Quiz 111
18.085 (Dr. Christianson)

4/May /09 PRINTED Name:

Read the following:

® Do all your work on these pages. No calculators or computers may be used. Notes and the
text may be used. The point value (out of 100) of each problem is marked in the margin.
Note that some problems are worth more than others and plan your time accordingly.
Please confine your answers to the given pages, and write your name on each page.

® The following may or may not be useful: there is a typo in the book on page 321, formula
{15), % should be £, as in formula (8) on page 318.
1. (25 points) This problem concerns Poisson’s formula for the upper half-space in R3. Recall
we denote a point in R? by x = (x1, zs,z3) or y = (¥1,y2,y3). The next two pages are blank for
extra work.

a. (5 pts)  The free Green’s function for B3 is

. C
obey) =

with C' a constant you will determine. Verify that for any constant C,
—-AyGg =0

except at x = y. What happens for x = y? (Recall —Ay = —(851 + @52 + 81?,,'3).)

b. (10 pts)
The constant C' is chosen so that —AyGy = §(x — y). For this choice of C, integrating over a
ball of any radius R > 0 gives 1:

/ [ (~AyGo(0,))dysduadys = [ stviavdmdys =1
B(0,R) JB(0,R)

by the definition of §. Use the divergence theorem (or Gauss-Green formula) to conclude ' = El';r-
(Hint: Go(0,y) = C/|lyll = C/r in polar coordinates. Use this to show 8Gq/0n = dGp/dr in
polar coordinates, and hence dGg/0n is constant on a sphere of radius R.)

c. (10 pts)
In this part of the problem, we write RY = {(z1,z2,23) € B3 : 23 > 0}. Let u(x) be the solution
to the following BVP:
{—/_\u(x) =0for x € R,

U

aRE = 9-

Derive Poisson’s formula for wu:

T3 g(y1, y2)
. = ——duyydyo.
u(x) 5 f/ RN I PR y1dys

(Hint: 0R3 = {(z1,z2,73) : 3 = 0} and reflection across the boundary is again given by
X= (’.L‘l’,'Eg’ _’33))
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Figure 1: The triangle domain and mesh for problem 2.

PRINTED Name:

2. (30 points) This problem concerns the Finite Element Method for the triangular domain
{2 in Figure 1. This is a right triangle, with bottom edge of length 3+/3 and left edge of length
3. Number the nodes as in the figure. We consider the following BVP:

{—Auzlin Q, a

ulag = 0.
The next two pages are left blank for extra work.

a. (10 pts) Each small triangle in the mesh is the same size. Compute the 3 x 3 element
matrix K, for this problem for an individual triangle.

b. (10 pts) Compute the 5th row of the full element matrix K.

c. (10 pts)
Use the boundary conditions and the load function in (1) to get a reduced, non-singular matrix
Kred and load vector Fioq and solve for the interior values of U, where U solves KU = F with
appropriate boundary conditions as usual.
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Figure 2: The periodic function Hat(z).

PRINTED Name:

3. (20 points) This problem concerns Fourier series for the 2m-periodie, piecewise linear
function Hat(z) depicted in Figure 2. The next page is left blank for extra work.

a. (10 pts) Find the Fourier sin/cos series for Hat(z). (Hint: use any way you prefer).

b. (5 pts)  Use your answer to part (a) to sum the series

= 1
2 Gy

n=0

c. (5 pts)  Use your answer to part (a) to sum the series

o
(2n+1)%

n=0

(Hint: use Parseval’s formula.)
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4. (25 points) This problem concerns the wave equation for a string with free ends, modeled
by the following I/BVP:
Uy = Ugg, for 0 <z <, £t >0,
Uz (0,) = wu(5,%) =10, (2)
u(z,0) = up, w(z,0) = u3.

The next page is blank for extra work.

a. (10 pts) Use separation of variables to find the general solution to (2).

b. (5 pts)  Use the Fourier series expansion of Hat(z) to find the particular solution for
(2) with up = Hat and u; = 0.

c. (10 pts) Find two functions, Fy and Fy (in terms of their Fourier series) so that
u(z,t) = Fi(z + 1) + Falz — t)

(Hint: Use the trig identity cos(A + B) = cos Acos B — sin Asin B to write your answer to part
(b) in this form.) The Fourier series for F; and F» should look familiar, What are they? (This is
called d’Alembert’s solution to the wave equation. It shows that a solution to the wave equation
is a sum of two waves, one travelling to the right and one travelling to the left.)
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