCut < z

» o < 1: approximation ratio.

» «-approximation algorithm if also produces cut §(S) with
w(5(S)) > aMaxCut.

1
Easy to get a = 5

» Choose S uniformly at random

= E[w((9))] = Z Prle € 6(S)]we = %Z We > %MaxCut

ecE ecE

» For deterministic algorithm, repeatedly condition on whether v € S

— greedy %—approximation algorithm.
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Formulating MaxCuT
VU
Xe-4[a

1 1

MaxCut = max - Z Wy (Xy — x‘,)2 — max -x'lx
xe{-1,1}vV 4 xe{-1,1}V
(u,v)EE
. , V

where the Laplacian L = L(w) = Z Wele with vV

ecE
Livvy = (1o — 1)1, —1,)".
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Eigenvalue Bound for MAxXCuT

1

MaxCut = max —x'lLx
xe{-1,1}v 4
Eigenvalue Bound:
MaxCut < TIx = = Amax(L
I = _XGRr‘p:i)T(x:nX X = Z max( )
(Amax: largest eigenvalue)
Example: cycle on 5 vertices Cs
/ 2 -1 0 0o -1 \
-1 2 =1 0 0
L= o -1 2 -1 0
0 o -1 2 -1
\ -1 0 0 -1 2

with eigenvalues 2(1 — cos(27k/5)) for k =0,1,2,3,4
MaxCut __
" Amax(L)  25454/5

MAXCut < 4.52254.

Here

32__ — (0.88445 - - -
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Refined Eigenvalue Bound

1 1

xe{-1,1}V

_ T - _
MaxCut—XE{nlzm}v x"Lx = max 4( T(L + Diag(u))x Zu,)

[Delorme-Poljak 1993]

MaxCut < g [uengu,—o Amax(L + Diag(u))]

» How does one compute efficiently best u??

> Worst case gap conjectured by Delorme and Poljak to be
= 0.88445 - - - for the 5-cycle
25+5\/_
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Semidefinite Programming Relaxation for MAXCuT
[G. and Williamson '94]

1 1
MaxCut = max -x'Lx= max (L, xx")
xe{-1,1}V 4 xe{-1,1}v 4

where the Laplacian L = L(w) = Z Wele with
ecE
Livvy = (1o — 1)1, —1,)".

( ><">< Lo ][
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Mr\lz—l VY\OJ:“%
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Semidefinite Programming Relaxation for MAXCuT
[G. and Williamson '94]

1

1
MaxCut = max ~x'Lx= max ~(L,xx")< max 7|1<L)\’>

xe{-1,1}V 4 xe{-1,1}vV 4

where the Laplacian L = L(w) = Z Wele with

ecE

Livvy = (1o — 1)1, —1,)".

> Let

Y = xx (where x € {—1,1}V). Thus

1. Y = 0 (positive semidefinite)
2. rank(Y) =1 + relax!
3.

4. weight of cut = 3(L,Y)

Y;=1forallie V

1.)3.,14.
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Semidefinite Programming (SDP) relaxation

(SDP)

MaxCut

<

s.t.

SDP = Max

/%)zfé7,nc9wmﬁ4/ //7 Sile

@fjm/%
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Semidefinite Programming (SDP)

X)

>:b, i:]_,"‘,m

Sup (C,
s.t. (A;,
X >0

» Generalizes linear programming

» Convex optimization. Special case of conic programming (over
cone K of positive semidefinite matrices): real SDP, complex SDP,
hyperbolic optimization, ...

» Strong duality (under regularity condition) sup---=inf--.

» Can be solved up to € in polynomial time (in input size and log %)
by (off-the-shelf or specialized) interior-point algorithms (as
—log det(Y) is convex over the convex SDP cone)
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GW Randomized Approximation Algorithm

How do you recover a good cut from this convexification?
G.-Williamson '94:

1.

2
3.
4

Solve SDP relaxation = Y
Cholesky decomposition = v; € R" for i € V with Yj; = (v;, vj)
Let r be sampled uniformly from unit sphere S"! (or r Gaussian)

Cut 6(S) defined by S = {i: (r,v;) >0}
5

s

E| = 20 SDP = 17.18,E[|5(S)|] = 15.11
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GW Randomized Approximation Algorithm
How do you recover a good cut from this convexification?
G.-Williamson '94: d . dEn) < n
1. Solve SDP relaxation = Y = )(/'/
2. Cholesky decomposition = v; € R" for i € V with Yj; = (v;, v})
3. Let r be sampled uniformly from unit sphere S"~! (or r Gaussian)
4

Cut 6(S) defined by S = {i: (r,v;) >0}
5

|E| = 20, Cur=16, SDP = 17.18,E[|3(S)|] = 15.11
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GW Randomized Approximation Algorithm

How do you recover a good cut from this convexification?

G.-Williamson '94:

1.
2.
3.
4,
Theorem [GW ’94] For w > 0

where &« = min = min

Solve SDP relaxation = Y
Cholesky decomposition = v; € R" for i € V with Yj; = (v;, vj)
Let r be sampled uniformly from unit sphere S™! (or r Gaussian)

Cut 6(S) defined by S ={i: (r,v;) > 0}

E[w(5(S)] > aSDP > aMaxCut

0/m
—1<p<1 (1 —p)/2  o<b<r (1 —cosb)/

arccos(p)/m

= 0.87856 - - -
2

#assachuseTs [l

878 Lol

My new license plate 3 weeks before this result:
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(Shockingly) Elementary Analysis

Lemma
For vi,v; € S971 and r Gaussian,

1
Pr[sgn(r, vi) # sgn(r, vj)] = — arccos(Vv;, v;)

arccos Y;; _ 1-Y;
(ij)eE (iJ)EE
N e el > 0.87856... 15
Il arccos(x)
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Dual of SDP Relaxation: Refined Eigenvalue Bound!

SDP =

Rounding scheme based on this eigenvalue formulation?
» Trevisan '08: Spectral partitioning gives 0.531 guarantee.

» Soto '09: Guarantee improved to 0.614
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Alternative Rounding Scheme IlI: Sticky Brownian
Rounding

Sticky Brownian Rounding a la Bansal:

[Abbasi-Zadeh, Bansal, Guruganesh, Nikolov, Schwartz & Singh '18|:
» Maintain X; € [—1,1]". Initially Xo = 0, eventually X7 € {-1,1}".
» Sticky: As soon as (X;); is close to +1, stays there

» Step from X; to X;.1 is scaled Gaussian step with covariance matrix
Y, restricted to non-fixed indices/vertices

Using elliptic PDEs and complex analysis, show guarantee of 0.861

Variant with slowdown (modifying also covariance matrix):
» Abbasi-Zadeh et al.: 0.878 (but < 0.8785)

» Eldan and Naor '19: can match GW bound, 0.87856 - - -, with

Krivine diffusions
15 /24



Analysis of GW Hyperplane Rounding is Tight

Theorem [Karloff '99], [Alon & Sudakov '00] :

For —1 < p <0, construction of MAXCUT instances with
SDP = MaxCut = (1 — p)/2 but GW rounding provides hyperplane cuts
having value 'only’ arccos(p)/m

» Karloff's construction (works for some range of p): Kneser-type
graphs
» Alon and Sudakov's construction:
> V={-1,1}"and E ={(x,y) : H(x,y) = (1 — p)m/2}
» Bose-Mesner algebra of the Hamming association scheme:
Eigenvectors/functions are

xi(x) =[]~ for all 1 C [m]
il
and eigenvalues given by Krawtchouk polynomials
> Natural embedding of {—1,1}™ in S™1 has (v;, v;) = p.
= SDP > 1(1— p)|E|
+ spectral analysis = SDP = Z(1 — p)|E]

» Expectation of random hyperplane cut value: (arccos(p)/m)|E]. 1624



Tight Gap between SDP and MaxCut

Feige and Schechtman ’'02
Theorem [Feige and Schechtman ’02]

. . MaxCut . arccos(p)/m

f = —
Gw SDP R L (1—p)/2

(= 0.87856 - - - )

Construction: Fix any —1 < p <0

1. V dense set of points on S
2. E= {(Xa)/)‘p_e < <X7y> < IO}
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Tight Gap between SDP and MaxCut

Feige and Schechtman ’'02
Theorem [Feige and Schechtman ’02]

. . MaxCut . arccos(p)/m
= — p— . 7 ° o o
8L7S0P 0T e 1 —pyz = 080

Construction: Fix any —1 < p <0

1. V dense set of points on S

2. E={(x,y)lp—e=<(xy) <p}

> Given embedding => SDP > 1(1 — p)|E|

» Need to show maximum cut given by hyperplane cuts

Proof from isoperimetric inequality on continuous analogue, and
concentration.
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Tight Gap between SDP and MaxCut

Feige and Schechtman ’'02
Theorem [Feige and Schechtman ’02]

. . MaxCut . arccos(p)/m
= — p— . 7 ° o o
8L7S0P 0T e 1 —pyz = 080

Construction: Fix any —1 < p <0

1. V dense set of points on S
2. E= {(Xa)/)‘p_e < <X7y> < p}
> Given embedding => SDP > 1(1 — p)|E|

» Need to show maximum cut given by hyperplane cuts

Proof from isoperimetric inequality on continuous analogue, and
concentration.

Theorem

Among all sets A C S9 with 1(A) = a, a cap has the largest

po(A) = p2({(x,y) € SY x SYx € A,y ¢ A and (x,y) > p}) for any
pel-11] 17 /24



